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ONE 


Introduction 


ANSWERS TO REVIEW QUESTIONS 


1. Guided missiles, automatic gain control in radio receivers, satellite tracking antenna 

2. Yes - power gain, remote control, parameter conversion; No - Expense, complexity 

3. Motor, low pass filter, inertia supported between two bearings 

4. Closed-loop systems compensate for disturbances by measuring the response, comparing it to 
the input response (the desired output), and then correcting the output response. 

5. Under the condition that the feedback element is other than unity 

6. Actuating signal 

7. Multiple subsystems can time share the controller. Any adjustments to the controller can be 
implemented with simply software changes. 

8. Stability, transient response, and steady-state error 

9. Steady-state, transient 

10. It follows a growing transient response until the steady-state response is no longer visible. The 
system will either destroy itself, reach an equilibrium state because of saturation in driving 
amplifiers, or hit limit stops. 

11. Natural response 

12. Determine the transient response performance of the system. 

13. Determine system parameters to meet the transient response specifications for the system. 
14. True 

15. Transfer function, state-space, differential equations 

16. Transfer function - the Laplace transform of the differential equation 

State-space - representation of an nth order differential equation as n simultaneous first-order 
differential equations 


Differential equation - Modeling a system with its differential equation 


SOLUTIONS TO PROBLEMS 


50 volts 


1. Five turns yields 50 v. Therefore K - - 
5 x 277 rad 
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2. 
Desired Temperature Voltage Fuel Actual 
temperature difference difference flow temperature 
a Amplifier and Heater p 
Thermostat valves 
3. 
Desired Input Error Aileron Roll Roll 
roll voltage voltage position rate angle 
angle 
—3>| Pilot Integrate 
control 
Gyro voltage 
4. 
Input 
d Speed 
Desired voltage Error Actual 
speed + voltage speeg 
transducer Amplifier 


Dancer 
position 
sensor 


Dancer 


Voltage dynamics 


proportional 
to actual speed 
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5. 
Input Power Rod 
voltage Error position 
Desired voltage Atual 
power 


Amplifier Reactor 


power " 
Transducer 
Sensor & 


Voltage transducer 


proportional 
to actual power 


6. 
Graduating 
and 
drop-out 
. rate 
Desired Actual 
Desired Population student Actual Net rate student 
student error rate student - Y of influx population 
population rate + 
Integrate 


Admissions 


7. 
Voltage Voltage 
proportional representing 
l to desired Volume actual volume Actual 
Desired i axis error volume 
volume S Volume 
control circuit 


Effective 
volume 


Voltage 


proportional 
to speed 


Speed 
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8. 
a. 
Fluid input 
amplifier 
Differential Desired 
amplifier level 
E + 
+V 
->R 
| -V 
Tank 
Drain 
b. 
Flow Actual 
Desired rate in level 
level 


Potentiometer Amplifiers Actuator Integrate 
and valve 


Flow 
rate out 


Displacement 


voltage 
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Desired Ai 

: " ctual 
force + Current Displacement Displacement force 
—— Transducer H= Amplifier Valve |—————9», Actuator 


and load 


Load cell 


10. 
Actual 


blood 
pressure 


Isoflurane 
concentration 


Commanded 
blood pressure + 


Patient 


Vaporizer 


11. 


Desired 


+ 
depth Controller 
& Grinder 


Feed rate Depth 


Integrator 


motor 


12. 


Coil 
Coil current Solenoid coil 
circuit & actuator 


| LVDT 


Desired 


position Armature Depth 


& 
spool dynamics 


Transducer 
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13. 


Nervous 
d. system 
electrical 


impulses 


Internal eye 


Desired —— >Q músdles Retina's 
Light Light 
Intensity Intensity 
Retina * Optical 
Nervous 
system 
b. electrical 
impulses 
Desired Internal eye 
Light e— = FC) muscles y Retina’s 
Intensity Light 
Intensity 
Retina + Optical External 
Light 


Nerves 


If the narrow light beam is modulated sinusoidally the pupil's diameter will also 
vary sinusoidally (with a delay see part c) in problem) 


c. Ifthe pupil responded with no time delay the pupil would contract only to the point 


where a small amount of light goes in. Then the pupil would stop contracting and 
would remain with a fixed diameter. 
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14. 
Desired + Amplifier 
Actual 
Gyroscopic 
15. 


Desired Body Light Stimulus 
Temperature 


+ 


Measured Body 
Temperature 


Circadian 


Cycle Model Controller Astronaut 
16. 
Vision 
Student 
o System Position 
Position 
17. 


ese t 
a. di i= u(t) 


b. Assume a steady-state solution iss = B. Substituting this into the differential equation yields RB = 


1, 


1 R 
from which B = R . The characteristic equation is LM + R = 0, from which M = i . Thus, the total 
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1-8 Chapter 1: Introduction 


' 1 1 
solution is i(t) = Ae-(R/D)t ee . Solving for the arbitrary constants, i(0) = A + = = 0. Thus, A = 


1 1 1 1 E 
- =. The final solution is (t) = — -- — e(R/D)t = —(1 — e M0, 
R R R R 


ixR 


18. 


di 1 
a. Writing the loop equation, Ri + La + al idt + v. (0)- v(t) 
t 
dii . di : 
b. Differentiating and substituting values, p +2 We + 251 =0 


Writing the characteristic equation and factoring, 


M?+2M +25=(M +1+V24i)(M +1-V24i). 


The general form of the solution and its derivative is 


i = Ae" cos(/24t) + Be” sin(/24t) 


n = (-A4- /24B)e* cos(424t) — (424A + B)e" sin(V24t) 
t 
l di v (0 1 
Dung a SS T 
i (OQ -A-0 
di (9) - -A- 24B-A 
dt 
Thus, A= 0 and B l 
us, = m 
J24 


The solution is 


1 
i = —— e“ sin( v 24t 
4 NA 
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Figure 1 


File Edit View Insert Tools Desktop Window Help 

üd h«s*«09w A- |a ng meg 

@ Note new toolbar buttons: data brushing & linked plots g (zl, Play video 
0.25 


0.2 


0.15 


0.1 


a. Assume a particular solution of 


Substitute into the differential equation and obtain 
[TC + 2D) cos(2Z] e (- £C e 7D) zin[(2f] = 5eos(2z) 


Equating like coefficients, 


TC+ED=5 
-EC+4 7D =0 
From which, C = = and D = D ; 
The characteristic polynomial is 
M+7=0 


Thus, the total solution is 
= TELE 10 -; 
x(t] = de + (2 cos[2t]+ A sin[£4]) 


35 35 
Solving for the arbitrary constants, x(0) = A +53 = 0. Therefore, A = - 53 * The final solution is 


x(t) = (- eje 7 ‘+(B cos[27] + £ sin[24]] 


b. Assume a particular solution of 
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1-10 Chapter 1: Introduction 


= Asin3t + Bcos3t 
Substitute into the differential equation and obtain 
(18A - B)cos(3t) — (A +18B)sin(3t) = 5sin(3t) 
Therefore, 18A — B = 0 and -(A + 18B) = 5. Solving for A and B we obtain 
= (-1/65)sin3t + (-18/65)cos3t 
The characteristic polynomial is 
M’ +6 M+8= (M+ 4) (M+2) 
Thus, the total solution is 
x=Ce“"+De7'+ (- = cos(3 t) - = sin 9 
65 65 


18 
Solving for the arbitrary constants, X(0) = C+ D— 6E =0. 


Also, the derivative of the solution is 


dx _ 3 i -2t 
dt 65 cos(3 Y) + es si(3)- ACe*'-2De 
. 3 3 15 
Solving for the arbitrary constants, x(0) —— — 4C —2D = 0, or C= —— and D = 
65 10 26` 


The final solution is 


18 
a cos(3 t) - = sinG Ü-—e +e 


c. Assume a particular solution of 
XFA 
Substitute into the differential equation and obtain 25A = 10, or A = 2/5. 
The characteristic polynomial is 
M’ -8M-*25- (M+4+31) (M-*4-31) 


Thus, the total solution is 


2 i . 
coat e "' (B sin(3 t) + C cos(3 t)) 


Solving for the arbitrary constants, x(0) = C + 2/5 = 0. Therefore, C = -2/5. Also, the derivative of the 


solution is 
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1-11 Solutions to Problems 


4, = ((3 B -4 C) cosG 9 - (4B + 3 O) sin(3 0) e* 
Solving for the arbitrary constants, x(0) = 3B - 4C = 0. Therefore, B = -8/15. The final solution is 
af 8 
x(t)==-e ls sin(3t) += cos ) 
a. Assume a particular solution of 
xy [f] =Coos(2t) + Dsin(24) 


Substitute into the differential equation and obtain 


- 8(C- 8D) cos(27]- a/c + 1n) sin(87] = sin(2f] 


Equating like coefficients, 


II 
e 


-2(C- £D) 


li 
m 


-4(c« in) 


1 1 
From which, C = - 5 andD=-7,. 


The characteristic polynomial is 
MP+ 21+ 2 = (+142) (4 1-3) 


Thus, the total solution is 


x=- i cos[27] - ii sin[27] +7 : (4 cos] + 8 sin[*]) 


1 11 
Solving for the arbitrary constants, x(0) = A - pre 2. Therefore, A = 5 . Also, the derivative of the 


solution is 


dx 


qut i cos(22) + : sin(27]+ [-d+B]e” t cosit] - (d e B)e ^ t sin(f) 


. 3 
Solving for the arbitrary constants, x(0) =- A + B - 0.2 = -3. Therefore, B = — 5 . The final solution 


x(t) === -cos 2t) - m sin(2t)+e' (2 cos(t) — Š =sin(0) 


b. Assume a particular solution of 


Xp=Ce*t+Dt+E 


Substitute into the differential equation and obtain 
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1-12 Chapter 1: Introduction 


CeT t nt 8D4E 2 be 2541 
Equating like coefficients, C = 5, D = 1, and 2D + E = 0. 
From which, C = 5, D = 1, and E - - 2. 
The characteristic polynomial is 
M4 2M+1 = (t+ 171 
Thus, the total solution is 
xt] = Ae Tt Be the ir 
Solving for the arbitrary constants, x(0) = A + 5 - 2 = 2 Therefore, A = -1. Also, the derivative of the 


solution is 


— =(-A+ By ' - Bte“ - 10e ™ +1 


Solving for the arbitrary constants, x(0) = B - 8 = 1. Therefore, B = 9. The final solution is 
x(t) =- es 9te7", Bec 25.2.8 
c. Assume a particular solution of 
Xp = Ct? + Dt+ E 
Substitute into the differential equation and obtain 
4C¥#44D148C+4m - 
Equating like coefficients, C = i , D=0, and 2C + 4E =0. 


1 1 
From which, C = 4 ,D-0,andE--g. 


The characteristic polynomial is 
MP. 4 = (M+ 20) (M- 2i) 
Thus, the total solution is 
x(t] 24 cos(2t)+8 sin[2T] 1 pe i 
Solving for the arbitrary constants, x(0) = A -5 = 1 Therefore, A = a . Also, the derivative of the 
solution is 
E 2B cos[24] - 24 sin(2f]+ 5 t 


Solving for the arbitrary constants, x(0) = 2B = 2. Therefore, B = 1. The final solution is 
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xit] = i cos[24]+ sinf2t) + i? - i 


21. 
Spring 
displacement 


' 


Desired 


force Input 
transducer Controller 


—_—!.]. | Sensor 
Desired 


Amount of Amount of 


HIV y RTI HIV viruses 
Patient 


Actuator : 
dynamics 


22. 


Controller EE 
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23. 
a. 
festus Controlled ns & 
Voltage pee 
Control 5 Resistances 
Command 
Desired Speed ino Actual 
Electric |Force ele 
ECU Inverter Motor xX Vehicle 


Aerodynamic 


Aerodynamic 
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Climbing & 
Rolling 
Resistances 
Accelerator 
Displacement Motive 
Accelerator, 


Aerodynamic 
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Actual 
Vehicle 


Aerodynamic 


1-16 Chapter 1: Introduction 


C. 
Accelerator 
x: Climbing & 
Accelerator b Rolling 
Speed f | Resistances 
Power ; NE : Í 
: EEDEN GO Vehicle 
: Control | i f 


Motive 


Inverter Inverter Force 
Control i . « 
& Aerodynamic 
Command ! 
Electric : 
Aerodynamic 
Motor 
Speed 
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TWO 


Modeling in the 
Frequency Domain 
SOLUTIONS TO CASE STUDIES CHALLENGES 


Antenna Control: Transfer Functions 


Finding each transfer function: 


Vis) 10 
Os) m ” 
Vp(s) 
Pre-Amp: Vi =K; 
_Ea(s) 150 
Power Amp: Vp(s) ^ s+150 


50 y 
Motor: Jm = 0.05 + (= ) = 0.25 


A. 
Ra 75 
KiKp 1 
Ra ^5 
Kt 
Om(S) RaJm 0.8 


K¡Kp ` s(s+1.32) 


Therefore: Ea(s) = . ES : 
s(s J Pm Ra 


Gols) | 1 9m(S) |... 0.16 
And: Fs) ^5 Ea(s) ~ s(s+1.32) 


Transfer Function of a Nonlinear Electrical Network 


d(i, + ài 
Writing the differential equation, Sata + 2(1, + di)” — 5= v(t) . Linearizing i^ about io, 


22 2.2 
. ôi - . = O ôi = . for] ôi s . ôi 
Gigt i) iy 7 l i 21, i. Thus, G+ i) 1, +24, i. 


1=1 


0 
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doi 
Substituting into the differential equation yields, ME + 2ig? + 4igói - 5 = v(t). But, the 
resistor voltage equals the battery voltage at equilibrium when the supply voltage is zero since 


the voltage across the inductor is zero at dc. Hence, 2ig2 = 5, orig = 1.58. Substituting into the linearized 


dói i 1 
differential equation, A + 6.3201 = v(t). Converting to a transfer function, vo = 632 - Using the 


linearized i about ig, and the fact that v;(t) is 5 volts at equilibrium, the linearized v;(t) is v;(t) = 2i? = 
2(igt i)? = 2(ig2+2igdi) = 5+6.328i. For excursions away from equilibrium, v;(t) - 5 = 6.3281 = 5v,(t). 


heref Itiplying th fer function b ield ALORE A h fer functi 
Therefore, multiplying the transfer function by 6.32, yields, V(s) ~ s+6.32 as the transfer function 


about v(t) = 0. 


ANSWERS TO REVIEW QUESTIONS 


. Transfer function 

. Linear time-invariant 

. Laplace 

. G(s) = C(s)/R(s), where c(t) is the output and r(t) is the input. 
. Initial conditions are zero 

. Equations of motion 


. Free body diagram 


o N c Ui bb UC N e 


. There are direct analogies between the electrical variables and components and the mechanical variables 
and components. 

9. Mechanical advantage for rotating systems 

10. Armature inertia, armature damping, load inertia, load damping 

11. Multiply the transfer function by the gear ratio relating armature position to load position. 

12. (1) Recognize the nonlinear component, (2) Write the nonlinear differential equation, (3) Select the 
equilibrium solution, (4) Linearize the nonlinear differential equation, (5) Take the Laplace transform of 


the linearized differential equation, (6) Find the transfer function. 


SOLUTIONS TO PROBLEMS 


1. 
r —St stl 1 
a. F(s)=[e“dt=--e“| =- 
0 0 S 
fcu ee » —(st +1" 
b. F(s)- [te “dt = —-(-st -Di = US 
0 S 0 
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Solutions to Problems 


Using L'Hopital's Rule 


1 
E 


F(s]. = == = 0. Therefore, F(s)= 
se 


t>0 S 


¡AA e* | = o 
c. F(s)= [sinate “dt === (-ssin at — wcosat)) === 
0 S +@ 0 S +0 
" gu s 
d. F(s) | cosare “dt = —5— —3(-scosot + osinat) === 
0 S to 0 S +0 
. H nA MEN @ — 
a. Using the frequency shift theorem and the Laplace transform of sin ot, F(s) = (ska eg" 
sta 
b. Using the frequency shift theorem and the Laplace transform of cos ot, F(s) = (sta eas 
o 


t2 
c. Using the integration theorem, and successively integrating u(t) three times, f dt =t; f tdt = 


2 3 

t t 6 

f ‘pdt = ,the Laplace transform of t3u(t), F(s) = We 

a. The Laplace transform of the differential equation, assuming zero initial conditions, 


5 
is, (s+7)X(s) = 23 . Solving for X(s) and expanding by partial fractions, 


5s 2.25 1 MERC 
(s+ "pire 4) U3 s. 7 93 sad 
Or, 
as -- 31l 45 Ts ada 
s+ ped $se7 93 La 
(s+ 7) (5%+ 4) 


35 35 10 
Taking the inverse Laplace transform, x(t) = - 53 et (53 cos 2t + 53 sin 2t). 


b. The Laplace transform of the differential equation, assuming zero initial conditions, is, 


15 
(s2+6s+8)X(s) = 5 
S 


+9 
Solving for X(s) 
15 
A O PR 
(s + 9Xs” + 6s + 8) 
and expanding by partial fractions, 
6s + pS V9 
3 3 1 15 1 


65 s49  10s+4 26s+2 
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Chapter 2: Modeling in the Frequency Domain 2-4 
Taking the inverse Laplace transform, 


1 Boxe Bes 
x(t) = — — cos(3t) - —sin(3t) -—e ^ += e” 


18 
65 65 10 26 


c. The Laplace transform of the differential equation is, assuming zero initial conditions, 
10 
(s2+8s+25)x(s) = — . Solving for X(s) 
S 
10 


m s(s?+85+25) 


and expanding by partial fractions, 


o Bhs 2 ) 
X(t) ==-e “| —sin(3t) + = cos(3t 
(0) = 2 - e "| sinat) + E cos) 
4. 
a. Taking the Laplace transform with initial conditions, s2X(s)-4s+4+2sX(s)-8+2X(s) = 3 ; 
Solving for X(s), 
As? + 4s? +16s +18 
X(s) == ; 
(s°+4)(s° +2s +2) 


Expanding by partial fractions 


1 
11 5^ (19 S 

X(s)- zr > 
5/s +2 5) (s+1) +1 


1 2 1 
Therefore, x(t) = E ate" cost+ A e 'sint— 5 sin 2t — cos à 


b. Taking the Laplace transform with initial conditions, s?X(s)-4s-1+2sX(s)-8+X(s) = 5 + E ; 
Solving for X(s), 
4s*+17s°+23s° +s+2 
ANS) ER 
s°(s+1)°(s+2) 
1 2 11 1 5 
X(s) 75 t oe + 
S s (s+1)° (s+1) (s+2) 


Therefore x(t) =t—2+1lte‘+e‘+5e~. 


2 
c. Taking the Laplace transform with initial conditions, s?X(s)-s-2+4X(s) = Sc Solving for X(s), 
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Therefore x(t) — El COS 2t + 2 sin 2t + 1 Ü- l : 
8 2 4 8 


Program: 

syms t 

' a ' 

theta=45*pi/180 
f=8*t12*c0s(3*t+theta); 
pretty(f) 

F=laplace(f); 
F=simple(F); 

pretty(F) 

' b ' 

theta=60*pi/180 
f=3*t*exp(-2*t)*sin(4*t+theta); 
pretty(f) 

F-laplace(f); 
F=simple(F); 

pretty(F) 


Computer response: 


2 / PI N 
8t cos| -- * 3t | 
\ 4 / 


2 
82 (s +3) (s - 12 s + 9) 
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/ PI N 


3 t sin| -- * 4 t | exp(-2 t) 
3 / 


(S *4 S + 20) 


Program: 

syms s 

an 
G=(SA2+3*s+10)*(S+5)/[(S+3)*(S+4)*(SA2+2*S+100) ]; 
pretty(G) 

g=ilaplace(G); 

D see 
G=(SA3+4*S42+2*S+6)/[ (S+8) *(S42+8*S+3)*(SA24+5*S+7)]; 
pretty(G) 

g=ilaplace(G); 

pretty(g) 


Computer response: 
ans = 


2 
(s + 5) (S * 3 s + 10) 
2 
(s + 3) (s + 4) (s +2 s + 100) 
/ 1/2 1/2 
| 1/2 11 sin(3 11 
5203 exp(-t) | cos(3 11 t) - ------------------ 
20 exp(-3 t) 7 exp(-4 t) \ 57233 
See) oe ara im REO ui ciuis eg PAN Eu i Ri eua arene ates s IRAE ES a) oa us CES) Gi Em ED REB GS) ee ee a ENE CS E pin) mi) Qi EE ERN ES NES iS ES NOU RE ii mi E in E yen a 
103 54 5562 
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Solutions to Problems 2-7 


ans = 


2 2 
(s +8) (S +8s +3) (S * 5s 7) 
1/2 1/2 N 


/ 

| 1/2 4262 13 sinh(13 t) | 
| cosh(13 e A tout | 
N 


1/2 |3 t 


The Laplace transform of the differential equation, assuming zero initial conditions, is, 
(s3+352+55+1)Y(s) = (s3+452+65+8)X(5). 

Y(s) s”+4s* +65+8 

X(s) si +35"+55+1' 


Solving for the transfer function, 


a. Cross multiplying, (s2+5s+10)X(s) = 7F(s). 
2 


x dx 
Taking the inverse Laplace transform, —> + 5 — + 10x = 7f. 


dt dt 


b. Cross multiplying after expanding the denominator, (s2+21s+110)X(s) = 15F(s). 
2 


d°x dx 
Taking the inverse Laplace transform, p *21 E + 110x =15f. 
t t 


c. Cross multiplying, (s3+11s2+12s+18)X(s) = (s+3)F(s). 


dx 
Taking the inverse Laplace transform, 737 + 11 —— 


dx 
dé a E iur * 18x - dft/dt * 3f. 


C(s | s'«2s'*4s? «^ s «4 
R(s) s5 47s £3s*42s s^ 45. 


The transfer function is 


Cross multiplying, (s*+75"+35*+25"+5%+5)C(s) = (s+25*+45*+5*+4)R(5). 


Taking the inverse Laplace transform assuming zero initial conditions, 
die. de cde dre dec co. abr doro d'r d'r 


F7——-43 +2 ! +2 + 4— + + Ar 
de “de “dé d? dt dt^ “dé” dt de 


10. 
C(s) | s'*2s' 45s +s+1 
R(s) s’+3s*+2s°+4s°+5s+2° 


The transfer function is 
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Chapter 2: Modeling in the Frequency Domain 2-8 


Cross multiplying, (s^*3s*42s^-4s^*5s*2)C(s) = (s*+2s°+5s°+s+1)R(s). 


Taking the inverse Laplace transform assuming zero initial conditions, 


de dí dc dc dc d'r dir dr dr 

se hog Rd—— Oe FOR a eg bp 

dc dt dt dt dt dt dt dt dt 
de d'c dc dc dc 

Substituting r(t) = ', == + 3=7 + 2— + 4— +5—+2C 


3 2— y HS 
de” de dé. “dé dt 


= 184(t) + (36 + 90t + 91? + 34%) u(t). 
11. 
Taking the Laplace transform of the differential equation, s?X(s)-s+1+2sX(s)-2+3x(s)=R(s). 


Collecting terms, (s’+2s+3)X(s) = R(s)*s*1. 
R(s s+1 
Solving for X(s), X(s) = (s) 


Sos. us posa 


The block diagram is shown below, where R(s) = 1/s. 


S+] 
12. 
Program: 
'Factored' 
Gzpk-zpk([-15 -26 -72],[0 -55 roots([1 5 30])' roots([1 27 52])'],5) 
'Polynomial' 


Gp-tf(Gzpk) 


Computer response: 
ans = 


Factored 


Zero/pole/gain: 
5 (s+15) (s+26) (s+72) 


S (s*55) (s*24.91) (s+2.087) (s^2 + 5s + 30) 
ans - 
Polynomial 


Transfer function: 
5 S^3 + 565 S^2 + 16710 s + 140400 


S^6 + 87 SA5 + 1977 s^4 + 1.301e004 s^3 + 6.041e004 s^2 + 8.58e004 s 


13. 


Program: 
'Polynomial' 
Gtf=tf([1 25 20 15 42],[1 13 9 37 35 50]) 
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14. 


Solutions to Problems 


'Factored' 
Gzpk=zpk(Gtf) 


Computer response: 
ans = 


Polynomial 


Transfer function: 
sA4 + 25 SA3 + 20 SA2 + 15 S + 42 


S45 + 13 S^4 + 9 SA3 + 37 S^2 + 35 s + 50 
ans = 
Factored 


Zero/pole/gain: 
(s+24.2) (s+1.35) (s^2 - 0.5462s + 1.286) 


(s+12.5) (SA2 + 1.463s + 1.493) (s^2 - 0.964s + 2.679) 


Program: 

numg-[-5 -70]; 

deng=[0 -45 -55 (roots([1 7 110]))' (roots([1 6 95]))']; 
[numg, deng]=zp2tf(numg',deng',1e4); 

Gtf=tf (numg, deng) 

G-zpk(Gtf) 

[r,p,k]=residue(numg, deng) 


Computer response: 


Transfer function: 


10000 s^2 + 750000 s + 3.5e006 


S^7 + 113 s^6 + 4022 SA5 + 58200 S44 + 754275 S43 + 4.324e006 s^2 + 2.586e007 s 


Zero/pole/gain: 


10000 (s+70) (s+5) 


0018 
0066 
9513 + 0.0896i 
9513 - 0.0896i 
0213 - 0.1349i 
0213 + 0.1349i 
1353 
0000 
0000 
5000 + 9.8869i 
5000 - 9.8869i 
0000 + 9.2736i 
0000 - 9.27361 
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15. 


Program: 

syms s 

'(a) 1 

Ga-45*[(s^2437*s*74)* (S^3*28*s^2432*s416)]... 
/[(s+39)*(s+47)*(s12+2*s+100)*(s13+27*s12+18*s+15)]; 
'Ga symbolic' 

pretty(Ga) 

[numga, denga]=numden(Ga); 
numga-sym2poly(numga); 

denga-sym2poly (denga); 

'Ga polynimial' 

Ga=tf (numga, denga) 

'Ga factored' 

Ga=zpk(Ga) 

' (b) ' 

Ga-56*[(s*14)*(s^3*49*s^24*62*s*53)]... 

/[ (SA2+88*S+33) * (Ss^2*56*s*77)* (S^3481*s^2*76*s*65)]; 
'Ga symbolic' 

pretty(Ga) 

[numga, denga]-numden(6Ga); 
numga-sym2poly(numga); 

denga-sym2poly (denga); 

'Ga polynimial' 

Ga=tf (numga, denga) 

'Ga factored' 

Ga=zpk(Ga) 


Computer response: 


ans 
(a) 
ans = 
Ga symbolic 
2 3 2 
(s + 37 s + 74) (S + 28 Ss + 32 S + 16) 
(s + 39) (s + 47) (s +2 s + 100) (s +27 s + 18 s + 15) 
ans = 
Ga polynimial 
Transfer function: 
45 SA5 + 2925 s^4 + 51390 s^3 + 147240 s^2 + 133200 s + 53280 
S^7 + 115 S^6 + 4499 SA5 + 70700 S^4 + 553692 s^3 + 5.201e006 s^2 + 3.483e006 s. 
+ 2.75e006 
ans = 
Ga factored 


Zero/pole/gain: 
45 (s+34.88) (s+26.83) (s+2.122) (s^2 + 1.17s + 0.5964) 


(s+47) (s+39) (s+26.34) (s^2 + 0.6618s + 0.5695) (s^2 + 2s + 100) 
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ans 
(b) 
ans - 


Ga symbolic 


(s + 14) (s + 49s + 62 s + 53) 


(s + 88 s + 33) (s + 56s + 77) (s + 81s + 76 s + 65) 
ans - 
Ga polynimial 


Transfer function: 


56 s^4 + 3528 s^3 + 41888 s^2 + 51576 s + 41552 
S^7 + 225 s^6 + 16778 S^5 + 427711 S^4 + 1.0930006 s^3 + 1.189e006 s^2 
+ 753676 s + 165165 
ans = 


Ga factored 


Zero/pole/gain: 
56 (s+47.72) (s+14) (s^2 + 1.276s + 1.111) 


16. 
-V 1 
a. Writing the node equations, —2—— — +—* + V, = 0. Solve for — = ——. 
S S EE T 
112 Q 1H 
b. Thevenizing, 
t E 
vi ) 1 F y (0 
2 
1 
(s = V (s 1 
Using voltage division, V. (s) = MG) A . Thus, o(s) = — 
La V(s 2s +s+2 
2 S 


Copyright O 2011 by John Wiley & Sons, Inc. 


Chapter 2: Modeling in the Frequency Domain 2-12 


17. 


2H 
QOQ0 


vin e + 


vr(t) 


0000 


Writing mesh equations 
(Qs+2)1,(s) -2 In(s) = Vi(s) 
-21,(s) + Ls+4)L(s) = 0 
But from the second equation, I,(s) = (s+2)I,(s). Substituting this in the first equation yields, 
(2s+2)(s+2)I,(s) 22 D(s) = Vi(s) 
= Ls Vs) = 1/(2s? + 4s + 2) 


But, V;(s) = sI;(s). Therefore, V; (s Vi(s) = s/(2s’ + 4s + 2). 
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18. 


Solutions to Problems 2-13 


«S -Q+DL()=V(5) 
S S 


-(2 +DL) +(4+14 2s)=0 
S S 


Solving for I(s): 
4s * 2 V(s) 
LOST. 3 
S sV (s) 
Ds) =m 
4st2 -Qst) 4s°+6s+1 
S S 
-(2s+1) (2s *4s-1) 
z S 
2 
Therefore, VS) = 2sl,(s) _ 2s 


V(s V(s) 4s"+6s+1 


+ VAN — 


vn 


Writing mesh equations, 
(2s + 1)L(s) - L(s) = Vi(s) 
-I,(s) + (3s + 1 + 2/s)L(s) = 0 


Solving for I,(s), 
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2s+1 V(s) 
-1 0 
LO): teat. Al 
E 3s +s +2 
S 
Solving for I,(s)/V;(s), 
L(s) S 


V(s) 6s 5s +45+2 
But V,(s) = L(s)3s. Therefore , G(s) = 3s?/(6s? + 5s? +4s + 2). 


b. Transforming the network yields, 


VG 


Writing the loop equations, 


(s - ——)Ls) -— — I, (s) - sL,(s) = V(s) 
s +1 S +1 
i ptc A O AO 
s +1 s +1 S 


—sl,(s) - L(s) +(2s + 1)I,(s) = 0 


Solving for I»(s), 
s(s? + 25-2) 
I,(s) = —— V (s 
20) = as 3s «3542 7) 
I s^-2s 42 
But, Vo(s) = ae) = ( ) V (S). Therefore, 


Ss 5449594357 43542 


Vi(s) | s? -2s42 
V.(s) 5 +25 4 3s? +35+2 


19. 
a. Writing the nodal equations yields, 
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Vals) - VS) , Vals) , VIVAS _ o 
2s 1 3s 


FE =) 
Va) ose V.(s) =0 
Rewriting and simplifying, 


6s +5 


Vals SI VG) 


= Vals) + (E "n 0 


Solving for Va(s) and Vs), 


VS). = —V(s 
3s 6s 2 i(s) 
3s? +2 1 
6s 3s E 
TT A EEE 
6s 3s 6s 3s 
1 3+2 (1 3542 
3s 6s 3s 6s 
Solving for V,(s)/Vi(s) 
V. (s) _ Vas) Vols) _ 3s? 
V(s) | Vs 6s"+5s"+4s+2 


b. Writing the nodal equations yields, 


MVS) VG) | + Dye itv). v (S) -0 
S 


S 
(V, (s) - V (S)) 
S 


(V, s) - V(s)) + sV,(s) + -0 


Rewriting and simplifying, 


m 


(s +2 «)v()- v lv 
S S 


V+ (s +E DV) - 2G) 
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Chapter 2: Modeling in the Frequency Domain 2-16 
Solving for V.(s) 


(s? - 2s +2) 


V A 
o(s) sÍ +25 +3s° +3s +2 


Vs). 
Hence, 


Vs) _ (s? +25+2) 
V(s) s'«2s +35” +35+2 


de— 
ND 


2 vi (D 4 


Mesh: 

(4+45)11(s) - (2+4s)L2(s) - 213(s) = V(s) 

- (2+4s)11(s) + (14+10s)I9(s) - (4+6s)I3(s) = 0 
-211 (8) - (4+6s)I0(s) + (6+6s4 *)I3(s) =0 


Nodal: 


(Vi(s)-V(s)) , V(s) , (V(-V,(s) _ 
2 2404s 44 6s 
(V.(s)—Vi(s)) | Vals) | Wo(s)-V(s)) _y 

4+6s 8 9/s 


0 


or 
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6s? +12s +5 1 1 
cx ee Vise —— IV (s)==V(s 
ESI i(s) Pl o(s) 2 (s) 


1 24s^ + 43s + 54 
E V (s)+ 24s + 43s + 54 v.(s)=2v(s) 
6s+4 216s +144 9 
b. 
Program: 
syms s V %Construct symbolic object for frequency 


%variable 's' and V. 
'Mesh Equations' 
A2=[(4+4*s) V -2 
-(2+4*s) O -(4+6*s) 
-2 © (6+6*s+(9/s))] %Form Ak = A2. 
A=[(4+4*s) -(2+4*s) -2 
-(2+4*s) (14+10*s) -(4+6*s) 
-2 -(4+6*s) (6+6*s+(9/s))] %Form A. 


I2=det(A2)/det(A); %Use Cramer's Rule to solve for I2. 

Gi=12/V; %Form transfer function, Gi(s) = I2(s)/V(s). 
G=8*Gi; %Form transfer function, G(s) = 8*I2(s)/V(s). 
G=collect(G); %Simplify G(s). 

'G(s) via Mesh Equations' %Display label. 

pretty(G) %Pretty print G(s) 


"Nodal Equations' 
A2-[(6*s^2412*s45)/(12*s^2414*s44) V/2 
-1/(6*s+4) s*(V/9)] %Form Ak = A2. 
A=[(6*S42+12*S+5)/(12*S42+14*s+4) -1/(6*s+4) 
-1/(6*s*4) (24*s^2*43*s454)/(216*s*144)] 

Form A. 
Vo=simple(det(A2))/simple(det(A)); 

%Use Cramer's Rule to solve for Vo. 


G1-Vo/V; %Form transfer function, G1(s) - Vo(s)/V(s). 
Gi=collect(G1); %Simplify G1(s). 

'G(s) via Nodal Equations' %Display label. 

pretty(G1) %Pretty print G1(s) 


Computer response: 
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ans = 


Mesh Equations 


A2 - 
[ 445 +4, V, -2] 
- S - ' , - S - 

4* 2, © 6* 4 
[ -2, 0, 6*s + 9/s + 6] 
Aes 
[ 4*s + 4, - 4*s - 2, -2] 
[ - 4*s - 2, 10*s + 14, - 6*s - 4] 
[ -2, - 6*s - 4, 6*s + 9/s + 6] 
ans = 


48 s + 96 s + 112 S + 36 


48 s + 150 s + 220 S + 117 
ans = 


Nodal Equations 


A2 = 


[ (6*s^2 + 12*s + 5)/(12*s^2 + 14*s 
-1/(6*s 


+ 
A 
= 


v/2] 
(V*s)/9] 


+ 
A 
= 


A= 


[ (6*s^2 + 12*s + 5)/(12*s^2 + 14*s + 4), 
[ -1/(6*s 


T 
Eh 
= 


ans = 


G(s) via Nodal Equations 


48 s +96 s + 112 S + 36 


48 s + 150 s + 220 s + 117 
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-1/(6*s + 4)] 


(24*s^2 + 43*s + 54)/(216*s + 144)] 


21. 


22. 


Z,(s) 25x10? + > 


x10 5s 
Z,(s) =10° + l 
d 2x10 5s 
Therefore, 
£s)  1(s*5) 
Z(s  5(s-1) 
b. 
Z (s) =10° (+a) =10 6*9 
S S 
Z, (s) -10| E 810) 
S45 (s+5) 
Therefore, 
Z,(s)__s(s+10) 
Z,(s) (s+5) 
d. 
Z,(s) = 4x10? "ON NN 
^ 4x10 5s 
1 
Z,(s) =1.1x10° + 
iG) 4x10 5s 
Therefore, 
G(s) = Z,(s)+Z,(s) _ ions (s + 0.98) 
Z,(s) (s+0.625) 
b. 
10H 
Z,(s) = 4x10? + 5 
i(s) mm 0.25x10° 
S 
9 
27559. 
Z,(s) = 6x10? + s 
i 110x10? + ©2510 
S 


Therefore, 


Z,(s)+Z,(s) _ 2640s? +8420s + 4275 
Z, (s) 1056s? + 3500s + 2500 
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23. 
Writing the equations of motion, where x»(t) is the displacement of the right member of springr, 
(5s2+4s+5)X4(s) -5Xo(s) = 0 
-5X1(s) *5X»(s) = F(s) 
Adding the equations, 
(552*4s)X4(s) = F(s) 
|. X(s) 1 1/5 
From which, = = : 
F(s) s(5s+4) s(s+4/5) 
24. 
Writing the equations of motion, 
(s^ +s+1)X (s) - (s +1)X,(s) = F(s) 
—(s+1)X,(s) - (s +5s+1)X,(s)=0 
Solving for X»(s), 
Ee +s+1) id 
—(s+1) 0 (s+1)F(s) 
X2(s) 7 13 unc s RES 
(s+s+1) -(s-1) s(s +2s+2) 
-(s-1  (s-^4s^1) 
From which, 
aC SU 
F(s) (5-254242) 
25. 


Let X,(s) be the displacement of the left member of the spring and X3(s) be the displacement of the 
mass. 


Writing the equations of motion 
2x,(s) - 2x,(s) = F(s) 
—2X,(s) + (5s + 2)X,(s) - 5sX,(s) = 0 
—5sX, (s) * (10s* + 7s)X,(s) = 0 


Solving for X»(s), 


5s2410  F(9) 


-10 0 10F(s) 
X48) 1 —————— r^ — S — 
582410 -10 s(s“+50s+2) 
40  ~s+10 
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X,(s 1 (10s+7 
Thus Gs DME) 


F(s) 10 s(5s +1) 
26. 


(s^ - 6s - 9) X,(s) - (3s - 5) X,(s) =0 
-(3s -- 5) X,(s) - (2s? 4 5s - 5) X, (s) = F(s) 


| 0 -(Bs+5) | 
2 
Solving for X1(s); X,(s) = F(s) (2s°+5s +5) 


i (3s +5)F (s) 
(s?+6s+9)  -(3s45) | 2s'417s) «44s? +45s +20 
| —(3s+5) (2s°+5s+ : 
Thus G(s) = X,(s)/F(s) CN. iU M 
2s^ 4 17s? +44s* + 45s +20 
27. 


Writing the equations of motion, 


(4s? - 2s4- 6) X (s) -2sX, (s) =0 
—2sX,(s) * (4s? - As - 6) X, (s) -6X,(s) = F(s) 
—6X (s) - (As! - 254 6) X,(s) =0 


Solving for X3(s), 
(4s? + 2s +6) —2s 0 
—2s (4s°+4s+6) F(s) 
0 -6 0 
(4s* + 2s +6) -2s 0 s(8s° +12s* + 26s +18) 
-2s (4s? + 4s +6) -6 
0 -6 (4s^ + 2s+6) 
From which, AS) = B 


F(s)  s(8s° +12s° +26s +18) ` 
28. 


(4s° + 8s + 5)X, (s) -8sX, (s) - 5X,(s) = F(s) 
—8sX, (s) (4s? +16s)X,(s) - 4sX, (s) 2 0 
—5X,(s) - 4sX, (s) + (4s +5)X,(s) 2 0 
Solving for Xx(s), 
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(4s° +8s +5) -8s F(s) 
—8s (4s°+16s) 0 Fs) -8s (4s* +16s) 
—5 -4s 0 —b5 —4s 
X,(s) = =. Ae. m = E 
or, 
X,(S) = 13s + 20 


F(s)  4s(As? + 25s* + 43s +15) 


(8s°+ 4s+16) X,(s)—(4s+1) X,(s) -15X,(s) =0 
—(4s+1) X,(s) + (38°+ 20s+1) X,(s)—16sX,(s) = F(s) 
—15X,(s)-16sX, (s) - (6s-15) X,(s) =0 


Solving for X3(s), 


(8s° + 4s +16) -(4s+1) 0 
-(4s*1)  (3s"+208+1) F(s) E (8s? +4s+16) -(4s+1) 
x -15 -16s 0 -15 —16s 
S)— = 
3(S) ^ ^ 
Or 
X3(s) 128s? + 64s? +3165 +15 


E(S) “3845” +10645‘ + 3476s? +1655? 


29. 
Writing the equations of motion, 


(4s* + 4s - 8) X,(s) -AX, (s) -2sX,(s) =0 
—4X (s) - (5s +3s - 4) X (s) -3sX,(s) = F(s) 
—2sX,(s) -3sX, (s) - (bs? +55+5)=0 
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30. 


31. 


32. 


a. 


Writing the equations of motion, 


(5s? + 9s - 9)0 (s) - (s -9)0, (s) =0 
-(s--9)0, (s) + (3s? + s -12)0, (s) 2 T(s) 


b. 


Defining 
0,(s) = rotation of J, 


0,(s) = rotation between K, and D, 
O.(s) = rotation of J, 


0,(s) = rotation of right - hand side of K, 


the equations of motion are 


(Jis? + K,)0,(s) — K,0,(s) = T(s) 
—K,6,(s)+(D,s + K,)O, (s) - Ds 6,(s) = 0 

-D sO,(s) + (J,s* + Ds + K,)0,(s) - K,0,(s) =0 
~K,0,(s) + (D,s + (K, + K,))0,(s) = 0 


Writing the equations of motion, 
(s^ + 2s 41)0, (s) - (s +1)0,(s) = T(s) 
-(s-- 1)0,(s) + (2s +1)6,(s) = 0 


Solving for 0, (s) 


(s +25+1) T(s) 
—(s +1) 0 
(s? +25+1) -(s +1) 
-(s-4 1) (2s 1) 


T(s) 


sys j 2s(s +1) 


Hence, 


O(s) X 1 
T(s) 2s(s-1) 


Reflecting impedances to 03, 


Copyright O 2011 by John Wiley & Sons, Inc. 


Chapter 2: Modeling in the Frequency Domain 2-24 


N,N 
Jegs?*Deqs)Os(s) = T A 
(Jeqs eqs)Uz(s) (s) ( N,N, 
Thus, 
N,N, 
Os) _ N,N, 
T(s) Jas + Ds 
where 
Jea = J4+J5+(J2+J3) (= “a E3 ° d 
= -> — —| ,an 
eq - 74775" 02773 N, 1 N,N, 
Nao N4N,.» 
Da, S (Daar DAAD EDAT? * DG DN) 


33. 
Reflecting all impedances to O»(s), 


N» 42 2 N» 42 Na .2 Na 42 N 
(Loa) GO de Ine ) Qe) s+ Y D:029 = 9x: 
Substituting values, 

{Les ) le + [219222 a + 64% Y Vox = T(s)(3) 
Thus, 


Os) _ 3 
T(S) | 20s2+13s+4 


34. 
Reflecting impedances to 65, 


200 + El + 200 E, 0) + oÈ ju l + 250 + 4 i = ES T(s) 
5 25 5 25 5 5 5 


Thus, 


0,(s) _ 10 
T(s) 1300s + 4000s + 550 


35. 
Reflecting impedances and applied torque to respective sides of the spring yields the following 


equivalent circuit: 
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36. 


Solutions to Problems 2-25 


4T 
: ds 83 


2 N-m/ra 9-955 N-m secrrad 
Writing the equations of motion, 
202(s) -2 Ox(s) = 4.231T(s) 


-202(s) + (0.955s+2)0.3(s) = 0 


Solving for 03(s), 

| 2. 4231T(s) 

2 0 8.462T(s) 4.43T(s 

0,(s) = ; = (s) _ (s) 
Zz 1.91s S 

x (0.955s t 2) 

Hence, EAS) UC, . But, 0,(s) = 0.1920,(s) . Thus, Bats) _ 0.851 . 
T(s) S T(s) S 


Reflecting impedances and applied torque to respective sides of the viscous damper yields the 
following 


equivalent circuit: 


0»(t) 63(t) 04(t) 
3T 
Y l l l 
TH 


Writing the equations of motion, 


(s^ +2s)0,(s)—2s6,(s)=3T(s) 
-2s0,(s) + (2s +3)0,(s)—30,(s) = 0 
—30.(s) * (s +3)0,(s)=0 


Solving for Q, (s) , 
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s(s+2)  -2s  2AT(s) 
—2s  (2s43) 0 


0 -3 0 18T(s 
0,(s) = = : (5) 
s(s+2)  -2s 0 s(2s° +9s +6) 
-2s (2s+3) -3 
0 -3 (s 3) 
But, 0, (s) = 50, (s) . Hence, 
0 (s) _ 90 


T(s) s(2s?+9s+6) 
37. 
Reflect all impedances on the right to the viscous damper and reflect all impedances and torques on the 


leftto the spring and obtain the following equivalent circuit: 


Writing the equations of motion, 
(J1eqs^+K)02(8) -K03(s) = Teq(s) 
-K09(s)+(Ds+K)03(s) -DsO4(s) = 0 
-DsOs(s) *[J2«gs? *(D*Deq)s4(s) = 0 
N2 42 N3 42 N3 42 
where: Jjeq = Jota WGK ) ; J2eq = ISOLA e ) ; Deg = rly ) ; 02(s) = 81(s) 


Ni 
No * 
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38. 
Reflect impedances to the left of J5 to J5 and obtain the following equivalent circuit: 


Ə 
"e 
D 


m 


Writing the equations of motion, 
[Jegs^* (Deq*D)s* (K2*Keg)]Os(s) -[Ds+K2]06(s) = 0 


-[K2+Ds]05(s) + [Jgs2+2Ds+K2]9¢(s) = T(s) 


Q6(s) Jegs?*(Deq*D)s* (K2+Keg) z Os(s) _ NiN3 


Os(s) DstK2 Hi 01s N2Na 


From the first equation, . Therefore, 


O6(s)  NiNa Ga "(Deq*D)s* (K2+Keg) 
04(s) ~ NoNg Ds*K» 3 


2 2 2 
where Jeq = DG ) + Grin ) + (14+J5)), Keq = KG ) , and 


2 2 
va [RR +E) d 


39. 
Draw the freebody diagrams, 


applied force due rotating member 


surface velocity 


K, X65) 4— — — —» f,s(re(s)) 
2f,5x(5) 
Ms x (s) 


— Fis) 


Js 0 (s) 


force 


applied torque due 
a sroí(s)r to translational member 


force 


Copyright O 2011 by John Wiley & Sons, Inc. 


Chapter 2: Modeling in the Frequency Domain 2-28 


40. 


Write the equations of motion from the translational and rotational freebody diagrams, 
(Ms?+2f, s+Ko9)X(s) -fyrsO(s) = F(s) 
-fyrsX(s) +(Js2+fyr2s)0(s) = 0 


Solve for O(s), 
Ms*+2f s«K, F(s) 
V 2 


a S -f rs 0 2 f rF(s) 
ie 2 Em 2. 2 22 2 

Ms^+2f s+K -f rs JMs +QJf - Mf r)s *(JK, ^f r)s*K f r 

v 2 v v v 2 V 2v 
2 
-f rs Js +f r^s 
V V 
0(s) fyr 


From which. == s X.» A 
wi F(s ^ JMs3+(2Jfy+Mfyr2)s2+(IK+fy2r2)s+K of yr2 


Draw a freebody diagram of the translational system and the rotating member connected to the 


translational system. 


Jan 2 F(s) 
Taq is the B a eds {s} 
applied torque, T a 
Tags) 
eq 5 
RA v as) 
= Fr=F2 | 
F=opposing farce from 
translational system 28Xx(s) ax(s) 2s? x (s) 


From the freebody diagram of the mass, F(s) = (252+25+3)X(s). Summing torques on the rotating 


member, 


egs? +Degs)0(s) + F(s)2 = Teq(s). Substituting F(s) above, egs? +Degs)0(s) + (4s2+4s+6)X(s) = 
X 
Teq(s). However, O(s) = X9 . Substituting and simplifying, 
Je De 
Tas (Ga +4)s2 (33 +4)s+6]x(s) 


But, Jeg = 3*3(4)? = 51, Deg = 1(2)? +1 = 5, and Teq(s) = 4T(s). Therefore, 


Copyright © 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 2-29 


59 , 13 X(s) 8 
— 52 «4 — s+6 |X(s = 4T(s). Finally, a 
| MEC jxo = are). giat, F 59s? +13s +12 
41. 
Writing the equations of motion, 


(J152+K1)01(5) - K102(s) = T(s) 
-K101(5) + (1252+D35+K1)02(s) +F(s)r  -D3s03(s) = 0 
-D3809(s) + (J252+D35)93(5) = 0 


where F(s) is the opposing force on Jọ due to the translational member and r is the radius of Jo. But, 
for the translational member, 

F(s) = (Ms?*fys-K5)X(s) = (Ms2+f,¡s+K>)r0(s) 
Substituting F(s) back into the second equation of motion, 


(J1s%+K1)01(8) - K102(s) = T(s) 


-K191(s) + [02 + Mr?)s?*(D3 + fyr?)s+(K1 + K2r2)182(5) -DasO3(s) = 0 
-D3809(s) + (J252+D35)93(5) = 0 
Notice that the translational components were reflected as equivalent rotational components by the 


Ks + D,s)T(s) 


square of the radius. Solving for @(s), 0, (s) = X 


, where A is the 


determinant formed from the coefficients of the three equations of motion. Hence, 


B(S) | Kus" + Ds) 


T(s) A 
Since 
X K ^-D 
XG) = r0,(s), SG) = BUT 
T(s) ^ 
42. 
K, T,, 100 E, 50 1 
—L Su — -2 ; Kp WS a 
R, E, 50 OQ, ig 190 3 
Also, 
T3 152 
Jm= sdie(- ) =7; Dm= a+36(— ) = 12. 
Thus, 
O(S) _ 2/7 NE V 
E (s) 1 2 38 
d s(s+—(12+— s(s+— 
Ca 3) wd 


Since ÓL(s) = : Om(S), 
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Es 
Os) 2 
E.G) s(s* —) 
43. 
The parameters are: 
NUS E A 
um erc Ap 
R, E, e SO nds 
TT 60 
1 1? 1? 2 
zd =16(2) +44) +1=3; D, =32(1) =2 
4 4 2 
Thus, 
E 1 
On (5) _ 3 E 3 
E, (s) s(s ESO + me s(s + 0.75) 
3 4 
1 
Since @)(s) = mls), 
Es 
6s) ^ 12 
E,(s) s(s +0.75) 
44. 
The following torque-speed curve can be drawn from the data given: 
T 
100 
55 
V 
600 1333.33 
K, Tip 100 E, 12 142 
Therefore, — = = — ;Kp= = . Also, Jm = 7+105( =) = 9.92; Dm = 
R E, 12 (uu 1333.33 6 
3. Thus, 
dam 1 
0 .84 .14 
a (s) = 12 79.92 = ue . Since GL(s) = — Ic 28) TEE > : 
E, (s) s(s +0.31) E (s)  s(s+0.31) 


s(s fv» go 075)) 
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46. 


Solutions to Problems 2-31 


From Eqs. (2.45) and (2.46), 
Rala(s) + Kbs Xs) = Ed(s) (1) 
Also, 


Tm(s) = Kda(s) = (Jm82+Dms) As). Solving for As) and substituting into Eq. (1), and simplifying 


yields 
Spe 
t9 i 6t) m 
EAS) E y O 
RJ m 
Using Tm(s) = Ktla(s) in Eq. (2), 
(ST 
T(s) K, Ja 
E(s) R,,, RD, tKK, 
RJ, 


For the rotating load, assuming all inertia and damping has been reflected to the load, 
(JeqL.s?+DeqL.s)OL(S) + F(s)r = Teq(s), where F(s) is the force from the translational system, r-2 is 
the radius of the rotational member, Jegr, is the equivalent inertia at the load of the rotational load and 
the armature, and Degr is the equivalent damping at the load of the rotational load and the armature. 
Since JeqL = 1(2)2 +1 = 5, and Deqr = 1(2)? +1 = 5, the equation of motion becomes, (5s2--5s)0T (s) 
+ F(s)r = Teq(s). For the translational system, (s2+s)X(s) = F(s). Since X(s) = 201 (s), F(s) = 
(s?+5)201 (s). Substituting F(s) into the rotational equation, (9s2+9s) Op(s) = Teq(s). Thus, the 


equivalent inertia at the load is 9, and the equivalent damping at the load is 9. Reflecting these back 


9 9 Kt 
to the armature, yields an equivalent inertia of a and an equivalent damping of 4° Finally, RTE 
a 


4 4 2 
Om (s) 9 ; 1 Or(s) 9 
Ky = 1. Hence, EJ 49 Ox B` Since 01 (s) = 2 Omís), Ee) 73. -But 
s(S*g(j-D) s+) s(s+9) 
4 


X(s) 9 
X(s) = r01 (s) = 201 (s). therefore, —— = 13 : 
E (s) s(st9 ) 
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47. 
The equations of motion in terms of velocity are: 


[Mss Cf, + f) VG) - 2 — fV.) = 0 


-F Gs) + IMs (fa f) 3 )- fV.) = FG) 


zi aW (S) = fV.) +[M,s m fvz d fal VCS) =0 


For the series analogy, treating the equations of motion as mesh equations yields 


In the circuit, resistors are in ohms, capacitors are in farads, and inductors are in henries. 


For the parallel analogy, treating the equations of motion as nodal equations yields 


13 


v0 — UK, ^ : vo(t) 


va(t) 


MA y? 1K; f() (Ay M2 MES M3 


In the circuit, resistors are in ohms, capacitors are in farads, and inductors are in henries. 


48. 
Writing the equations of motion in terms of angular velocity, Q(s) yields 
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(Js +D, + Éyo (s) - (p, + yos) = T(s) 

S S 
-D «yo ++ D +S do (s) =0 

S S 
K K 

HS Q,(s)— DQ,(s) + (D, +0.) =0 

K, 
(55 D, « 73)0,()- D) G) = 0 

For the series analogy, treating the equations of motion as mesh equations yields 


d 


T 


TO ks TE UK3 4 
os 
y am ay 


Qi Q mt 


ral 


In the circuit, resistors are in ohms, capacitors are in farads, and inductors are in henries. 


For the parallel analogy, treating the equations of motion as nodal equations yields 


UK; 
a) 090 ag() (0) 
| | Pug 1/D, 
TO Y 1D] y 4 1/K3 
In the circuit, resistors are in ohms, capacitors are in farads, and inductors are in henries. 
49. 
An input rj yields cy = 5r1+7. An input r2 yields c? = 5r2 +7. An input ry +12 yields, 5(r1+r2)+7 = 
5r1+7+5r2 = c1*c5-7. Therefore, not additive. What about homogeneity? An input of Kr, yields c = 
5Kr1+7 # Kc. Therefore, not homogeneous. The system is not linear. 
50. 


a. Let x = 6x+0. Therefore, 
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51. 


52. 


53. 


Modeling in the Frequency Domain 2-34 


5x+35x+26x =sin (08x) 


d sinx 
dx 


But, sin (0+8x) = sin 0 + | 5x =0+cosx | 8x = 5x 


x-0 x-0 
Therefore, 5x+35x+25x = 8x. Collecting terms, 5x+35x+8x =0. 
b. Let x = x+n. Therefore, 
9x+30x+20x =sin (10x) 


dsinx 


But, sin (16x) = sin x + | Ox = 0+cosx | óx -—óx 


XEN XEN 


Therefore, 8x*38x*28x = -óx. Collecting terms, 8x+35x+35x -0. 


If x = 0 + 6x, 
om c " -(5x) 
Ox + 106x + 316x + 306x =e 
8 "n 
But a Dzet E | 8x =1-e* | dx 21-6x 
x=0 x=0 


Therefore, 5x + 108x + 318x + 308x =1 - 8x, or, 8x + 108x + 318x + 318x =1. 
The given curve can be described as follows: 

f(x) = -6 ; -o<x<-3; 

f(x) = 2x; -3<x<3; 

f(x) = 6; 3<x<+00 

Thus, 


a.X¥+17xX+50x =-—6 
b.X+17x+50x = 2x or X+17X+48x =0 


C.X+17x+50x=6 
The relationship between the nonlinear spring’s displacement, x,(t) and its force, f,(t) is 
x(t)21-e 59 
Solving for the force, 
f. (t) = —In(1 — x,(t)) 
Writing the differential equation for the system by summing forces, 


PO d«D a x(a) = 
e In(1- x(t)) = f (t) 
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(1) 


Q) 


54. 


Solutions to Problems 2-35 


Letting x(t) = xo + & and f(t) = 1 + óf, linearize In(1 — x(t)). 


In(1— x)= Ind - x) = 6-9 e 
X x =XQ 


Solving for In(1 — x), 
1 
In(1- x) = In(1— x) - ee 


ox = In(1- x,) ey 
X 


X=X0 {= 0 
When f = 1, 6x = 0. Thus from Eq. (1), 1 = -In(1 — xo). Solving for xo, 
1 - Xo = e! , or x = 0.6321. 
Substituting xo — 0.6321 into Eq. (3), 
1 
In(1- x) = In(1 — 0.6321) - ————— 6x =-1-2.7186x 
1-0.6321 
Placing this value into Eq. (2) along with x(t) = xo + ox and f(t) = 1 + óf, yields the linearized 


differential equation, 


d'óx do 
pO + 14 2.7180x=1 + df 
dt dt 
or 
d'óx dé 
X SUE 12718 = df 
dt dt 
Taking the Laplace transform and rearranging yields the transfer function, 
OX(S) | 1 


óf(s) s +s+2.718 


First assume there are n plates without the top plate positioned at a displacement of y>(t) where 


(3) 


y2(t) = 0 is the position of the unstretched spring. Assume the system consists of mass M, where M is 


the mass of the dispensing system and the n plates, viscous friction, fy, where the viscous friction 


originates where the piston meets the sides of the cylinder, and of course the spring with spring 


constant, K. Now, draw the freebody diagram shown in Figure (b) where Wy is the total weight of the 


n dishes and the piston. If we now consider the current position, y2(0), 
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Plates 
y M 


[nnne 
ee] 


2 
ku it) dy it) 


dt? 
dy i0 
fy 2 LA 
Piston t 
(a) (b) 
zd. vs) 
M 
f K 
z ¥ 
svt sta 


Restaurant Plate Dispenser 


the equilibrium point and define a new displacement, y1(t), which is measured from equilibrium, we 
can write the force in the spring as Ky2(t) = Ky2(0) + Ky1(t). Changing variables from y»(t) to y1(t), 


we sum forces and get, 


di dy 
M di E va + Ky; + Ky2(0) + Wp = 0 (1) 
d^y; d?yi dy2 dyi 
where dU ae and dt e . But, Ky2(0) = -Wn , since it is the component of the spring 


force that balances the weight at equilibrium when y = 0. Thus, the differential equation becomes, 


d2y1 y1 
Mw + uM de *Ky170 (2) 


Wp 
When the top plate is added, the spring is further compressed by an amount, q E where Wp is the 


weight of the single dish, and K is the spring constant. We can think of this displacement as an initial 


Wp dy1 
condition. Thus, y1(0-) = - K and a (0-) =0, and y1(t) = 0 is the equilibrium position of the 


spring with n plates rather than the unstretched position. Taking the Laplace transform of equation 


(2), using the initial conditions, 
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56. 


Solutions to Problems 2-37 


Wp Wp 
M(s?Y(s) +s% ) + fvsY1G) + 77) + KYi(s) = 0 3) 


or 


(Ms? + fys + K)Y 1(s) = - Moms +f,) (4) 


Now define a new position reference, Y(s), which is zero when the spring is compressed with the 
initial condition, 


WD 
Y(s = Yi() + Ks (5) 
or 


WD 
Y 1(8) = Y(S) -Ks (6) 
Substituting Y1(s) in Equation (4), we obtain, 
WD 


(Ms? + fys + K)Y(s) = 7 = F(s) (7) 


a differential equation that has an input and zero initial conditions. The schematic is shown in Figure 


Y 
(c). Forming the transfer function, S we show the final result in Figure (d), where for the 


Wp 
removal of the top plate, F(s) is always a step, F(s) = e 


We have Jø + bó + kó = (aJ) 


Assuming zero initial conditions and obtaining Laplace transform on both sides of the equation we 


obtain: 
Js?d(s) +bsD(s)+kD(s) = (aJ) (s) 


From which we get: 
D(s) | aJ 
Ys) Js? +bs+k 


a. We choose Laplace transforms to obtain a solution. After substitution of numerical values the 


equations become: 


DE = -0.9C(t) + 0.7N (t) 
2 = -0.1C(t) - 0.02N (t) + 1(0) 
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Obtaining Laplace transforms and substituting initial values we obtain: 


sC(s) — 47000500 = —0.9C(s) + 0.7 N (s) 
sN (s) — 61100500 =-0.1C(s) — 0.02N (s) + I(s) 


Both equations are manipulated as follows: 
.7N 470005 
ds 0.7N(s) , 47000500 
S 4 0.9 S 4 0.9 
N(s) = — 0.1C(s) i 61100500 n I(s) 
s +0.02 s+0.02 s+0.02 


Substituting the first equation into the second one gets: 


4700050 f 61100500 n I(s) 4700050 61100500 I(s) 
N(s)= (s 4 0.02)(s + 0.9) S 4- 0.02 s+0.02  (s+0.02Xs+ 0.9) s+0.02 S 4- 0.02 
0.07 s? +0.92s + 0.088 
(s 4- 0.02)(s + 0.9) (s 4 0.02)(s + 0.9) 
B s+0.9 I(s) + 61100500(s + 0.9) » 4700050 
s^ +0.92s + 0.088 s^ +0.925+0.088 s? +0.92s + 0.088 
From which we get the block diagram: 
Ks) t (s+0.9) 
A s? +0.92s + 0.088 


61100500 


4700050 
S4 0.9 


6 
b. Letting [(s) = SAX 


and after algebraic manipulations one gets: 


NG)- 61100500s* +56290400s+54x10° 611005005” + 56290400s + 54x10? 


s(s* + 0.92s + 0.088) s(s + 0.8116)(s + 0.1084) 
LA, BOC _61354x10” 7x10"  19.3x10" 
s s+0.8116 s+0.1084 s s+0.8116 s+ 0.1084 
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Solutions to Problems 2-39 


Obtaining the inverse Laplace transform: 


N(t) = 6.1364x107 — 7 x10*e 9916 19,3 10*e 0108 


a. 
*Exact': 


From Figure (a) 


1 1 -0.0055 
B 8 a(1-e 9») alle 0:00 ) 
V, (s) = —" Vas) = 1 = 
ae S+— 5 (s) 


Using Partial fraction expansions note that . Thus, applying partial fraction 


s(s+D s s+1 


expansion to V,(s) and taking the inverse Laplace transform yields, 


1 T 
So v,(t)=3(1—e *)u() -3X1-e *. - 


.005) 
Ju(t — 0.005) 


“Impulse”: 


_ 0.001875 
17 s+0.125 


In this case v, (t) = 0.001875e ?-?* 


b. 

The following M-File will simulate both inputs: 
syms s 
s = tf('s'); 


G=(1/8)/(s+(1/8)); 
t=0:1e-4:10; 
for i=1:max(size(t)), 
if(i*1e-4 <= 5e-3) 
vinexact(i) = 3; 
else 
vinexact(i) = 0; 
end 
end 
yexact - lsim(G,vinexact,t); 
yimpulse - 0.001875*exp(-(1/8)*t); 
plot(t,yexact,t,yimpulse) 
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Resulting in the following figure: 


0.4} : 


0.2- 3 


Both outputs are indistinguishable at this scale. However zooming closer to t=0 will show 


differences. 
58. 
a. At equilibrium 
d*H E k 
; 7 0 . From which we get that mg — k— or H, = Ij, — 
dt H mg 


b. Following the ‘hint’ procedure: 
s d'óH ES 2(1, + T)! (H, +0H) 
dt? (H, + 6H)* 


2(1, +61) (H, + óH)* 
aya lema 
0 


s=o,=o 9H -k 


After some algebraic manipulations this becomes: 
d° 6H 2k, PEUT 


m 
d^ mH; mH; 


Obtaining Laplace transform on both sides of the equation one obtains the transfer function: 
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2KI, 
OH(s) mH; 
ól (s) 2 2k 
mH; 
59. 
The two differential equations for this system are: 
M,X, -K,(x, —X,)+C,(%, -X,)=0 
M,X,-K,(x,-x,) * C,(xX, -X,)- K,(x, —r)=0 
Obtaining Laplace transform on both sides gives 
(M,s* *tCs-K,)X,-(K, * C,s)X, =0 
(M, s! - C,s  (K, + K))X, - (K, +C,s)X, = RK, 
Solving the first equation for X , and substituting into the second one gets 
X, (s) - K (M,s* + C,s + K,) 
R (Ms? +C,s+(K, + K) M,s? + C,s + K,) -(K, +C,s) 
60. 


a. The three equations are transformed into the Laplace domain: 


Ss- S, - k, K,C -k,S 
Cs - k,(S - K,C) 
Ps = k,C 


The three equations are algebraically manipulated to give: 


EET e us 
stk, Sk, 


C- ja 
s+k,Ky 
k 
P==C 
S 


By direct substitutions it is obtained that: 
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(s+k, Ky) 

Sk (1+ Ky Js E " 
C= Y A 
(s? +k, (14 Ky)s - k*, (Ky — K,)) 

Je k,k, 
s(s? ck (14 K, Js - (Ku -K,)) | 


b. 
S() = Lim sS(s) =0 


C(o) = Lim sC(s) =0 


k,k,S k,S 
P(«) = LimsP(s) = —~"—"~— = 2—0 =S, 
50 k2(K,, —K.) v k y 
AS s? ok (K, +  —K,) 
S k 
y 
61. 
Eliminate T, , by direct substitution. This results in 
d*0 : ( 
JE = KJO) - nJé(t) - pJ Í O(t)dt +T, (t) 
t 0 
Obtaining Laplace transform on both sides of this equation and eliminating terms one gets that: 
7 S 
0) 
T, s” +s +ks+ p 
62. 
a. 
We have that 


M, X14 = m, gó 


From the second equation 


Xj, = Xp — Xy =Vr -Lý 7 gó 
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Obtaining Laplace transforms on both sides of the previous equation 


SV, — Ls = g® from which SV, =D(g + Ls?) 


so that 
(0) S 1 S 1 S 
(s) = j = = 2 3 
V; g+Ls L 2,9 Ls' +0, 
L 


V 
b. Under constant velocity V, (s) = — so the angle is 
S 
V, 1 
Us oe 
L s°+@ 
Obtaining inverse Laplace transform 


p(t) = 


" 2—sin( ct) , the load will sway with a frequency 0, . 
€ 


c. From m, X, — fr — m, gó and Laplace transformation we get 


2 
m,s^X,(s) =F, —m,g®(s) = F, mgl = -V =F, mgs = ; 
Ls° +o, Ls° +o, 
From which 
Xp 1 E s +0 1 s+0 
FS gua 9 1 y Sm (s +oj)+m 03) m, sè +a) 
L +o 


m 
Where a =1+ —- 

m; 
d. From part c 


V, SX, 1 sS +o; 
F, F, m,s(s *ao,) 


Fo 
Let F, = — then 
S 


Vr (s)= 


FE stro A B Cs+D 
ey 


m, s(s*+a0,) s s^- a0; 


After partial fraction expansions, so 


v, (t) = A't + B+C'cos(aa,t + 0) 


From which it is clear that v, ——————» 00 
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63. 


a. Obtaining Laplace transforms on both sides of the equation 


sN(s)- N, = KN(s) or N(s) = — 
= 


By inverse Laplace transformation 


N(t) = N,eF 


b. Want to find the time at which 
Nu =2N, 
Obtaining In on both sides of the equation 


_In2 
K 


t 


64. 


Pi 


a. Converting each one of the impedances to its Laplace transform equivalent and applying the 
voltage divider rule one gets 


Z 1 
gil. sC __C 
P a TER 
sC ZC 
1 
C 
1 1 
C LC 
(s) = 
i 1 R 1 R 1 
£i see c ssi ) 
TO L ZC” NOD CL 
s+ —— 
ZC 
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Solutions to Problems 


Since Q, 

1 
Q, 0.0236 
Li-PE 


b. The steady state circuit becomes 


=o 
R 
Pi Z je 
Pa 

P, 

So that Q, = —— = l =3.2X10° 
R+Z 4176+ 308163 

c. Applying the final value theorem 

: 0.0236 1 de 

q. (0) = Lim s --32X10* 


v5 sS? -330125--73559s 


65. The laplace transform of the systems output is 
T. Ts 2am T. A 2am 
£(T (0) =T(s)=— SS i e TE : 2 
S stA S tAmf s(s+A4) s cAxm'f 
Dividing by the input one gets 
T A ax S 
o Em 
U StA T, s +4a°f 
66. 
dV(t A ety y 
a. By direct differentiation © - V, —(ae ^ )e* = Ae *V(t) 
t a 
ĉa- e^) # 
b. V(o) = dim v= = ae Vies =V,e* 


C. 
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2 
$ «c EN 2 = S^ +33.0125 73539 
Z ZCL CL 
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Lambda - 2.5; 
alpha - 0.1; 
VO=50; 
t=linspace(0,100); 
V=V0.*exp(Lambda.*(1-exp(-alpha.*t))/alpha); 
plot(t, V) 
grid 
xlabel('t (days)') 


ylabel('mm^3 X 10^-3') 


0 10 20 30 40 50 60 70 80 90 100 
t (days) 


d. From the figure V(oo) = 3.5X 10^ mm? X 10? 
2 25 
From part c V(oo) = V,e? = 50e?! =3.6X10'” mm?x 10° 


67. 
Writing the equations of motion, 
(17.25? + 160s + 7000)Y.(s) — (130s + 7000) Y,(s) — OY cars) = Fup(s) 
- (1305+7000) Y (s) + (9.1s° + 130s + 89300)Y;(s) - 82300Y cas) = 0 
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68. 


69. 


a. 


Solutions to Problems 2-47 
- OY;(s) - 82300Y;(s) + 1.6173 x10° Year(s) = 0 


These equations are in the form AY=F, where det(A) = 2.5314 x 10° (s? + 15.47 s + 9283) (s? + 
8.119 s + 376.3) 


Using Cramer’s rule: 


Yt). 0.04227(s + 53.85) 
F(s) (s +15.47s + 9283)(s* + 8.119s + 376.3) 


Ys)... 0.8306(s + 53.85) 
E. (s) (s +15.47s + 9283)(s* + 8.119s + 376.3) 


up 


Y(s)-Y,(s) _ 0.7883(s + 53.85) 
E, (s) (s? + 15.47s + 9283)(s? +8.119s + 376.3) 


a.The first two equations are nonlinear because of the TV products on their right hand side. 
Otherwise the equations are linear. 


; ae dT dT dv 
b. To find the equilibria let = =—=0 
dt dt dt 
Leading to 
s—dT — fiTv 2-0 
BIv- wT” =0 
kT" -cv 20 


The first equilibrium is found by direct substitution. For the second equilibrium, solve the last two 


equations for T* 


» za CV C 
T = BIv and T =—. Equating we get that T = Eras 
u k fk 
Substituting the latter into the first equation after some algebraic manipulations we get that 
ks d «tv s cd 
v = — — —. It follows that T = — = ————. 
cu p k u kp 


F-F 
From d = k z USAN F=F,+k,.m.a=Fp,+F,+Fs ++Ky .m.a (1) 
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Substituting for the motive force, F, and the resistances Fro, F, and Fx using the equations given 


in the problem, yields the equation: 


F- P Mot 


= f «meg scosa+meg sina +0.5+p+CweAe(V+Viw) +Kp «Mea (2) 
V 


b. Noting that constant acceleration is assumed, the average values for speed and acceleration are: 


Aq = 20 (km/h)/ 4 s = 5 km/h.s = 5x1000/3600 m/s? = 1.389 m/s? 


Va, = 50 km/h = 50,000/3,600 m/s = 13.89 m/s 
The motive force, F (in N), and power, P (in kW) can be found from eq. 2: 


Fa = 0.011 x 1590 x 9.8 + 0.5 x 1.2 x 0.3 x 2 x 13.89? + 1.2 x 1590 x 1.389 = 2891 N 


Pay = Fay. V/ 1 ot = 2891 x 13.89 / 0.9 = 44, 617 N.m/s = 44.62 kW 


To maintain a speed of 60 km/h while climbing a hill with a gradient a = 5°, the car engine or 


motor needs to overcome the climbing resistance: 


Fy, =m. g «sino =1590.9.8.sin5° =1358N 


Thus, the additional power, Paqa, the car needs after reaching 60 km/h to maintain its speed while 
climbing a hill with a gradient a = 5’ is: 


Padd = Fg, «v/ = 1358 x 60 x 1000/(3,600 x 0.9) = 25, 149 W = 25.15 kW 
c. Substituting for the car parameters into equation 2 yields: 
F =0.011x1590x 9.840.5x 1.2 x 0.3x 2v? 41.2 x 1590 dv/ dt 


or F(t) 2171.44-0.36 v? 41908 dv/dt (3) 


To linearize this equation about v, = 50 km/h = 13.89 m/s, we use the truncated taylor series: 
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Solutions to Problems 


2 2 Uv?) 


V —Vo 
dv 
v=v 


(V — vo) = 2Vo . (V — Vo) (4), from which we obtain: 


v? = 2vo- v — vo? = 27.78. v 13.89? (5) 


Substituting from equation (5) into (3) yields: 
F(t) 2171.4--10 v — 69.46 +1908 dv / dt or 


F,(t) = F(t) - Fg, + Fy = F(t) -171.4+ 69.46 210 v +1908 dv / dt (6) 


Equation (6) may be represented by the following block-diagram: 


F, = 69.46 N 
. Excess 
Motive Motive Car Speed, 
Force, Force, v(t) 


F (t) Fat) 


Taking the Laplace transform of the left and right-hand sides of equation (6) gives, 


Fe(s) 210V (s) +1908 sV(s) (7) 


2-49 


Thus the transfer function, G,(s), relating car speed, V(s) to the excess motive force, F.(s), when the 


iad at speeds around v, = 50 km/h = 13.89 m/s under windless conditions is: 


V(s) . 1 


G,(s) = = 
v) F.(s) 1041908s 


(8) 
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THREE 


Modeling 
in the Time Domain 


SOLUTIONS TO CASE STUDIES CHALLENGES 


Antenna Control: State-Space Representation 


(s) 150 
For the power amplifier, E p = $4150 * . Taking the inverse Laplace transform, ea +150e, = 


150vp. Thus, the state equation is 


e, ——150e, * 150v, 
For the motor and load, define the state variables as x? = Oy and x» = 0 m- Therefore, 


X1-7X2 


(1) 


Using the transfer function of the motor, cross multiplying, taking the inverse Laplace transform, 


and using the definitions for the state variables, 


. KiKa Kt 
X25 mo TE A ,)9* Baba 


Using the gear ratio, the output equation is 


y = 0.2x1 


Also, Jm = 455 y? = 0.05+0.2 = 0.25, Dm = Dat3 y? = 0.01+0.12 = 0.13 


1 K 
= 0.8, and i. (Dm+ 
m 


state and output equations are, 


A. ERA [02 0] 
- x ;y =| 0. x 
0 -1.32 0.8]? 
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(2) 


(3) 


Ki 1 
"Ram — (5)(0.25) 


K 
RD ) = 1.32. Using Eqs. (1), (2), and (3) along with the previous values, the 


3-2 Chapter 3: Modeling in the Time Domain 


Aquifer: State-Space Representation 


dh 
Cra = dit-do1*92-01*021 = qi1-0+G2(h2-h1)-G1h1+G21(H1-h1) = 


-(G2*G1*G21)h1 *G2h2*qi1 *G21H1 
dh» 
Cz = i2-02*93-02*q32 = qi2-902+G3(h3-h>)-G>2(h2-h1)+0 = G2h;-[G2*G3]h2*G3h3*qi2-qo2 
dh3 
Car = di3-do3*94-03*043 = qi3-9o3+0-G3(h3-h2)+0 = G3h2-G3h3+qi3-do3 


Dividing each equation by Cj and defining the state vector as x = [hy ho hg]! 


-(G, BB G, + G;) G, 0 di + G,¡H, 
C, C, C, 
x= G, -(G, + G;) G, x+ di» — do» u(t) 
C, C, C, C, 
0 6 -G, Qi ^ d,3 
L C; C; Al L C; 
[1.0 0] 
y =|0 1 Ok 


lo o 1| 


where u(t) = unit step function. 


ANSWERS TO REVIEW QUESTIONS 


1. (1) Can model systems other than linear, constant coefficients; (2) Used for digital simulation 

2. Yields qualitative insight 

3. That smallest set of variables that completely describe the system 

4. The value of the state variables 

5. The vector whose components are the state variables 

6. The n-dimensional space whose bases are the state variables 

7. State equations, an output equation, and an initial state vector (initial conditions) 

8. Eight 

9. Forms linear combinations of the state variables and the input to form the desired output 

10. No variable in the set can be written as a linear sum of the other variables in the set. 

11. (1) They must be linearly independent; (2) The number of state variables must agree with the order of 
the differential equation describing the system; (3) The degree of difficulty in obtaining the state equations 
for a given set of state variables. 


12. The variables that are being differentiated in each of the linearly independent energy storage elements 
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13. Yes, depending upon the choice of circuit variables and technique used to write the system equations. 
For example, a three -loop problem with three energy storage elements could yield three simultaneous 
second-order differential equations which would then be described by six, first-order differential equations. 
This exact situation arose when we wrote the differential equations for mechanical systems and then 


proceeded to find the state equations. 


14. The state variables are successive derivatives. 


SOLUTIONS TO PROBLEMS 


Add the branch currents and node voltages to the network. 


ae 
dt ^C 
lw" 
dt ^ 
dv, . 
= lz 
dt 
i, 
Therefore, the state vector is X =| i, 
V 


o 


Now obtain v1, v», and is in terms of the state variables. First find i, in terms of the state variables. 


MF +i, +i, +v, =0 

But i, =i, —i, and i, =i, — i,. Thus, 
—v, ti, (i, i) - (i i) - v, =0 
Making the substitution for i, yields 


-vi ti, t (i i) (( 5)- i) v, =0 
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Solving for i, 

Bo e zd. T NE 
Ll — —I dV -V 
17327 34 gto 3M 


Thus, 

. 1 2 
v =V¡= Ll = L gutao *3M 
Also, 
A 1. 1. 1 1 
mg rc 3^ t3" 
and 
: . 1 . 1 1 
i, =i, -—1,= 32 3h get uM 
Finally, 


a 1. Aud ya 
V,-ltV,—-——iL-—-—i,Tt-V, t-V, 
2 5 o 3? ow 9 o gi 


Using vi, V2, and is, the state equation is 


T e Ee. 2 
3 3 8 3 
: 1 2 2 1 
X=|-= -— = |x+/=), 
3 od 3 
sb m E E 
3 3 Jd. L34 


Write the differential equation for each energy storage element. 
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dv, 1. 
—— = — 1, 
dt 3 
di, 1) 
dt 2 


V 

1 
Therefore the state vector is X — | | 
l 
3 


Now obtain v, and l, in terms of the state variables, 


V, =V, - V, = V, —3i, = V, - (i, + 4v,) =-—11v, - 3i, 


1 
i, =i, -i, 2—(v-v)-i- Vv, =i 4 —V, 
Also, the output is 
Y= lp =A, +L 
Hence, 
Mo G np 
" a ES 
—— iz 0 
2 2 
y =[4 1]x 


Modeling in the Time Domain 


Let C; be the grounded capacitor and C ; be the other. Now, writing the equations for the energy 


storage components yields, 


(1) 


Thus the state vector is X =| V¿ |. Now, find the three loop currents in terms of the state variables 


Vc 


2 


and the input. 


Writing KVL around Loop 2 yields Ve, = Vo, + ij .Or, 


bL — Vg, — Vc 


2 
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Writing KVL around the outer loop yields i, + i, = v; Or, 
i, — Vj =b =V; Va + Vc, 
Also, i, — i, = i, . Hence, 
ij =i, ti-i +V -Vg-tvV 


Ca 


Substituting the loop currents in equations (1) yields the results in vector-matrix form, 


di, 
dt 0 1 Of i 1 
dv. ^ 
e -2 2| ve |+| 1 iv; 
dt s 
dv. 0 2 RV -1 
dt 
Since V, =1, = Vc — Vc, , the output equation is 
i, 
y- [0 1 1|vg 
Vo, 


Equations of motion in Laplace: 
(2s* +35+2)X,(s)-(s+2)X,(s)-sX,(s)=0 
—(s+2)X,(s)+(s* +2s+2)X,(s)—sX,(s) = F(s) 
-sX ,(s)—sX,(s)+(s* - 3s) X,(s) =0 


Equations of motion in the time domain: 


2 
28 Big coe Erg 
dt t dt 
2 
PA nx ete oe +2x, Pa f (t) 


Define state variables: 
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Z=% Or X =Z;, (1) 
dx, dx, 
Z,=— Or ——-Z 2 
i7 E (2) 
Z,=X, OF xX,=Z, (3) 
dx, dx, 
Z,=— or —-Zz 4 
ues dr a (4) 
Z¿=X OF X,-Z, (5) 
dx, dx, 
Z;—-—- or —*Í=z 6 
D Pa (6) 


dz, 

MAT 7 

dim (7) 
dz 

e = Za (8) 
dz 

2 = Zs (9) 


Substituting Eqs. (1) through (6) into the equations of motion in the time domain and solving for the 


derivatives of the state variables and using Eqs. (7) through (9) yields the state equations: 


The output is x3 = Zs. 


In vector-matrix form: 
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[0 1 0 00 0 0 

-1 -1.5 1 05 0 05 0 
. jo 0 307 100 0 
Z= Z+ f (t) 

2 1 -2-20 1 

gc 0 0 0 0 1 0 

o0 1 0 1 0 3| [0] 
y=[0 0 0 0 1 0]Z 


Writing the equations of motion, 


(2s* +2s+1)X,(s)-sX,(s)-(s+1)X,(s)=0 
—sX.,(s) (s? - 2s 1) X, (s) -(s- 1) X4(s) =0 
-(s -1) X,(s)- (s - 1) X (s) - (s? + 2s + 2)X,(s) = F(s) 


Taking the inverse Laplace transform, 
2X FLA OX -3X,—X,X,-—0 
—X t X,-2X,*X,—-X,—X,-0 
—X—X —X,—X, FX 2x -2x, = f(t) 


Simplifying, 


an 2E 1° 1: | 
X, =-X A 
X, = osa ed +x,+ X, 
X, = X EX, LXX, egrcor + f (t) 
Defining the state variables, 
Z -X;2,2 X, 2,9 Xj Le = Xa} Ly 9 X, 


=X,Z 


1 122 


Writing the state equations using the simplified equations above yields, 
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$ 1 1 1 1 
Z, =X, =—Zy Stig ae 


Z, =X) =Z, — 2Z4 — Z; +2, + Z; 


N 
I 


s EX =2Z,4+2,4+2,+2,—22,-22,+ f(t) 


Converting to vector-matrix form, 


0 1 0 0 0 +0 0 
dh ea b ae! m 
: 2 2 2 2 0 
z=| 0 0 0 1 0 0k. [fO 
0 1 -1 -2 1 1 
0. 0 0 0 0 1 : 
| 1 1 1 1 -2 -2| L1] 
y=[ 0 0 0 0 oļz 
Drawing the equivalent network, 
3.33 T e. 33 


ee = 


J > 555.56 kgm. | j 2 


100 N-m "rad 100 M-m sec/rad 


Writing the equations of motion, 


(555.565” +100)0, — 1000, = 3.33T 
—1000, +(100s” +100s +100), =0 


Taking the inverse Laplace transform and simplifying, 
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0, 0.180, — 0.180, = 0.006T 
m +0,+0,+ 0, -0 


Defining the state variables as 


X, 20, x; 20, X4 = Q, X,— 0; 


Writing the state equations using the equations of motion and the definitions of the state variables 


x, = 0, =-0.180, +0.180, + 0.006T =-0.18x, + 0.18x, + 0.006T 
X; =X, 


x, - à, =0, 266. =X- X% X, 
y =3.330, = 3.33x, 


In vector-matrix form, 


0 1 0 0 0 
e |-0.18 0 0.18 0 0.006 
E X+ T 
0 0 0 1 0 
1 0 -1 -1 0 
y=[3.33 0 0 O]|x 
7. 
Drawing the equivalent circuit, 
f^ 10T N 6,0 [X89 [x 0,0 
\ \ \ | 
S 2 N-m/rad ^3 N-m-s/rad $ 
(1/1010? - 10 N-m/rad Dr Nat 


Writing the equations of motion, 


Copyright O 2011 by John Wiley & Sons, Inc. 


3-11 Chapter 3: Modeling in the Time Domain 


120, (s) - 20,(s) =10T(s) 
—20, (s) + (3s + 20, (s) -3s0, (s) 2 0 
—3s0.(s) 4 5s0, (s) 2 0 


Taking the inverse Laplace transform, 


120, (t) - 20,(t) -10T (t) 
-20,(0+30,(0) + 20, -30,(t) =0 


-36,(t)4- 56, (t) - 0 
From (3), 
: 5: 5 
0,(t) = 3 0, (t) and Ox(t) = 3 6, (t) 
assuming zero initial conditions. 
From (1) 


1 5 5 5 
0, (t) =—8,(t) - -T(t) = — 0, (t) - — T (t 
)(t) A (t) 6 (t) T , (t) 7 (t) 
Substituting (4) and (5) into (2) yields the state equation (notice there is only one equation), 


6,0. 556,0 ¿TO 


The output equation is given by, 
6,(1)- — 6,() 
L 10 4 


l As) AX (s) 
Solving Eqs. (3.44) and (3.45) in the text for the transfer functions and 


F(s) F(s) 
i 0 =k ] aa 0 J 
F Mos*+K -K F 
X ,(s)= = dnd xX sig) Ede > AL 
M,s*+Ds+K -K M,s?+Ds+K -K 
-K Mys*+K -K Mys*+K 
Thus, 
X (s) = K 
SOR eee Cane a eee 
F(s) M,M,s*+DM5s°+K Mos +KM,¡s +DK 5 
and 


ill Mis +Ds+K 
F (s) M,M,s*+DM>)s +K Mos +KM,¡s'+DK s 


(1) 


(2) 


(3) 


(4) 


(5) 


Multiplying each of the above transfer functions by s to find velocity yields pole/zero cancellation at 


the origin and a resulting transfer function that is third order. 
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9. 
a. . Using the standard form derived in the textbook, 
To 2 0 0] A 
[vos 307 > rd 10] 
x= | u ui rt t) 
0 0 0 1 0 
| 100 7 10 20 | E 
c=[100 0 0 Ok 
b. Using the standard form derived in the textbook, 
| 0 1 0 0 0 0 
0. 0 1 0 30 0 
x-0 0 0 1 Olx+lolrct) 
O: 0 0 O0 1 0 
|-30 -1 -6 -9 -8| |1| 
c=[30 0 0 0 Ok 
10. 
Program: 
ra 
num=100; 


den=[1 20 10 7 100]; 


G=tf (num, den) 


[Acc, Bcc, Ccc, Dcc]-tf2ss(num, den); 


Af-flipud(Acc); 


A-fliplr(Af) 


B-flipud(Bcc) 
C-fliplr(Ccc) 
!p' 


num=30; 


den=[1 8 9 6 1 30]; 


G=tf (num, den) 


[Acc, Bcc, Ccc, Dcc]-tf2ss(num, den); 


Af-flipud(Acc); 


A-fliplr(Af) 


B-flipud(Bcc) 
C-fliplr(Ccc) 


Computer response: 


ans = 


a 


Transfer function: 


100 
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B= 

0 

0 

0 

1 
Ç S 

100 0 0 0 

ans = 
b 


30 


SA5 + 8 s^4 + 9 S^3 + 6 S^2 + S + 30 


A= 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
-30 -1 -6 -9 -8 
B= 
0 
0 
0 
0 
1 
EvS 
30 0 0 0 0 
a. Using the standard form derived in the textbook, 


0. 1 0 0 0 
s 0 0 1 0 0 
x= x+ 

0 0 0 1 0 

13: =5 sly =5 1 


c=[10 8 0 0 O|x 


Copyright O 2011 by John Wiley & Sons, Inc. 


Modeling in the Time Domain 


3-14 Chapter 3: Modeling in the Time Domain 


b. Using the standard form derived in the textbook, 


0 1 0 0 0 
0 0 1 0 0 
x=|0 0 0 1 0 |x+| 0 (r(t) 
0 0 0 0 1 
0 0 -8 -13 -—3] 1) 
c=[6 7 12 2 1|x 
12. 
Program: 
ta 
num=[8 10]; 


den=[1 5 1 5 13] 

G=tf (num, den) 

[Acc, Bcc, Ccc, Dcc]-tf2ss(num, den); 
Af-flipud(Acc); 

A-fliplr(Af) 

B-flipud(Bcc) 

C-fliplr(Ccc) 

tp" 

num=[1 2 12 7 6]; 

den=[1 9 13 8 0 0] 

G=tf (num, den) 

[Acc, Bcc, Ccc, Dcc]-tf2ss(num, den); 
Af-flipud(Acc); 

A-fliplr(Af) 

B-flipud(Bcc) 

C-fliplr(Ccc) 


Computer response: 
ans = 


ans 


oa 
D 
2 
I 


8 s * 10 


A= 
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B= 
0 
0 
0 
1 
CS 
10 8 0 0 
ans = 
b 
den = 
1 9 13 8 0 0 


Transfer function: 
S44 + 2 S43 + 12 S42 +75 + 6 


A= 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
1 0 0 -8 -13 -9 


s? - 6s? +105+5 


Í|Poooo 


The transfer function can be represented as a block diagram as follows: 


R(s) 1 X(s) Y(s) 


S +6s +10s+5 
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Writing the differential equation for the first box: 


x+6x+10x+5x=r(t) 


Defining the state variables: 


x =X 
x, =x 
x, =x 
Thus, 
X =X 
p X 


X, =-5x-10x-6x+r(t) 2 —5x, - 10x, — 6x, + r(t) 


From the second box, 


y =X+3x+ 8x 28x, - 3x, +X, 
In vector-matrix form: 


0 1 0 0 
x=| 0 0 1 x-|0 r(t) 
-5 -10 -6 1 


y-[8 3 1]x 
14. 
a. G(s)=C(sI-A)1B 
1 0 0 
A= 0 4 B= ;C=[1 0 o0] 
3 2 5 10 


4 
(sI - A) ue E 
S +5s +2s+3 2 
-3s -25-3 S 
10 
Therefore, G(s) = 315210043 * 
b. G()-CGLA) B 
2 3 -8 
A=|0 5 3 |,B=|4|, C=(136) 
-3 -5 -4 $ 
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s2-s-5 3s+52 —8s+49 


GIA | = ———_L____ -9  s?^«2s-32 35-6 
5 -35%-275+157| .35415 -5s+1 s2-78+10 


49 s^ — 349 s+452 


Therefore, G (s) - 5 5 
s —3s —278+157 


c. G(sS-C(sL-A)HB 


[3 +5 2] [5] 
A=l1 -8 7L B-l-3E c-[ -4 3] 
la -6 2] [2] 


| ($? +6s+26)  —(5s+2) Qs-19) | 
(5-08) ssl) s-i | 
-(3s--30)  -(6s-33) (s°+5s—19) 


1 


sI- A)! = —— 
( ) A 2L) 


23s° — 48s - 7 


Therefore, G(s) = =. 
6) 7 S 135! 1195 —133 


[0 15 0/00 1 0;0 0 0 1;-7 -9 -2 -3]; 
[0;5;B8;21; 

[1 3 6 6]; 

statespace=ss(A,B,C,D) 

[num, den]=ss2tf(A,B,C,D); 

G=tf (num, den) 

5t 

A=[3 1 0 4 -2;-3 5 -5 2 -1;0 1 -1 2 8;-7 6 -3 -4 0;-6 0 4 -3 1]; 
B-[2;7;8;5;4]; 

c=[1 -2 -9 7 6]; 

D=0; 

statespace=ss(A,B,C,D) 

[num, den]=ss2tf (A,B,C,D); 

G=tf (num, den) 


Computer response: 


ans = 

a 

a 

X1 x2 x3 x4 

x1 0 1 5 0 
x2 0 0 1 0 
x3 0 0 0 1 
x4 -7 -9 -2 -3 
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b= 
ui 
x1 0 
x2 5 
x3 8 
x4 2 
Cc = 
X1 x2 x3 x4 
yı 1 3 6 6 
d = 
ul 
yi © 


Continuous-time model. 


Transfer function: 
75 S^3.- 96 s^2 - 2331 s - 210 


ans = 
b 
a= 
X1 x2 x3 x4 x5 
x1 3 1 0 4 -2 
x2 -3 5 -5 2 -1 
x3 0 1 -1 2 8 
x4 -7 6 -3 -4 0 
xb -6 0 4 -3 1 
b= 
ui 
x1 2 
x2 7 
x3 8 
x4 5 
x5 4 
eS 


yi 0 
Continuous-time model. 


Transfer function: 
-25 S^4 - 292 s\3 + 1680 s^2 + 1.628e004 s + 3.188e004 


SAB - 4 S^4 - 32 SA3 + 148 s^2 - 1153 s - 4480 


16. 
Program: 
syms s 

ta! 

A-[0 1 3 0 
0010 
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-000O0HUOU:1 O 
UON 


“OBRO 


((s*I-A)^-1)*B+D; 
T=simple(T); 
pretty(T) 


-00 00H00! 
ou th don 


ua 


((S*I-A)A-1) *B+D; 
T=simple(T); 
pretty(T) 


Computer response: 
ans = 


-164 s - 1621 s - 260 + 59 s 


14582 s + 1708 s - 408 s - 7 s + 27665 


S - 4s - 32s + 148 s - 1153 s - 4480 


do A 
Let the input be a =z, X1=0x , X2=0 x . Therefore, 


X1-7X2 
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Kx Dx 
X27-T X1-7 X2-*Jo0; 
Jx Jx 


The output is Ox. 


In vector-matrix form, Ox = x1 . Therefore, y = x1. 


1 
K D 0 
x = x x X + o, 
CE Jo 
X 


y=[1 0]x 


18. 


The equivalent cascade transfer function is as shown below. 


d (s) X(s) K F (s) 
b 
St—— 
a 
K K, K, K, 
. x p mM ae e 
For the first box, x K "x MK XK S(t). 
3 3 3 3 
Selecting the phase variables as the state variables: x =x, x —x, x, =x. 
Writing the state and output equations: 
X17X2 
x 9) = X3 
o Ki. Ka. Ka. 
X35- K3 X17 K3 X2- K3 X3 K3 (t) 
: Kb Kp 
y-(0-x*k XTK, Xi*x2 
In vector-matrix form, 
0 1 0 0 
0 0 1 0 K 
x= X ot);y-|—- 1 Ol|x 
Zu TM LS K, 
7 7 7 K, 
K K K 3 
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19. 


Since Tm = Jeq TUE + Deg®m, and Tm = Ky la, 


dom : 
Jeq Gr. + Deq®m = Kt ia (1) 
Or, 
do D K 
c doct ded 


N2 
But, om =NI OL. 


Substituting in (1) and simplifying yields the first state equation, 


dor, Deq Kt N1 
pond A e paci 
dt Jeq L Jeq N? a 
The second state equation is: 
dy, 
dt TOL 
Since 
: dia y dia No 
ea = RalatLa gp +Kb@m = Rala+tLa Gp +Kbyy OL, 
the third state equation is found by solving for “de : Hence, 
dia Kp No Ra a 1 
dt La N; ®L La da L, Ca 
Thus the state variables are: x1 = 0], x? = 0], , and x3 = ia. 
N2 
Finally, the output is y = Om = Ni OL. 
In vector-matrix form, 
Deq K, I 
= 0 T — 0 
eq eq 2 i N 
x=| 1 0 0 x o fessy=|0 Ww ok 
e 1 
S ne Be D 
Li N 1 L i 
where, 
Sa 
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20. 
Writing the differential equations, 
dx,  dx4 dx» 
Eo EM Queue a 
d^?x) dx dxi 
qe * at ca O 
Defining the state variables to be x1, v1, X2, v2, where v's are velocity, 
x 1-7 V1 
x 2- V2 
s 17 -v1-2x1?*v3 
y 2 = v1-v2*f(t) 
Around x4 = 1, x1 = 1+6X1, and x 17 8x 1. Also, 
22.2 1 Z = 
x, =X] | + qi | 8x, 1+2x, | dx, 1*20x, 
x-1 x-1 x-1 
Therefore, the state and output equations are, 
6x1 =V1 
x 2-7 V2 
y 1 = -v1-2(1+28x1)+v2 
vo = VI V2H(0 
y-»2 
In vector-matrix form, 
8x 8x 8x 
1| fo E 0 t 0 1 
X X X 
0 0.0 1 1 
2 | = 2 |+ sy=[0 1 0 0] 2 
* 4041 1ly 2 off ft) ¥ 
1 1 1 
. 0 0 1 «Ello 0 1 > 
Vy 2 2 
where f(t) = 2 + df(t), since force in nonlinear spring is 2 N and must be balanced by 2 N force on 
damper. 
21. 
Controller: 


The transfer function can be represented as a block diagram as follows: 
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K Xo(s) Yo(s) 
—- RAD sta — » 
stb 


Ro(s) 


Writing the differential equation for the first box, 


K 


1 
s+b 


and solving for X, , 
x, = —bx, + K,r.(t) 
From the second box, 
y, = X,+ ax, =—bx, + Kjr (t) + ax, 
- (a — b)x, + Kor, (t) 
Wheels: 


The transfer function can be represented as a block diagram as follows: 


Rw(s) C Xw(s) 
S+C a 
Writing the differential equation for the block of the form, 
C 
S+C 
and solving for X,, , 
X, — —cx,, +cr,(t) 
The output equation is, 
Yw = Xw 
Vehicle: 
The transfer function can be represented as a block diagram as follows: 
Ry(s) 1 Xs) 
s xd 


Writing the differential equation for the block, 
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1 
S 
and solving for x, , 
x, =r (t) 
The output equation is 
Yv= Xy 
22. 
-1.702 50.72 263.38 -272.06 
A =| 022 -1.418 -31.99 |;B = 0 
0 0 -14 14 
For G4(S), C 4 =(1,0,0), and 
G1(s)  C4(sI-AY!B 
Thus, 
s 2+15.418 s 419.852 50.72 s * 710.08 263.38 s —1249.1 
616 )=€4 |  — À—— 12 0.22 s +3.08 s2415.702 s 423.828 -31.99 s «3.4966 
s 3+17.12 s «34.985 s — 122.43 0 0 A cau 
Or 
G (5) = —272.06s?-507.35 —22888_ _ -272.06 (s 2+1.8647 s +84.128) 
s 3+17.12 52+34.9355 - 12243. (s +14) (s 1.7834) (s +4.9034) 
For Go(s), C» = (0,1,0), and 
Go(s) = Ca(sI-A) HB 
Thus, 
s 2+15.418 s +19.852 50.72 s +710.08 263.38 s -1249.1 
Uu SON | ===> 0.22 s +3.08 s 2+15.702 s 423.828 -31.99 s +3.4966 
s 3+17,12 5 2+34.935 s -122.43 0 0 e 2431758745 
Or 
-507.71 s — 788.99 -507.71 (s +1.554 
Exe E ( ) 


s 3417.12 s 2+34.935 s -122.43 (s +14) (s - 1.7834) (s + 4.9034) 
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23. 
Adding displacements to the figure, 


Xs 


Contact 


1 kg 
| N/m | N-s/m 1 N-s/m 
Manipulator Sensor Internal force model Environment 


Writing the differential equations for noncontact, 


AXE _ dx 
2 + r S 
dt dt 


Define the state variables as, 


x3 


p x, = X3 = Xs 
Writing the state equations, using the differential equations and the definition of the state variables, 


we get, 


X,—Xx,—-2x,—-2x, +X, +X, + u(t) 


X EXE, d XG eG 


Assuming the output to be x,, the output equation is, 


Y= X3 


In vector-matrix form, 
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ro 1 0 0] [0] 
laor n cp. "ap gl 


kde: ss posed su] 
y=[0 0 1 Ok 


Writing the differential equations for contact, 


2 
d Za e ccn =u(t) 
dt dt dt 
dx, dx dx, 
= =X, AR AZ x, = 0 
dt dt dt 
dz dx, 
HA a a a = 
dt dt 
2 
PX NR 2 (5, =0 


Defining the state variables, 


X, = Z; XQ —Z; X, 5 X,; X4 — X, 


X= XX, 5 X= Xj Xz =X 3 X,— X 


S? 


Using the differential equations and the definitions of the state variables, we write the state equations. 


X; =X, 


X, =—X, — 2X, + X, + X, t u(t) 


X EX} XX. A E XS 
Xs — Xg 
Differentiating the third differential equation and solving for d’z/dt* we obtain, 


diz dx, dz dx, 
E SS ae 
dt dt dt dt 


But, from the fourth differential equation, 


d d d 
"m x rcd s — 2x, = X, + X; — 2x, — 2X, 


Substituting this expression back into X, along with the other definitions and then simplifying yields, 


X; = X4 + X3 — 2X; — 2X; 
Continuing, 
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7 7 Xg 


Xg = X3 + Xg — 2X, — 2Xg 
Assuming the output is x, 


Y= X, 
Hence, the solution in vector-matrix form is 

[o 1 0 0 00 0 0 0 

-1 2 1 100.0 0 1 

0 0 0 1 00 0 #0 0 

. 1 1 -1 -1 10 1 0 0 
x= x+] |u(t) 

0 0 0 0 01 0 0 0 

0 0 1 1 00 -2 -2 0 

0 0 0 0 00 0 1 0 

lo 0 1 0 01 -2| WA 
y=[0 01000 0 Ok 
24. 
a. We begin by calculating 
s+0.435 -0.209 -0.02 
sI-A=| -0.268 s+0.394 0 
— 0.227 0 s+0.02 
and 
s + 0.394 0 — 0.268 0 —0.268 s4 0.394 
det(sI — A) = (s + 0.435) 4- 0.209 = 
0 s+0.02 —0.227 s4 0.02 — 0.227 0 


= (s +0.435)(s + 0.394)(s + 0.02) + 0.209(—0.268)(s + 0.02) — 0.02(0.227)(s + 0.394) 


= s? + 0.849s? + 0.188s + 0.0034 — 0.056s — 0.00112 — 0.00454s — 0.00179 
= s? + 0.8495? + 0.1278s + 0.00049 = (s + 0.66)(s + 0.19)(s + 0.004) 


Copyright O 2011 by John Wiley & Sons, Inc. 


3-28 Chapter 3: Modeling in the Time Domain 


(sI - A)! = 


Ci Ca Cg 
Adj(sI—A)=|Cj C» Cy 


Ci; Ca C33 


where 
ii (s +0.394)(s + 0.02) 
C = =(S 5 S . 
i 0 s +0.02 
— 0.268 
Es = —0.268(s + 0.02) 
—0.227 s40.02 
—0.268 s4 0.394 
E. = —0.227(s + 0.394) 
— 0.227 
—0.209 -0.02 
boxe — —0.209(s 4- 0.02) 
0 s +0.02 
s+0.435 -0.02 > 
Cs = (s + 0.435)(s + 0.02) — 0.00454 = s? + 0.4555 + 0.00416 
-0.227 s+0.02 
s+0.435 — 0.209 
C= = —0.047443 
— 0.227 
—0.209 -0.02 
C4 = = 0.02(s + 0.394) 
s+0.394 
s+0.435 -0.02 
Cy = = —0.00536 
— 0.268 


s- 0.435  —0.209 


m = (s + 0.435)(s + 0.394) — 0.268(0.209) = s? + 0.829s + 0.1154 
—0.268 s+0.394 
(s--0.394)(s--0.02) — —0.209(s + 0.02) 0.02(s + 0.394) 
—0.268(s--0.02) | s? +0.455s + 0.0042 — 0.0054 
Adj(sI-A) | -0.227(s+0.394) — 0.0474 s? +0.829s + 0.1154 
det(sI- A) - (s +0.004)(s + 0.19)(s + 0.66) 
CGI- A)! = [(s--0.394)(s-- 0.02) —0.209(s--0.02) 0.02(s + 0.394)] 
3333.33(s + 0.004)(s + 0.19)(s + 0.66) 
Y(s) c (sI-A)?B- (s + 0.02)(s + 0.394) 
U(s) 3333.33(s + 0.004)(s + 0.19)(s + 0.66) 
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b. 


>> A=[-0.435 0.209 0.02; 0.268 -0.394 0; 0.227 0 -0.02] 


-0.4350 0.2090 0.0200 
0.2680 -0.3940 0 


0.2270 0 -0.0200 


>> B = [1;0;0] 


>> C = [0.0003 0 0] 


1.0e-003 * 


0.3000 0 0 


>> [n,d]=ss2tf(A,B,C,0) 
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1.0e-003 * 


0 0.3000 0.1242 0.0024 


1.0000 0.8490 0.1274 0.0005 


>> roots(n) 


ans — 


-0.3940 


-0.0200 


>> roots(d) 


ans — 


-0.6560 


-0.1889 


-0.0042 


Copyright O 2011 by John Wiley & Sons, Inc. 


3-31 Chapter 3: Modeling in the Time Domain 


25. By direct observation 

| Xo | | do, 0 dy Tx | 11] 
Xx Qo Qi Ay Xx 0 
Xp |=] Gy Ay, d» a3 G4|X,|*|0d, 
X; 0 0 dis da 20013 0 
[x,] LO 0 ap 0 a,4j1x,! 10] 

26. 
a. 


>> A=[-0.038 0.896 0 0.0015; 0.0017 -0.092 0 -0.0056; 100 -3.086; 0 1 0 0] 


A= 


-0.0380 0.8960 0 0.0015 


0.0017 -0.0920 0 -0.0056 


1.0000 0 0 -3.0860 


O 1.0000 0 0 


>> B = [-0.0075 -0.023; 0.0017 -0.0022; 0 0; 0 0] 


B= 


-0.0075 -0.0230 


0.0017 -0.0022 


>>C=[0010;0001] 
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>> [num,den] = ss2tf(A, B,C,zeros(2),1) 


num — 


O 0.0000 -0.0075 -0.0044 -0.0002 


0 0 0.0017 0.0001 0 


den = 


1.0000 0.1300 0.0076 0.0002 0 


>> [num,den] = ss2tf(A,B,C,zeros(2),2) 


num = 


O -0.0000 -0.0230 0.0027 0.0002 


O -0.0000 -0.0022 -0.0001 0 


den = 


1.0000 0.1300 0.0076 0.0002 0 
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b. 
From the MATLAB results 
Be (0.0075s? + 0.0044s + 0.0002) 
Op s(s? +0.13s* +0.0076s +0.0002) 
0 SE 0.00175 + 0.0001 
Op s? +0.13s* -- 0.0076s +0.0002 
Z ys — 0.023s? + 0.00275 + 0.0002 
ô; s(s? +0.13s* +0.0076s + 0.0002) 
0 a — (0.0022s + 0.0001) 
Os s? +0.135? +0.0076s +0.0002 


27. 


The transfer function is divided into two parts: 


R(s) 


— 


W(s) Y(s) 
1 


HA SHC 
s? +(a+d)s? +(b+ad)s + bd 


So we have 
WG) = L and Me) =S+C 
R(s) s*+(a+d)s? +(b+ ad)s + bd W(s) 


In time domain 


W+(a+d)w+(b+ad)w+bdw=r and w+cw= y 
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28. 


Define the state variables as 


Xx, =w 
X% =W=X; 
XxX, =W=X, 


So we can write 


W = X, =r—bdx, - (b - ad)x, — (a + d)x, and y 2 cx, +X, 


In matrix form these equations are: 


X 0 1 0 x; 0 
xX, |=| 0 0 1 xX, [+] 0 Jr 
X -bd -(b+ad) —(a+d)| x, 1 


Xi 
y=|c 1 0] Xy 
X3 


a. 


G(s) = C(SI- A) !B =7(s+5)*3= 21 


(s +5) 


b. 


ONE s+5 0778] m. 
G(s) = C(sI- A) 'B- [7 o] P a ur 0] : 
[A JT 

s+5 1 s+5 
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1 
s+5 0 [3 A 3 
9 G(s) = C(sI—A)*B = [7 2] | | l-r cl eae | | 
0 s41} |0 U^ E 0 
s+1 
3 
aS 21 
=[7_o]s+5 CASE 
0 
a. 
dm 
TSO — komma (E) — (Koz ko; )ms (t) + ko mp (0 
dm 
— e = KkozMso (t) —ko4Mpo (t) 
dt 
dm 
d E k, m,(t) = (kiz + k,¿)m, (t) 
dm 

de s k, m, (t) — k, ¿Ms (t) 
b. 

m, | - 

. Ko, + ki) k 02 0 ki» ki m, 1 
Mso ky -(Ko tk) Koy 0 0 Mso E 
Mino = 0 koz Koa 0 0 |} Mpo -*|0 fu; (t) 

. Koi 0 0 —(k,, + krs) 0 m, 0 
m, | 0 0 0 Kio -k, Jl my- LO] 
Ms 
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y=[1 0 0 0 oO] mp, 


30. 
Writing the equations of motion, 


d d d 
M,92 +(f, fa) AL +K Y- fa 5 — Kin = f (0) 


f dt? dt 
dy; d^y 
- — Ky, +M, shy K, +K — =0 
ha dt ny f dt’ i ( JY Ky 


- Ky, T (K, +K ove Year = 0 


The last equation says that 
K 


S 


Neat = (CER 


Defining state variables for the first two equations of motion, 
X, — Yh; X2 = Yrs Xy — Yp Xa — y, 


Solving for the highest derivative terms in the first two equations of motion yields, 


d'y, a (fet fn) dy, K, fin dy, Kn 1 

2 wem cum gu o pu Poe dE Rc c M E) 
dt M; dt M; M; d M; M; 
Jy foDt, Ky fada (&KTK), , Ky 

d? M, dt M, M, dt M, MES 

Writing the state equations 
X,=X) 
E galir _(K,+K,) tK) eae Lf q 
M, M, M, M, M, (K, ER od 
X; = X, 
(fi + fu) K, fi K, 1 

E soap yere 


f 


The output is y; - Ycar- Therefore, 
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K, Ke 
== = LI — —————— AT CUR C 
y Yn Yat Yn (K, +K j^ (K, +K ) 1 


ave ave 


Simplifying, rearranging, and putting the state equations in vector-matrix form yields, 


| 0 1 0 0 [07] 
2 
A K+] fa X fa | jo] 
M, (K, +K we) h M, M, 
x= x+| o | 
0 0 0 1 1 
K, Es E: Cft fa) A 
L f M, f M, f 
| K ] 
y=¡—2— 0 0 Ox 
UK +K,) ] 
Substituting numerical values, 
[ 0 1 0 o 71 Ff 07 
_|-9353 -14.29 7692 1429| | 0 |. 
E 0 0 1 F o If 
| 406 7.558  —406 -9.302 | 0.0581 | 
y = [0.9491 0 0 0|x 


a. 


f, =s-dT - (1-u,)PTv 
f, = (1- u,) Tv — uT* 
f; = 1-u,)kT" -cv 


afl _ 
eT|, 


d-( u,)Æ |o= -d —-(1-u,,)Pv, 
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zm -0 

OT |, 

-. = (1-u,)Pv|,= (l-u) fv, 
Vio 


ofal a P 
ar] e u)Pv|,= (1—u,,)Pv, 


of, 
oT" 


of, 
Ov 


0 


= (1-u,)PT lo (1—u,,)PT, 


0 


Then just by direct substitution. 
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b. 


Substituting values one gets: 


T — (d + fv,) 0 -T T BT,v, 0 ü 
T” |= Pv, -u fr, T |+ - BlI,v, 0 | | 
v 0 k -=c | v 0 - kT; 


T 
y=[0 o 1]T” 
V 


32. 
a. The following basic equations characterize the relationships between the state, input, and output 
variables for the HEV common forward path of the figure: 


us (t) =K ut) 
La Í, * R,-I,(t) 2 u,(t) - e, (t) =K ,u, (t) - k, ot) 


Jo: — T(t) - T, (t) - T, (t), where Ji, = Jm + Jia + Jy» 


T(t) - k, -L,(t), T (t) - k, ot) 


b. Given that the state variables are the motor armature current, I;(t), and angular speed, o (t), we re- 
write the above equations as: 


i, REC LOA AO Q) 
> k k 1 
== (t) - —— a(t) - — T, (t) T 
J tot J tot tot 


In matrix form, the resulting state-space equations are: 


Copyright O 2011 by John Wiley & Sons, Inc. 


3-40 Chapter 3: Modeling in the Time Domain 


Copyright O 2011 by John Wiley & Sons, Inc. 


(4) 


(5) 


FOUR 


Time Response 


SOLUTIONS TO CASE STUDIES CHALLENGES 


Antenna Control: Open-Loop Response 


The forward transfer function for angular velocity is, 


o0(s) 24 
G(s) = Vas) = (s*150Y(*1.32) 


a. @o(t) = A + Ber150t + ce-1.32t 
24 
s2+151.32s+198 
EM NES 
s(s2+151.32s+198) 


b. G(s) = . Therefore, 260g =151.32, ©n = 14.07, and € = 5.38. 


c. (s) = 


A =01le12811+0.0010781 i .- 0.2223. 1 
=(s+ 150) (s+ 1.32] E: z+ 150 5+ 1,32 


Therefore, o(t) = 0.12121 + .0010761 e-150t - 9,12229e-1-32t. 


d. Using G(s), 


(0,151.32 00,+1980, = 24v, (t) 
Defining, 


Thus, the state equations are, 
Xi =X 2 


x, = -198x, —151.32x, + 24v (t) 
YX, 


In vector-matrix form, 


fo 1 7107 
*-| 199 15132] *|o4|^ 9» 0k 


Copyright O 2011 by John Wiley & Sons, Inc. 


4-2 Chapter 4: Time Response 


e. 
Program: 

'Case Study 1 Challenge (e)' 
num=24; 

den-poly([-150 -1.32]); 
G=tf (num, den) 

step(G) 


Computer response: 
ans = 


Case Study 1 Challenge (e) 


Transfer function: 


Amplitude 


0.06 + 


0.04 + 


Time (sec) 


Ship at Sea: Open-Loop Response 


a. Assuming a second-order approximation: op? = 2.25, 2G@p = 0.5. Therefore € = 0.167, œn = 1.5. 


4 TU 
Ts COn 16; Tp of? = 2.12 , 


2 
9608 =e GT / N1-C^ x 100 = 58.8%; o T, = 1.169 therefore, T, = 0.77. 
bo(s)e— 225. el 5 05 .. 
s (s 2+0.5s +225) S 5240.55 +2.25 
(s +0.25)+ —&25— ./2.1875 
7 2.1875 


(s +0.25)*+2.1875 


mn Jo 
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(s +0,25)+0.16903 1.479 


=1 
s (s +0.25)? 4 2.1875 


Taking the inverse Laplace transform, 
Q(t) = 1 - e'025t ( cos1.479t +0.16903 sin1.479t) 


C. 

Program: 

'Case Study 2 Challenge (C)' 
'(a)' 

numg=2.25; 

deng=[1 0.5 2.25]; 

G=tf (numg, deng) 
omegan=sqrt(deng(3)) 
zeta=deng(2)/(2*omegan) 
Ts=4/(zeta*omegan) 
Tp-pi/(omegan*sqrt(1-zeta^2)) 
pos=exp(-zeta*pi/sqrt(1-zeta2) )*100 
t=0:.1:2; 

Ly, t]-step(6, t); 
Tlow=interp1(y,t,.1); 
Thi=interp1(y,t,.9); 
Tr=Thi-Tlow 

'(b)' 

numc=2.25*[1 2]; 
denc=conv(poly([0 -3.57]),[1 2 2.25]); 
[K,p,k]=residue(numc, denc) 
'(c)' 

Ly, t]-step(6) ; 

plot(t,y) 

title('Roll Angle Response') 
xlabel('Time(seconds)') 
ylabel('Roll Angle(radians)') 


Computer response: 
ans = 


Case Study 2 Challenge (C) 


(a) 


Transfer function: 
2.25 


S^2 + 0.5 s + 2.25 


omegan = 


1.5000 


Answers to Review Questions 4-3 
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pos = 


58.8001 


-0.3431 + 0.1058i 
0.1058i 


Li 
e 
w 
A 
w 
E 

Li 


-1.0000 + 1.1180i 
1.1180i 


1 

[uy 

e 

e 

e 

e 
1 


[] 


(c) 


Roll Angle Response 


Roll Angle(radians) 
ce 
co 


1 1 
D 5 10 15 20 25 
Time(seconds) 
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Answers to Review Questions 4-5 


ANSWERS TO REVIEW QUESTIONS 


1.Time constant 

2. The time for the step response to reach 6396 of its final value 

3. The input pole 

4. The system poles 

5. The radian frequency of a sinusoidal response 

6. The time constant of an exponential response 

7. Natural frequency is the frequency of the system with all damping removed; the damped frequency of 
oscillation is the frequency of oscillation with damping in the system. 

8. Their damped frequency of oscillation will be the same. 

9. They will all exist under the same exponential decay envelop. 

10. They will all have the same percent overshoot and the same shape although differently scaled in time. 


11. C op, Tp, %0S, Ts 


12. Only two since a second-order system is completely defined by two component parameters 
13. (1) Complex, (2) Real, (3) Multiple real 

14. Pole's real part is large compared to the dominant poles, (2) Pole is near a zero 

15. If the residue at that pole is much smaller than the residues at other poles 


16. No; one must then use the output equation 


17. The Laplace transform of the state transition matrix is (sl -Ayl 

18. Computer simulation 

19. Pole-zero concepts give one an intuitive feel for the problem. 

20. State equations, output equations, and initial value for the state-vector 


21. Det(sI-A) = 0 


SOLUTIONS TO PROBLEMS 


1. 
a. Overdamped Case: 
9 
e) 7 s(s? + 9s + 9) 
Expanding into partial fractions, 
9 1 0.171 1.171 
C(s) = —___—_____=-+ 


~ s(s+7.854)(s+1.146) s (s+7.854) (s+1.146) 


Taking the inverse Laplace transform, 


c(t)=1+0.171 e 7.854t _ 4 171 e-1.146t 
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b. Underdamped Case: 


g Ky Kas +k 
e or C ENSE PAIN 
SiS «3g + 9) iS «384u) 
g 
is 43549) 
so 0 


K» and K3 can be found by clearing fractions with K4 replaced by its value. Thus, 


9 = (s? + 3s + 9) + (Kəs + K3)s 
Or 


9 = 52 + 3s +9 + Kos? + Kgs 
Hence K3 = -1 and K3 = -3. Thus, 


(8 + 322+ a) 
ca- =. A 
l 24-1 
CEER 3 
1 d 2 
Els - 
32 27 i2 27 
+23 ¿— +2 = 
( 2! *4 ( 7 7 
3 
(sss T. 27 
cts) L > z ak 
no UM Es et 
206 7'4 
= 34 
eit) 1-8 cos / Z7 1 E sin | 2^ 4 
T 


c(t) = 1 - 4 e 3U2 cost | t-o) 


= 1- 1.155 e 1-5 cos (2.598t - $) 


where 


3 
$ = arctan 7 ) = 309 
27 
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Solutions to Problems 4-7 


c. Oscillatory Case: 
Cis} = 
sis +0) 


g Ky Kos + E 
UCET URN oe RS E 
(s+)? (s 4g) 


The evaluation of the constants in the numerator are found the same way as they were for the 


underdamped case. The results are Kp = -1 and K3 = 0. Hence, 


1 5 
E SE 
? (s^. 9) 


Therefore, 
c(t) = 1 - cos 3t 
d. Critically Damped 


Cis] = > 
ste + bs+ 9) 
K K K 
Eidem e um PU RV VE 


TE 65 + 9) 


The constants are then evaluated as 


_ 9 7 g 
a e dun desc 
ls + 65+ 9) ; 5 
Scc 5— -3 


50 


Now, the transform of the response is 


| a 1 
o A -— 
5 
sis + 65+ 9) (545) RE 
c(t) = 1 - 3t e3t _ 3t 
2. 
5 1 1 
a C(s) = $55) piden . Therefore, c(t) = 1 - e? 
1 2:2. 2.2 4 4 
Also,T 5 Tr ra p 0.44, Ts - Y =p EUS 
b. C(s) s(s*20) nS s . Therefore, c(t) = 1 - et, Also, T = 20 ^ 
22 22 4 
Tr= 959 =0.11,Ts=7 25g 702 
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Program: 

' (a)' 

num=5; 

den=[1 5]; 
Ga=tf (num, den) 
subplot(1,2,1) 
step(Ga) 
title('(a)') 
'(b)' 

num-20; 

den=[1 20]; 
Gb-tf (num, den) 
subplot(1,2,2) 
step(Gb) 
title('(b)') 


Computer response: 
ans = 


(a) 
Transfer function: 


(b) 


Transfer function: 
20 


(b) 


Amplitude 
Amplitude 


ü L L 


fi 0.5 1 0 04 0.2 0.3 
Time (sec) Time (sec) 


Copyright O 2011 by John Wiley & Sons, Inc. 


Using voltage division, Vis) ^ 
1 


Vc)  1/RC 0.703 


, 1 s+0.703 
RC 


s+0.703 


Therefore v, (t) 2 5—5e 


den-[1 0.703]; 
G-tf (num, den) 


0.703 | 5 5 
s s+0.703 


-0.703t 
. Also, 


T € = 1.422; T, pee =3.129; T, = ES e 5.69. 
.703 0.703 0.703 


Computer response: 


Transfer function: 
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Solutions to Problems 4-9 


5 
. Since Vi(s) = S 


4-10 Chapter 4: Time Response 


E 
à 
i 
E 
i 
$ 
$ 


o 
n 

E 
O 
o 
N 
y 
9 
D 
e 
di 
a 
D 
3 
D 
tJ] 


Eile 


wep ii ee ee ee ae ere 


were epee eee ree 


(e q > 


A A A AA AAA 


A A ARRE A 


AA RA 


Writing the equation of motion, 


F(s) 


(Ms* + 6s)X (s) 


Thus, the transfer function is, 


1 


X (s) 


F(s) Ms*+6s 


Differentiating to yield the transfer function in terms of velocity, 


_1/M 


1 


SX (s) 


Thus, the settling time, T;, and the rise time, T,, are given by 


0.367M 


22 liy 
6/M 3 


0.667M; T, 


4 22M 
6/M 3 


T, = 
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Program: 

Clf 

M=1 

num=1/M; 
den=[1 6/M]; 
G=tf (num, den) 
step(G) 

pause 

M=2 

num=1/M; 
den=[1 6/M]; 
G=tf (num, den) 
step(G) 


Computer response: 


M = 


Transfer function: 


0.5 
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Solutions to Problems 4-11 
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Figure 1 


$ 
i 
i 
i 
i 
i 
8 
i 


o 
O 
a 
= 
B 
x 
gy 
O 
o 
e 
LA 
ze 
E! 
3 
D 
- 


il, ery 


Lina 


asa 


ee eee eee 


A ee 


eee eee TET 


A eee 


A A 


LP 


LIP D: 


alero oo dr 


hh 


From plot, time constant =.0.16 s. 
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Solutions to Problems 4-13 


Figure 1 
File Edit View Insert Tools Desktop Window Help 


Dgs hh ASSSO9uwsuulgsu 


f 
bebe 


ae. ee 


tling Time (sec): 1.3 


` 


ee 
d 


T----BR-----FB 


eee ee ee ee eee ee 
A eee A ee AS 
A A A A E eni» 


1 
' 
' 
' 
L 
1 
1 
' 
1 
' 
L 
[D 
' 
' 
1 
' 
L 
' 
' 
' 
' 
' 
LI 
' 
' 
' 
' 
' 
L 
' 
L 
' 
' 


From plot, time constant = 0.33 s. 


a. Pole: -2; c(t) = A + Be? ; first-order response. 

b. Poles: -3, -6; c(t) = A + Be? + Ce-8t overdamped response. 

c. Poles: -10, -20; Zero: -7; c(t) = A + Be-10t + Ce-20t, overdamped response. 

d. Poles: (-3+j34/15 ), (-3-j 315 );c(t) = A + Bet cos (3115 t + b); underdamped. 
e. Poles: j3, -j3; Zero: -2; c(t) = A + B cos (3t + $); undamped. 


f. Poles: -10, -10; Zero: -5; c(t) = A + Be-10t + Cte-10t, critically damped. 


Program: 
p=roots([1 6 4 7 2]) 


Computer response: 
p = 
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-5.4917 
-0.0955 + 1.0671i 
-0.0955 - 1.0671i 
-0.3173 


10. 

G(s) = C (sI-AY! B 

8 -4 1 -4 
A=|-3 2 0 |; B=|-3);C=[2 8 -3] 
5 7 -9 4 
| (s—2)(s+9) -(4s-29) (s—2) 
sI-A)'- 3s +27 s +s-77 -3 
) s*—s* —91s +67 tos } 3 
5s-31 7s-76  (s*-10s+4) 
—44s° + 291s +1814 
Therefore, G(s ) = ENT 
s” — sf —91s +67 

Factoring the denominator, or using det(sI-A), we find the poles to be 9.683, 0.7347, -9.4179. 
11. 

Program: 

A-[8 -4 1;-3 2 0;5 7 -9] 

B-[-4;-3;4] 

cere 8 -3] 

D=0 

[numg, deng]=ss2tf(A,B,C,D,1); 

G=tf (numg, deng) 

poles=roots(deng) 

Computer response: 
A E 

8 -4 1 

-3 2 0 

5 7 -9 
B= 

-4 

-3 

4 
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Solutions to Problems 4-15 


Transfer function: 


-44 S^2 + 291 s + 1814 


s^3 - sA2 - 91 s + 67 


poles = 


12. 


13. 


-9.4179 


9.6832 


0.7347 


TREE do E pa NO 
Writing the node equation at the capacitor, Vc(s) (R5 Ls s) Ry = 
2 
d Vc(s) Ri 10s s 10 ees 
ence, ira = COCO Do — — . The step response is 75 —— ———- -The poles 
"VS 1,1,1,0. © s2+20s+500 p response 1s g2«20s-500 ^ ^P 
R1 Ro Ls 


are at 


-10 + j20. Therefore, vc(t) = Ae-19t cos (20t + $). 


Program: 
num=[10 0]; 
den=[1 20 500]; 
G=tf (num, den) 
step(G) 


Computer response: 


Transfer function: 
10 s 


S^2 + 20 s + 500 
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Step Response 


Amplitude 


Time (sec) 


14. 
Th tion of motion is: (Ms?+fys+Ks)X(s) = F(s). H X(s) 1 l 
e equation of motion is: (Ms s) = F(s). Hence, a 7^5. — - 
quan i vs+Ks)X(s) ) 'F(s)  Ms?+fystKg  s2+s+5 
i,t 
The step response is now evaluated: X(s) l us = 
is now evaluated: = 7 FT E 


1 1 m 
5(5*5) + NE 


19 
Gs 4 


El 05 ( cos M19 d. as MIS 


1 
Taking the inverse Laplace transform, x(t) = p E 


1 19 
=5 Ha. s e O-5t cos els, z 12.92% |. 


15. 
E Op? (d s + 260p 2X s+ 260p 
E s(s^*260gstog?) 5 s^Q0ogtoy? — $ (stQop)?-* op? - Cog? 
Lon 
+ == NA- 2 
5 (stop)? + (on -C22 $ (s*Gog)? + ARA 


Hence, c(t) = 1 - e| cos o, 41 - Ctt sin o,x1 - E 
T T al 
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Solutions to Problems 4-17 


2 
=1- eat | 1+ rz cos (og N1- C2 t-4)=1- e Got m cos (ogN1 - C? t- 4), 


where q = tan To 


16. 
a 2 
%OS - eR / N1-C* x 100. Dividing by 100 and taking the natural log of both sides, 
in2 %OS 
In eos ) S Squaring both sides and solving for C2, C? 100? Taking the 
100 J^" > + Squari i vi cS... og > Lal 
NIet? n2 + In? (400) 
%OS 
-In Coo) 
negative square root, [=== . 
%OS 
\ 2 + In? qq) 
17. 

a. 
Cis] = z 

(+) 5 [5+ E] 
cfs) = 1-1 

(e) x 5+É£ 
a(t) = 1-27 4% 
b. 
Cis] = 3 

(+) s [5+ 3] (s+ El 
C(s)232.1-2.1 43 1 

(5) Ws 9:43 185+E 
a(t) = i-ie 7 3 ¿bt 


C(s) = 10 (5+ 7] 


Speed dp Sc 1 d$ 
Osito 2720 


c(f)- 1.3 0710 12,-20t 


20 10 20 
d. 
Cs e == 
sb Es+ 144) 
€ (s) 251.5 s+6 


36 s d+ 144 
(s+ 3)4 —- 4135 
Eus dos: J135 
UE TEE (s+ 3j 135 
a pels 3 sind Taake] 


A135 
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18. 


19. 


20. 


e. 
+2 

Els] = 

ire p 
-2:5+3 

cs] =2 141 

Dtos 
-üsr3.3 

cífi=2l,1l 

drid ra 


f. 
s+ 
C [F] = 5 
5 [5+ 10) 
ree ee ENT A E 
(s) 202 20 2410 2 (s. 10 
Asd- de- Wt, ir 108 
eUe a ae 
a. N/A 


b. s2+95+18, oj? = 18, 2G@p = 9, Therefore € = 1.06, oj = 4.24, overdamped. 

c. s2+30s+200, œp? = 200, 260, = 30, Therefore C = 1.06, oj = 14.14, overdamped. 
d. s2+65+144, o? = 144, 280 = 6, Therefore € = 0.25, oj = 12, underdamped. 

e. 5249, og? = 9, 266, = 0, Therefore € = 0, o = 3, undamped. 


f. s2+205+100, c? = 100, 220 = 20, Therefore C = 1, œp = 10, critically damped. 


50 
s+50) + 47500 
X(s) = 1002 za s*100 1 (s*+50)+50 1 by. 47500 
s(s2 +1005+1002) S (s+50)2+7500 S  (s+50)%+7500 5 (s+50)2+7500 
50 
Theref t) = 1 - e-50t (cos 4/7500 t+ in 4/7500 t 
erefore, x(t) e (cos 7500 sin ) 
2 1 
=1 >= -50t 50 3 t-t 2[ I—— 
48 e-50t cos (504/3 t- tan 48 ) 
2 4 T 
Op^* = 16 r/s, 2604 = 3. Therefore € = 0.375, 95 = 4. Ts == =2.667 s; Tp=""—= = 
COn On 1-22 


2 
0.8472 s; %OS = e ET / N1-C^ x 100 = 28.06 %; o, T, = (1.76% - 0.41702 + 1.0396 + 1) = 1.4238; 


therefore, T, — 0.356 s. 
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21. 


Solutions to Problems 4-19 


400s; T T 
s; Tp = — ue = 
On 1-6? 


b. op? = 0.04 r/s, 2C = 0.02. Therefore C = 0.05, oj = 0.2. Ts 


E 
COn 


2 
15.73 s; 9608 =e ET / N1-C" x 100 = 85.45 96; oT = (1.766? - 0.4176? 1.039 + 1); therefore, 


T, = 5.26 s. 
4 
c. op? = 1.05 x 10’ r/s, 2605 = 1.6 x 10°. Therefore € = 0.247, c = 3240. Ts = tal 0.005 s; Tp = 
n 
2 
Z = 0.001 s; 960S =e ET / N1- C^ x 100 = 44.92 96; os T, = (1.766 - 0.4170 + 1.0396 + 
On 1- 


1); therefore, T, = 3.88x10°4 s. 


Program: 


'(a)' 


numa=16; 

dena=[1 3 16]; 

Ta=tf (numa, dena) 

omegana=sqrt(dena(3)) 
zetaa=dena(2)/(2*omegana) 
Tsa=4/(zetaa*omegana) 
Tpa-pi/(omegana*sqrt(1-zetaa^2)) 
Tra-(1.76*zetaa^3 - 0.417*zetaa^2 + 1.039*zetaa + 1)/omegana 
percentaczexp(-zetaa*pi/sqrt(1-zetaa^2))*100 
subplot(221) 

step(Ta) 

title('(a)') 


È 1 

denb=[1 0.02 0.04]; 

Tb=tf (numb, denb) 

omeganb=sqrt(denb(3)) 
zetab=denb(2)/(2*omeganb) 
Tsb=4/(zetab*omeganb) 
Tpb=pi/(omeganb*sqrt(1-zetab12)) 
Trb-z(1.76*zetab^3 - 0.417*zetab^2 + 1.039*zetab + 1)/omeganb 
percentbzexp(-zetab*pi/sqrt(1-zetab^2))*100 
subplot(222) 

step(Tb) 

title('(b)') 

' (c) 1 

numc=1.05E7; 

denc=[1 1.6E3 1.05E7]; 

Tc=tf(numc, denc) 

omeganc=sqrt(denc(3)) 
zetac=denc(2)/(2*omeganc) 
Tsc=4/(zetac*omeganc) 
Tpc-pi/(omeganc*sqrt(1-zetac^2)) 
Trc-(1.76*zetac^3 - 0.417*zetac^2 + 1.039*zetac + 1)/omeganc 
percentc=exp(-zetac*pi/sqrt(1-zetac’2) )*100 
subplot (223) 

step(Tc) 

title('(c)') 
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Computer response: 
ans - 


(a) 


Transfer function: 
16 


s^2 + 3 s + 16 


omegana = 


Tsa - 


2.6667 


Tpa - 


0.8472 


Tra 


0.3559 


percenta = 


28.0597 


(b) 


Transfer function: 
0,04 


S^2 + 0.02 s + 0.04 


omeganb = 
0.2000 
zetab = 


0.0500 
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Tpb - 


15.7276 


Trb - 


5.2556 


percentb - 


85.4468 


(c) 


Transfer function: 
1.05e007 


S^2 + 1600 s + 1.05e007 


omeganc = 


3.2404e+003 


zetac = 


0.2469 


Tsc 


0.0050 


Tpc = 


0.0010 


Trc = 


3.8810e-004 


percentc - 


44.9154 
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Solutions to Problems 4-21 
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Amplitude 


Amplitude 


22. 


(a) (b) 
1.5 2 
& 1 
05 E 
0 0 
0 2 4 0 500 
Time (sec) Time (sec) 
(c) 
1.5 
4 . 
0.5 
o, 
Time (sec), 1n” 


Program: 

Ti=tf(16, [1 3 16]) 

T2=tf (0.04, [1 0.02 0.04]) 
T3=tf(1.05e7, [1 1.6e3 1.05e7]) 
ltiview 


Computer response: 
Transfer function: 
16 


s42 + 3 s + 16 


Transfer function: 
0.04 


S^2 + 0.02 s + 0.04 


Transfer function: 
1.05e007 


S^2 + 1600 s + 1.05e007 
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Amplitude 


Amplitude 


Solutions to Problems 4-23 


Step Response 


| System: T1 

| Peak amplitude: 1.28 
- — Overshoot (96). 28 
: q At time (sec): 0.84 


, System: T1 
System: T1 | Settling Time (sec): 2.65 
Rise Time (sec): 0.357 


0 0.5 1 1.5 2 25 3 35 4 
Time (sec) 


Step Response 


System: T2 
| Peak amplitude: 1.85 
Overshoot (%): 85.3 


System: T2 
Settling Time (sec): 380 


FAZ ZA mg 


System: T2 
Rise Time (sec): 5.34 


0 100 200 300 400 500 600 
Time (sec) 
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Step Response 


ı System: T3 
| Peak amplitude: 1.45 
' Overshoot (96): 44.9 
l At time (sec): 0.000995 
1 
m- i | System: T3 
2 | jl System: T3 | Settling Time (sec): 0.00436 
Z ' i Rise Time (sec): 0.00039 i 
i i | 
0.5 | | | 7 
| l | 
| | | 
| l | 
0 | l 1 1 1 | L 1 
0 1 2 3 4 5 6 7 
Time (sec) «107 
23. 
%OS 
-In (T00? 4 
a. = UT —— SE = 0.56, Op = eT, = 11.92. Therefore, poles = -C@, * jog Y 1-2 
7? + In? oq) à 
= -6.67 + j9.88. 
%OS 
b. G 2100? 0.591 T 0.779 
C= = 0.591, Op = — = = 0.779. 
%OS A | 2 
+12 (Fog) Tpy 1-6 
Therefore, poles = -£wp + jon N1-22 = -0.4605 + j0.6283. 
4 T 
c. Gon = T. 7 0.571, ony 1-2 = T. 71047. Therefore, poles = -0.571 + j1.047. 
S p 
24. 


-In(12.3/100) 


4 
Re=—=4, (= 
p Jz? + 1n?(12.3/100) 


Re = Za, = 0.55490, = 4; -.0,=7.21 


= 0.5549 


Im = o,41-4^ =6 
o; 51.96 
MODUS E ad Sansa 
S -260,St 0, S +8s+51.96 
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25. 


26. 


27. 


Solutions to Problems 4-25 


a. Writing the equation of motion yields, (bs^ + 5s + 28) X (s) = F (s) 


Solving for the transfer function, 


X(s) |^ 1/5 
B 28 
PAS) e 
5 
2 4 TU 
b. on” = 28/5 r/s, 2807 = 1. Therefore € = 0.211, 05, = 237. T3=7+ = 8.01 s; Tp = —== = 


GOn ony 1-6? 


2 
1.36 s; 9608 = e ET / V1-6° x 100 = 50.7 96; œT, = (1.762 - 0.41762 1.039¢ + 1); therefore, T; 
=0.514s. 


Writing the loop equations, 
(1.07s* +1.53s)6,(s) -1.530, (s) =T(s) 
—1.53s6,(s)+ (1.53s +1.92)6,(s) 2 0 


Solving for 0»(s), 
(1.075? +1.535) T(s) 
Bi —1.53s 0 2 0.935T (s) 
(1.075? +1.53s) —1.53s s? +1.25s +1.79 
—]1.53s (1.53s +1.92) 
Forming the transfer function, 
Q(s) 0.935 


T(s) s? 41.25s +1.79 
Thus cg = 1.34, 260; = 1.25. Thus, € = 0.467. From Eq. (4.38), %OS = 19.0%. From Eq. (4.42), Ts 


= 6.4 seconds. From Eq. (4.34), Tp = 2.66 seconds. 


4.532 


24.542 1 s+4 1 4.532 


~ (6° +458 424.542) s (s+2) «20.842 s  (s+2) +20.542 


Thus c(t) = 1 - et (cos4.532t+0.441 sin 4.532t) = 1-1.09e-?t cos(4.532t -23.80). 


b. 
245,42 21 02090091 -0:709715+ 5.7418 
sis+ 10) (+ ds+ 24, 542) F s+10 sty as4 24.540 
245 42 d. egag.-1 .- o MIS 
5(s+ 1005 + dst 24,542) F s+10 {s+ 9+ 20,542 
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0.70971 (s+ g] + 243823 20,542 


245, 42 =1- 0290281 - 20,542 
5(s+ 10) (+ ds+ 24, 542) F +10 (s+ 2+ 20.548 


245,42 -l.naangg 1 _ 070971 (s+ 2)+ 0.95367 / 80.542 
s(selO0](.4:.24542g) F st 10 (s+ gj 20.548 


Therefore, c(t) = 1 - 0.29e-10t - e-21(0.71 cos 4.532t + 0.954 sin 4.532t) 
= 1 - 0.29e-10t - 1.189 cos(4.532t - 53.340). 


C. 
72.626 212113931, 0:139265- 2.8607 
s(s+ 3) t+ ds+ 24 542) F +3 445424542 


0,13926 (s+ 2) - 21393 20,542 


T3586 -l-141383-1.. 20,542 
s(s+ 3I + de+ 24 542) F 5+3 (s+ Zj? + 20,542 

73.626 212113981, 013926 (s+ E]- 0.69264./20,542 
s(s+ I t+ ds+ 24d 542) F 5+3 (s+ gj? 20.548 


Therefore, c(t) = 1 - 1.14e"3 + e-2t (0.14 cos 4.532t - 0.69 sin 4.532t) 
= 1 - 1.14e3 + 0.704 cos(4.532t 478.539). 


28. 
Since the third pole is more than five times the real part of the dominant pole, s2+0.842s+2.829 
determines the transient response. Since 250g = 0.842, and o = 42.829 = On = 1.682, € = 0.25, 
Fre 4 T 
960S =e "0" x100 = 44.4%, Ts ==— =9.50 sec, Tp = — F= = 1.93 sec; oT; = 
GOn ony 1-6? 


(1.76¢°- 0.417? + 1.0396 + 1) = 1.26, therefore, T, = 0.75. 
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Solutions to Problems 4-27 


29. 
a. Measuring the time constant from the graph, T — 0.0244 seconds. 


Response 


| 
0.05 0.1 0.15 0.2 0.25 


0 
L Time(seconds) 


T = 0.0244 seconds 
Estimating a first-order system, G(s) = sg But,a - 1/T - 40.984, and Fs 2. Hence, K = 81.967. 
Thus, 
81.967 
GS) = 5+40.984 
b. Measuring the percent overshoot and settling time from the graph: %OS = (13.82-11.03)/11.03 = 


25.3%, 


Response 


Time(seconds) 


T; = 2.62 seconds 
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and Ts = 2.62 seconds. Estimating a second-order system, we use Eq. (4.39) to find ¢ = 0.4, and Eq. 


(4.42) to find c = 3.82. Thus, G(s) = 


K 
2 .Since Cfinal = 11.03, 5 


— 2 ——3» = 11.03. Hence, 
s?4200gs +0 On 


K = 160.95. Substituting all values, 


160.95 


G(s) => 2— 
(S) 7 23 0565*14.59 


c. From the graph, %OS = 40%. Using Eq. (4.39), £ = 0.28. Also from the graph, 


A 
T, = — = = 4. Substituting € = 0.28, we find o, = 0.818. 
P o, hoe 


Thus, 
G(s) K 0.669 
S) UTEM AVENA 
s2+260p5 ton? — s! +0.458s + 0.669 
30. 
a. 
+3 dioe A 1 .1 "Tz4-31 
s(sez).3:.10) Us 1ds+2 9 (say 
[s + 7.32638, El 
KE NETS RE 3 
s(s+Si(st+3s+10) 05 este 890 GERE 


Since the amplitude of the sinusoids are of the same order of magnitude as the residue of the pole at - 


2, pole-zero cancellation cannot be assumed. 


b. 
+25 E 
s(st gis. d+ 20) 
+25 


s(s+ ge dre 20) 7 


5 e do Spurs ce 3s+ l4 

16 s 6ds+2 64 2, 45420 

i l_i 1 1 S(st+ 2+ 2/16 
lbs 64 542 Ed (s+ gl. 16 


Since the amplitude of the sinusoids are of the same order of magnitude as the residue of the pole at - 


2, pole-zero cancellation cannot be assumed. 


C. 
:+2.1 20211 000710091. - 02028654 0.21714 
sist Elli 4 54 5) = srü *+15+5 
o.so286 (54+ 11 0.053093, 412 
. Ftal ^ -oe1l-o0071429 1 - (s+ 3) 
s(s+ 2] (+54 5) = +2 (s+ i+ 8 
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Solutions to Problems 4-29 


Since the amplitude of the sinusoids are of two orders of magnitude larger than the residue of the pole 


at -2, pole-zero cancellation can be assumed. Since 260g = 1, and oj = A5 = 2.236, € = 0.224, 


960S = e midis x100 = 48.64%, T, = F = 8 sec, Tp = OTE = 1.44 sec; ©nTr = 1.23, 
n On a 


therefore, T, = 0.55. 


d. 
+ ¿01 


— FZL ,.nugspgssl.nnoose7]4 1 - 00399935 * 0.25018 
s(rezpy(e-52e 20) F 


5-8 Ji 55 
(s+ a) *3 
5 5 
0.049893 [+ > ]+ 0.03383, (2 
sy 223 
(s+ 54 *4 


Since the amplitude of the sinusoids are of two orders of magnitude larger than the residue of the pole 


+ 201 


LL. >= 00251 0.00035714-1_- 
s(s+ 2 + 55+ 20) = +8 


at -2, pole-zero cancellation can be assumed. Since 260; = 5, and @p = A20 = 4.472, 6 = 0.559, 


%OS = e mides x100 = 12.03%, T, = m = 1.6 sec, Tp - E = 0.847 sec; Mp T, = 
n On - 


1.852, therefore, T, = 0.414. 


Program: 

9e Form sC(s) to get transfer function 
clf 

num=[1 3]; 

den=conv([1 3 10],[1 2]); 

T=tf (num, den) 

step(T) 


Computer response: 
Transfer function: 
s +3 


s^3 + 5 s^2 + 16 s + 20 
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32. 


33. 


Step Response 


Amplitude 


0.163 - 0.15 
%OS = (0463-0415) = 8.6796 


Part c can be approximated as a second-order system. From the exponentially decaying cosine, the 
poles are located at S, , = —2 + j9.796 . Thus, 
4 4 TT TT 
]eclcecessld = =Z eS 
Re 2 Jm] 9.796 
Also, @, =V 2? 19.796? =10 and CO, = [Re| = 2. Hence, ¢ — 0.2 , yielding 52.66 percent 


overshoot. 


Part d can be approximated as a second-order system. From the exponentially decaying cosine, the 
poles are located at S42 = —2 +j9.951. Thus, 
4 4 m TT 
Ss s eT mc c =031578 
Re] 2 |Im| 9.951 


Also, @, = 42^ +9.951* =10.15 and £o, =|Re| = 2 . Hence, ¢ = 0.197 , yielding 53.19 


percent overshoot. 


1 43375 


(1) Cai(s)- 1 = 433.75 
52435 +36 (s +1.5)2+33.75 (s +1.5)2+33.75 (s +1.5)2+33.75 


- 0.17213 433.75 0.17213 5.8095 
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Solutions to Problems 4-31 


Taking the inverse Laplace transform 


Ca1(t) = 0.17213 e-15t sin 5.8095t 


ls +1 
(2) Ca»(s)s = 2 =11-_18 6 = 
s (s2+35 +36) 185 57+3s +36 


E (s as 3)+ 0.083333 ./33.75 


queda 2 4375 
S 


(s y 33.75 


0.055556 (s + 2) +0.014344 ./33.75 
= 0.055556 4- —— — A24 cc 
i (s +2)%32,75 
Taking the inverse Laplace transform 


Ca2(t) = 0.055556 - e-1-5t (0.055556 cos 5.809t + 0.014344 sin 5.809t) 


The total response is found as follows: 


Cat) = Ca1(t) + Ca2(t) = 0.055556 - e-15t (0.055556 cos 5.809t - 0.157786 sin 5.809t) 


Plotting the total response: 


b. 

(1) Same as (1) from part (a), or Cp1(t) = Ca1(t) 

(2) Same as the negative of (2) of part (a), or Cp» (t) = - Ca»x(t) 

The total response is 

Cpi(t) = Cp1(t) + Cha(t) = Ca1(0- Cao(t) = -0.055556 + e-15t (0.055556 cos 5.809t + 0.186474 sin 


5.809t) 
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Notice the nonminimum phase behavior for Cp;(t). 
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Solutions to Problems 4-33 


Unit Step Transfer Fcn Scope 


1 
s2 «3s410 
! Gain1 Saturation 1 
Unit Step1 
p 0.25 volts Transfer Fcn1 Scopel 


- Gain2 Saturation 2 Backlash 
unit epe 0.25 volts Transfer Fen2 Deadzone 0.02 Scope2 


Time offset: 0 
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¡358/2205 ABE 


Time offset: 0 


Scope 


Time offset: 0 
35. 
_ ft 0] f-2 a] [G6+2 1] 
Lei alles 5 d- ees) 
lI — A] =s° +75 +7 


Factoring yields poles at —5.7913 and —1.2087. 
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36. 


37. 


38. 


Solutions to Problems 4-35 


[1 0 ol [0 2 3] [s -2 -3 ] 
sI-A-so0 1 ol-lo 6 5l=lo (s-6 -5 | 
Layos ad ae aa le ad eE 


Ist — Al = s? -8s^ — 11s +8 
b. Factoring yields poles at 9.111, 0.5338, and -1.6448. 


x=(sl-A) 1(xg * Bu) 


e S 3) GHE] 


3s? +55? + 30s +54 
[s^ +5][s? +9] 

s? —10s? - 12s - 102 
[s^ +5][s* +9] 

Y(s)=[1 2]X 


5s? —15s? + 545-150 
Y(s)- 7 5 
[s^ +9][s* +5] 


x=(sl-A) (xg * Bu) 


Moa 


0 
1 
T 

PEC ERE 
uem [r+ 6) [s + 1] [5 0.58579] [4 3,4142] 


s 

E+6]E+ 1] [s+ 0.58579] [5+ 3.4142] &] [s 1] [s + 0.58579] [s + 3.3142] 
+ 4542 

[+6] + 1] [5+0.58579] [s+ 3.4142] 6] [s+ 1] [s + 0,583793] [s + 3.4142] 


Y(s)=[0 0 1]X 
Y(s)= 


s? +4s+2 
[s + 6][s +1][s + 0.58579][s +3.4142] 
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39. 


X-(sl-A) 1 (xg + Bu) 


banca LULA 
X-s — +| M 
0 1 -1 -1 0 1's 

3s 41 
A s[s 4 2] 

1-2s 

s[s 4 1][s +2] 

Y(s)=[0 1]X 


E 
s[s +1][s +2] 


Applying partial fraction decomposition, 


5 1 
i E s+1 Wind 
1 
ss 


5 
u(t)-3e* +> e” 
(t) 3 


40. 
x -(sI- A) (x, + Bu) 


Chio 0] [-3 1 OT) fol [o] ) 
a 1 ol-lo -6 2 iaa 
lo o al lo o =s) Nol lalf 
1 
s(s + 3)(s + 5) 
1 


x = 
s(s +5) 
1 
s(s+5) 
ERA 
15 : ! 10 
=5t 
x(t) = == =e 
(t) cs 
EE 
£ Be "5 d 


Copyright © 2011 by John Wiley & Sons, Inc. 


41. 


yo =[ 1 rk-z-ze 


Program: 
A=[-3 1 0;0 -6 1;0 0 -5]; 
B-[0;1;1]; 
c=[0 1 1]; 
D-0; 
S=ss(A,B,C,D) 
step(S) 
Computer response: 
a = 
X1 x2 x3 
x1 -3 1 0 
x2 0 -6 1 
x3 0 0 -5 
b= 
ui 
x1 9 
x2 1 
x3 1 
C = 
X1 x2 x3 
yl O 1 1 
d = 
u1 
yi 90 


Amplitude 


2 2 4 
5 


Step Response 


1 4 


Solutions to Problems 4-37 


Copyright © 2011 by John Wiley & Sons, Inc. 


0.4 06 


Time (sec) 
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42. 
Program: 
syms s %Construct symbolic object for 
9 frequency variable 's'. 

la! %Display label 
A=[-3 1 0;0 -6 1;0 0 -5] %Create matrix A. 
B=[0;1;1]; %Create vector B. 
c=[0 1 1]; %Create C vector 
xo=[1;1;0] %Create initial condition vector,X(0). 
U=1/s; %Create U(s). 
I=[1 0 0;0 1 0;0 0 1]; %Create identity matrix. 
X=((s*I-A)1-1)*(X0+B*U); %Find Laplace transform of state vector. 
x1-ilaplace(X(1)) %Solve for X1(t). 
x2-ilaplace(X(2)) %Solve for X2(t). 
x3-ilaplace(X(3)) %Solve for X3(t). 
y=C*[x1;x2;x3] %Solve for output, y(t). 
y=simplify(y) %Simplify y(t). 
"y(t)' %Display label. 
pretty(y) %Pretty print y(t). 
Computer response: 
ans = 
a 
A= 

-3 1 0 

0 -6 1 

0 0 -5 
XO = 

1 

1 

0 
x1 = 
7/6*exp(-3*t)-1/3*exp(-6*t)+1/15+1/10*exp(-5*t) 
x2 = 
exp(-6*t)+1/5-1/5*exp(-5*t) 
x3 = 
1/5-1/5*exp(-5*t) 
y € 
2/5+exp(-6*t)-2/5*exp(-5*t) 
y = 
2/5+exp(-6*t)-2/5*exp(-5*t) 
ans = 
y(t) 

2/5 + exp(-6 t) - 2/5 exp(-5 t) 
43. 


JAL-A|=A2+ 541 
[AI - A | = (A + 0.20871) (A + 4.7913) 


P= -020871 
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Solutions to Problems 4-39 


- 47813 
Ren e SP Ear 


4300208718, qye AMEE yy 470208718 qa 4.79121 


_[fa+Ay A+ As 
En la a) 


a 
I 


d a [ 02087145 67 0208715 asap an a7 72155 ostia e T 2087 16. a gap ac L7 APPS 
di -0.2087147 07 0208715 47913 940947912 p 0087147 20208718 _ 47913407 44913 


d a, of 4791242 - 0.208714; - 4,7913 Ag — 0.20871 Ag 
dr 0 7| -4791z44- 0.208718 —4,7912 Ag - 0.20871 A7 


Therefore, 
d+ Ar Ag As =(4 T] 
d4 + Az Ag +A7 ü 1 
-4.7913 A2- 0.20871 Ay —4.731345-0.2087185 | [| ü 1 
-4,791344- 0.20871 A3 -4.7913 Ag- 0.20871A7 | l| -1 -5 


Solving for A,'s two at a time, and substituting into the state-transition matrix 


s l| nde de e e a i o duit 
-0.21822 e - 0208718, 5.51555 4 47913 -0.095595 e 7 0208718 , y 095507 1:79138 


To find x(t), 


=*x 


1.0455 02084180 09554507 47913 galge 7 208718 5 54955 2-4. 49138 (1) 
-0.21822 - 208715, 5 51553 4 7 3.79138. 0095595 07 0.208718, 4 0955 4 7 3,7213 [A0 


1,0455 e - 0-208715, 0.045595 d 7 d. 72158 
= 0.21922 2 - 0208711, q 54955 4 7 479138 


To find the output, 
y= (1,21 


-0,208714 4,1913 + 
1.0455 e - 0.0455 2 
y= e.a | 


-0.218222 - 0208715 0 51853 4 7 449138 


y = (0.608112 - -20871£, y sones. 3.72150) 


at- =[ a a] 


44. 
loa 
PI-A|=22+1 


_ Į A1 cos[i] + A} sine] As cos [E] + Ag sin [E] 
E (4 cos [i] + A4 sin[£] Ay cos [t] + As sin [E] | 
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Gas m p cos[£] - A1 sini] Ag cos [4] - As zin [E] | 


de ^ Lü4cos[t]- A zin[£] da cos [E] - A7 sin [E] 


Ay Ag) _ (1 ü ) 
Hz A7 o 1 
Ho As [UU 1 
Ag As? i-1 0 
Solving for the Aj's and substituting into the state-transition matrix, 


so] 0 E sini] 
i -sin[] cos[£] 
To find the state vector, 


t 
: -f ($ [1-5] Bu [r] dv 
ü 
t 
eJ 53 22673 Tte 
E 
=| G3) 


ee) 


sin[t] 
y =(3,4)x 
RE 1- cos[t] 
y-G4 sin[t] 


y =(-3cos[t]+ Asin[t] - 3) 


45. 


IAI- A |= (Aà + 2) (à + 0.5 - 2.39791) (A + 0.5 + 2.39791) 


Let the state-transition matrix be 


À e P eos[2 89701] e P sin[2 39700) 0 A eMoos(2 cora, Usina 307A 


10 * 


a -5t “St. -2t -5t A 
pz Ae cos[(2.3979H+ 4, e sia 39794 e A, cos(a. 3979 +A, e sina 2979 +A, 


A E OS E 4, e P ERE . 
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46. 


Solutions to Problems 4-41 
Since $(0) = I, (0) = A, and 900) = A?, we can evaluate the coefficients, A;'s. Thus, 


Ag+Aq Aig+Aiz H4 A22 


Hz-Hi Aig+Aig A21+ As [19] 
ds; Aigt+Aig A27 + dos ood 


-2d542::397985-ü05484 -2Ay5 +2979 419-0513 -2854 2,3372 452 - Odes 


2342397900051  -284242.33733441- 0,5 Ao —-2821 + 2.5979 Ap- 05 48 -3 1 Ù 
29423979 Ag -O5dp -2841842.39723,7-ü, 545 —-2827 + 25979 Aag - 0,5 A25 


44g -2337945-54999 44. 4 A15 - 23979 Ajd - 5.4999 dz 4404 - 2,2379 dz - 5,4999 Aa 


4dz-2397945-54999 Ay 44452-23979 411 - 5.4999 10 4401 - 2.3979 dog - 5.4999 Aja 4 -2 1 
4d9-2337948-5.4999 d; ddig- 2.3979 417 - 5.4999 dg 4407 -2,3979 Ang - 5,4999 das 


Solving for the Aj's taking three equations at a time, 


goat 0,125 e Ticos 0397940330040 70580 p2.39798 20.125 e 7 ?* 
Me ch g7 E goa 3979] 4 0,208512 7 0 Egin [2,3979 4] 
aie -2502e 7 07 *zinpo 3975 t] 


- 0,125 e 7 Eco212,39794]+0.0781940 - Ü ^ cin. 3975 ] 4 0.125 e 7 ?* 
0.41703 e 7 UA cin 3979 3] 


e7 S css asper] - 020952 e 7 3 zin 29794] 
t 


Using x(t) = $ (0)x(0) + fo(t-t)Bu(t)dt, andy - [1 0 0 Jx(t), 


0 
i 
y= f 62 
0 
1 1 
m ul. qst 
a aes 
Program: 
syms s t tau %Construct symbolic object for 
%frequency variable 's', 't', and 'tau. 
ta! %Display label. 
A=[-2 1 0;0 0 1;0 -6 -1] %Create matrix A. 
B=[1;0;0] %Create vector B. 
C=[1 0 0] %Create vector C. 
xo=[1;1;0] %Create initial condition vector,X(0). 
I=[1 0 0;0 1 0;0 0 1]; %Create identity matrix. 
'EZ(S*I-A)^-1' %Display label. 
E=((s*I-A)4-1) %Find Laplace transform of state 


%transition matrix, (SI-A)^-1. 
%Take inverse Laplace transform 
%of each element 


Fiii=ilaplace(E(1,1)); 
Fii2=ilaplace(E(1,2)); 
Fii3=ilaplace(E(1,3)); 
Fi21-ilaplace(E(2,1)); 
Fi22-ilaplace(E(2,2)); 
Fi23-ilaplace(E(2,3)); 
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Fi31-ilaplace(E(3,1)); 


Fi32-ilaplace(E(3,2)); %to find state transition matrix. 
Fi33-ilaplace(E(3,3)); 960f (SI-A)^-1. 

'Fi(t)' 9 Display label. 

Fi-[Fiii Fii2 Fi13 %Form Fi(t). 


Fi21 Fi22 Fi23 
Fi31 Fi32 Fi33]; 


pretty(Fi) %Pretty print state transition matrix, Fi. 
Fitmtau-subs(Fi,t,t-tau); %Form Fi(t-tau). 

'Fi(t-tau)' 9 Display label. 

pretty(Fitmtau) %Pretty print Fi(t-tau). 


x=Fi*xo+int(Fitmtau*B*1,tau,0,t); 
%Solve for x(t). 


x-simple(x); %Collect terms. 
x=simplify(x); %Simplify x(t). 
x=vpa(x, 3); 

'x(t)' i %Display label. 
pretty(x) %Pretty print x(t). 
y=C*x; %Find y(t) 


y=simplify(y); 
y=vpa(simple(y),3); 
y=collect(y); 


y(t)' 
pretty(y) %Pretty print y(t). 
Computer response: 
ans = 
a 
A= 
-2 1 0 
0 0 1 
0 -6 -1 
B= 
1 
0 
0 
Gc 
1 0 0 
XO = 
1 
1 
0 
ans = 
E-(s*I-A)^-1 
E - 
[ 1/(s*2), (s*1)/(s*2)/(s^2*s*6), 1/(s*2)/(s^2*s*6)] 
[ O, (s+1)/(s^2+s+6), 1/(s^2+s+6)] 
[ O, -6/(SA2+S+6), s/(sA2+s+6)] 
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Solutions to Problems 4-43 


ans = 
Fi(t) 
[ 13 
[exp(-2 t) , - 1/8 exp(-2 t) + 1/8 %1 + --- %2, 
184 
] 
1/8 exp(-2 t) - 1/8 %1 + 3/184 %2] 
] 
[ 
[0 , 1/23 %2 + %1 , - 1/23 
1/2 1/2 1/2 
(-23) (exp((-1/2 * 1/2 (-23) ) t) - exp((-1/2 - 1/2 (-23) ) t)) 
] 
] 
[ 
[0 , 6/23 
1/2 1/2 1/2 


(323) (exp((-1/2 + 1/2 (423) - Y X) - exp((-1/2 - 1/2 (293) ) t)) 


] 
, - 1/23 %2 + %1] 


1/2 
%1 := exp(- 1/2 t) cos(1/2 23 t) 
1/2 1/2 
%2 := exp(- 1/2 t) 23 sin(1/2 23 t) 
ans = 
Fi(t-tau) 


ee t + 2 tau), 
[ 


13 1/2 
- 1/8 exp(-2 t + 2 tau) + 1/8 X2 cos(%1) + --- %2 23 sin(%1) , 
184 


1/2 ] 
1/8 exp(-2 t + 2 tau) - 1/8 %2 cos(%1) + 3/184 %2 23 sin(961)] 
] 

[ 1/2 1/2 
[0 , 1/23 %2 23 sin(%1) + %2 cos(%1) , - 1/23 (-23) ( 


1/2 
exp((-1/2 + 1/2 (-23) ) (t - tau)) 


1/2 ] 
- exp((-1/2 - 1/2 (-23) ) (t - tau)))] 


[ 1/2 1/2 
[0 , 6/23 (-23) (exp((-1/2 + 1/2 (-23)  ) (t - tau)) 


1/2 
- exp((-1/2 - 1/2 (-23) ) (t - tau))) , 
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1/2 ] 
- 1/23 %2 23 sin(%1) + %2 cos(%1)] 


1/2 
%1 :- 1/2 23 (t - tau) 


%2 := exp(- 1/2 t + 1/2 tau) 


ans = 
x(t) 
[.375 exp(-2. t) + .125 exp(-.500 t) cos(2.40 t) 
+ .339 exp(-.500 t) sin(2.40 t) + .500] 
[.209 exp(-.500 t) sin(2.40 t) + exp(-.500 t) cos(2.40 t)] 
[1.25 i (exp((-.500 + 2.40 i) t) - 1. exp((-.500 - 2.40 i) t))] 
ans - 
y(t) 


.375 exp(-2. t) + .125 exp(-.500 t) cos(2.40 t) 


+ .339 exp(-.500 t) sin(2.40 t) + .500 
47. 
The state-space representation used to obtain the plot is, 


0 1 0 
x = x + u(t); t=|1 O]x 
= Mt ¿po yo-[1 o] 


Using the Step Response software, 


ù Step I Response - Data Entry 


“About 


x=Ax+ Bu) 
y=Cx 


LL 
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Solutions to Problems 4-45 


iw. Step Response - Output 


Calculating 96 overshoot, settling time, and peak time, 


= d- 2 4 
2Cog = 0.8, Op = 1, G = 0.4. Therefore, 00S =e $416 X100 = 25.38%, T, = eu = 10 sec, 
n 
Tp = t" c 3.43 sec 
p On 1-22 e . 


48. 


m. Step Response - Data Entry 
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ij. Step Response - Output 


n1izn4487 LZ 


49. 
s+0.5 120 14 310 1 1 5, 3. 
a. P(s) = s(s-2)(5*5) - x Cu» ^us . Therefore, p(t) =>) £48 2t. 10 € St, 
b. To represent the system in state space, draw the following block diagram. 
v(s) 1 P(s) 
2 s+0.5 
s^ *7s*10 
For the first block, 


y + 7y +10y = v(t) 
Let x1 = y, and x? = y . Therefore, 
x 17X2 


x 27 -10x1 - 7x2 + v(t) 


p(t) = 0.5y + y 20.5x1 + x2 


0 1 0 
X = X + 1; p(t) = | 0.5 1]x 
p A H po-L ] 
Program: 


A=[0 1;-10 -7]; 
B-[0;1]; 

C=[.5 1]; 

D=0; 
S=ss(A,B,C,D) 
step(S) 
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50. 


Solutions to Problems 4-47 


Computer response: 
a= 
x1 x2 
x1 0 1 
x2 -10 -7 


b= 
ui 
x1 0 
x2 1 
c= 
x1 x2 
y1 0.5 1 
d = 
u1 
yi 0 


Continuous-time model. 


Step Response 
014r T T T T T "1 


Amplitude 


5 
un 
h 
hM 
un 
( 


Time (sec) 


2 
a. oy = V10 = 3.16; 260; = 4. Therefore € = 0.632. %OS=e Y *100 = 7.69%. 


4 mT 
T, =—— -2 seconds. T PN = 1.28 seconds. From Figure 4.16, Tro = 1.93. 


° 50, P On 1- é? 
Thus, Ty = 0.611 second. To justify second-order assumption, we see that the dominant poles are at — 


2 + j2.449. The third pole is at -10, or 5 times further. The second-order approximation is valid. 
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b. Ge(s) = (s*10)52445*10) ^ s3+1452+50s+100 . Representing the system in phase-variable form: 
[0 1 0| fol 
A=| 0 0 1B=lolc=fi 0 o] 
[100 -50 -14| |K 
c. 
Program: 
numg=100; 


deng=conv([1 10], [1 4 10]); 
G-tf(numg, deng) 
step(G) 


Computer response: 
Transfer function: 
100 


S^3 + 14 s^2 + 50 s + 100 


Step Response 


Arnplitude 


0 0.5 1 15 25 3 
Ting gec) 
- [ 
Tr= 0,64 sec 
al = 
Tp= 13 secs 
ag la 
T¿= 204 secs 
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52. 


Solutions to Problems 4-49 


a. On = 0.28 = 0.529; 260g = 1.15. Therefore iis = 1.087. 
-2 
7.63x10 938, 
b. P(s) = U(s) ET ar 28 , where U(s) = 7 . Expanding by partial fractions, P(s) = 


natural response terms. Thus percent paralysis = 54.5%. 


7.63x102 .02725 0.48444 | 0.21194 
s(s2+1.15s+0.28) Ss  8*0.35 s+0.8 - 


c. P(s) = 


Hence, p(t) = 0.2725 - 0.48444e-0-35t + 0.21194e-9-8t, Plotting, 


¿2 

o 

$2 

SS 

S5 

EE: 

3 © 

S 

LL £ 

5 10 
Time (secs) 
29 2 
K 7.63x10 1 7.63x107* K 
d. P(s) = rs a b natural response terms. Therefore, > = 1. Solving 
for K, K = 3.67%. 
a. Writing the differential equation, 
dc(t) i(t) 


dt cR) + y, 


Taking the Laplace transform and rearranging, 


(sskio)C(S) = 2 


from which the transfer function is found to be 


1 
Qs. Vd 
l(s)  stkio 
2 
For a step input, I(s)  — . Thus the response is 
Io 
Va lo 1 1 


EE s(s+k10) ^ kioVa (s - stk10 ) 


Taking the inverse Laplace transform, 
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I - 
que ee 
10 d 
where the steady-state value, Cp, is 
lo 
CD = ko Va 
Solving for Ir = Io, 
In = Cpk10Vd 


2.2 4 
b. Tr = kio ; Ts = kio 


c. IR = Cpk1oVa =12 PP. x 0.07 hr! x 0.6 liters = 0.504 8 
d. Using the equations of part b, where kjg = 0.07, T, = 31.43 hrs, and T, = 57.14 hrs. 


53. Consider the un-shifted Laplace transform of the output 


_ 2.5(1+0.1725)(1+0.008s) — 280.82(s +5.814)(s +125) 
s(1+0.075)*(1+0.055)* s(s - 14.286)" (s + 20)* 
A B C D E 


== + —____ +. ——___ T 
S (s+14.286)? (s+14.286) (s+20)? (s+20) 


Y(s) 


280.82(s + 5.814)(s +125) 

A= ; | 2-5 
(s 14.286)? (s + 20) 

280.82 .814)(s +12 

B- 0.82(s + 5.8 ies 5) a= 5647 
s(s + 20) 

c — d 280.82(s + 5.814)(s +125) _ d 280.82s? +36735.2s + 204085.94 

ds s(s + 20)? SOINS ds s? 4- 40s? + 400s ptem 


_ (s? +40s” + 400s)(561.64s + 36735.2) — (280.82s* + 36735.2s + 204085.94)(3s* + 80s + 400) 
(s? + 40s? + 4005)” 


s= 


= —219.7 


280.82(s +5.814)(s +12 
poses Xs 5) „a= 640.57 
s(s +14.286) 
p. d 280.82(s +5.814)(s +125)| _ d 280.825” + 36735.2s + 204085.94 
ds s(s +14.286)° UU ds —s «285725 +204.09s — "77 
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54. 


Solutions to Problems 4-51 


_ (s? +28.572s* + 204.09s)(561.64s + 36735.2) — (280.825? +36735.25 + 204085.94)(3s* -- 57.144s + 204.09) 


(s? +28.572s* +204.095)” 
= 217.18 
thus 


2.5 564.7 219.7 640.57 . 217.18 


Y(s) = —-——— —- Y SA ———— 
S  (s+14.286)? (s+14.286) (s+20)? (s+20) 


Obtaining the inverse Laplace transform of the latter and delaying the equation in time domain we 


get 
y(t) =[2.5 + 564.7(t — 0.008)e 14795-0009) — 519 784286008) + 640.57 (t — 0.008)e 000-0008) 


+217.18e 8 Ju(t — 0.008) 


a. The transfer function can be written as 


0 Ce 2.5056(s + 3.33)e ? ^ 
I (s 4 D) (s^ - 0.72s +1.44) 


It has poles at s=-0.36+j1.145 and s=-1. A zero at s=-3.33 

The “far away” pole at -1 is relatively close to the complex conjugate poles as 0.36*5>1 so a 
dominant pole approximation can't be applied. 

b) In time domain the input can be expressed as: 


i(t) = 2504A(u(t) — u(t — 0.15)) 


Obtaining Laplace transforms this can be expressed as 
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1-e 955 
I(s) = 25094 ————— 

S 
We first obtain the response to an unshifted unit step: 


.. 2505651333 A, B |  Cs+D 
s(s+D(s? +0.72s +1.44) s s+1 s?+0.725+1.44 


Os) 


| 2.5056(s + 3.33) 

— (s (s? +0.72s +1.44) 
|. 2.5056(s + 3.33) | 2.5056(2.33) _ 
 s(s?-0.72854144) ^! (-1)(1.72) 


s=0 7 » 


We will get C and D by equating coefficients. Substituting these two values and multiplying both 


sides by the denominator we get. 


2.5056(s + 3.33) = 5.8(s -- 1) (s? + 0.72s -- 1.44) — 3.4s(s? + 0.72s +1.44) + (Cs + D)s(s +1) 


2.5056(s +3.33) = 5.8(s? +1.725* + 2.16s +1.44) — 3.4(s^ +0.72s° +1.445) 
(Cs? +(C + D)s? + Ds) 


2.5056(s + 3.33) = (2.4 + C)s? + (7.528 + C + D)s? + (10.632 + D)s + 8.352 
We immediately get C=-2.4 and D=-5.128 


So 
58 34 2.45 + 5.128 58 34 2.4s 4- 5.128 
0(s) = = 


s s+1 s*+0.725+144 s s+1 (s+0.36) +1.3104 
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55. 


58 3.4 2.4(s+0.15)+4.768 5.8 3.4 


Solutions to Problems 4-53 


2.4(s +0.15) 


s s+1 (s+0.36)°+1.3104 s s+1 (s+0.36)°+1.3104 


1.145 
(s - 0.36)? +1.3104 


Obtaining inverse Laplace transform we get 


O(t) = 5.8—3.4e * — 2.4e '*' cos(1.145t) — 4.164e **" sin(1.145t) 


=5.8-3.4e* —2.4e°°*" sin(1.145t + 30°) 


So the actual (shifted) unit step response is given by 


A(t) =[5.8—3.4e 6°? — 2,4e °° sin(1,145(t — 0.1) + 30° )Ju(t — 0.1) 


The response to the pulse is given by: 


A(t) =[1.45m — 0.85me“°? — 0.6me °° sin(1.145(t — 0.1) + 30° u(t — 0.1) — 


[1.45m — 0.85me 2% — 0.6me 223 sin(1.145(t — 0.25) + 30° )Ju(t — 0.25) 


At steady state the input is ~ 9V and the output is  6V Thus G(0)=6/9=0.667 


The maximum peak is achieved at ~ 285p with a %OS = (7.5/6-1)*100 = 25% 


This corresponds to a damping factor of 


__ -ln(9608/100) ^ — 13863 5, 
yz? +m?’ (%0S/100) Vx? «1.9218 
o d = =12027.2 


jur Te? ~ (2851)(0.9165) 


So the approximated transfer function is 
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Ko; 0.667 *12027.2* 96.5* 10^ 
G(s) = 2 


s? +2ć@,s+@?  s*+2*0.4*12027.25+12027.2? s? +96225+14.5*10” 


56. 
The oscillation period is 
2 T 
T =0, 1-4”? and from the figure E = 0.0675s — 0.0506s = 0.0169s 
Thus T=0.0338sec from which we get 0, 4/1- ^ — 185.8931 
The peaks of the response occur when the ‘cos’ term of the step response is +1 thus from the figure 
we have: 
-¿o, (0.0506) -čo (0.0675) 
1+ ——— =1.1492 and 1- —————- = 0.9215 
1-6? y1- E? 
From which we get 
-cø (0.0506) 
FeO = ogg "19006 or e = 1.9006 or £c, = 38 
Substituting this result we get (0, J1— £^ = = 1-¿* =185.8931 
1444 
or Dp (1— £7) = 34556.2284 or £^ = 0.0436or € = 0.21 
Finally O, = 9o = 180.9 
5 
57. 


The step input amplitude is the same for both responses so it will just be assumed to be unitary. 


For the ‘control’ response we have: 


C final = 0.018, M, — 0.024 from which we get 


C —C EN 
yos = cns C fna 1 990% 0.0247 0.018. | 090% = 33.33% 
ZA 0.018 
__ -1n0608/100 ^ -1n(033) 4 
iz? +m? (%0S/100) r° 4-1n? (0.333) 
o id id 239 


gum 2 = 2 
T, 1-4 0.141 — 0.333 
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Leading a transfer function 
1108.9 

G.(s)=— 

s^ + 22s +1108.9 


Similarly for the “hot tail”: 
Cg, = 0.023, M „ = 0.029 


029 — 0.02 
%os = 9.029 - 0.025 .. 10096 = 26.196 
0.023 
ENS OU > ates 
Jie +n? (0.261) 
o, = === == 34.17 
T,Y1=¿?  0.4/1-0.261 
1167.6 
G,(s) = 7 
S^ +26.9s +1167.6 
Using MATLAB: 
>> syms s 
>> s-tf('s") 


Transfer function: 

S 

>> Gc = 1108.89/(sA2+22*s+1108.89); 
>> Gh = 1167.6/(sA2+26.9*s+1167.6); 


>> step(Gc,Gh) 
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4-55 
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58. 


Step Response 
1.4 


12 + 


0.8 - 


Amplitude 


0.6 - 
0.4 + 


02.-] 


ok l l l l l 


0 0.1 0.2 0.3 0.4 0.5 
Time (sec) 


Both responses are equivalent if error tolerances are considered. 


The original transfer function has zeros at S = —7200 + j7400 

And poles at s = —1900 + j4500; s = —120 + j1520 

with G(0) = 0.1864 

The dominant poles are those with real parts at -120, so a real pole is added at 
-1200 giving the following approximation: 


G(s) x 0.1864 0120093248x10") — (s” -144008 +106.6x10") 


|. 4.8782(s^ —14400s - 106.6 x 10^) 
(s? + 240s + 2324.8x10?)(s +1200) 


Using MATLAB: 
>> syms s 


>> s=tf('s'); 
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106.6x10° (s? + 240s + 2324.8x10?)(s +1200) 


0.6 


Solutions to Problems 4-57 


»»G-9.7e4*(s^2-14400*s--106.6e6)... 
1(812+3800*5+23.86e6)/(512+240*5+2324.8e3); 
>> Gdp-4.8782*(s^2-14400*s--106.6e6)/(s^2--240*s--2324.8e3)/(s--1200); 


>> step(G,Gdp) 


Step Response 
0.35 T T T 


0.3 L | 
025. |]. el 


0.2 - X es | 


Amplitude 


0.15 - j 4 
0.1 - 4 


0.05 - - 


o! l l l l l l l l l 
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 


Time (sec) 


Both responses differ because the original non-dominant poles are very close to the complex pair of 


Zeros. 


59. 
M(s) requires at least 4 ‘far away’ poles that are added a decade beyond all original poles and zeros. 
This gives 
M(s) = (s+0.009)*(s? +0.018s + 0.0001) _ 1028.81(s + 0.009)" (s? +0.018s + 0.0001) 
9.72 x10 ?(s + 0.0001)(1+ s/0.1)* (s 4 0.0001)(s + 0.1)* 
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60. 
— ]n(96OS /1 —1n(0. 
re n(9608/100) — n(030) _ 9 96 
J +1n?(%08/100)  Jz? +1n?(0.30) 
o, = — = Z = 0.026 
T,yl-¢?  12741-0.30 
2 
: 7 
G(s) - 2 E 0.0006 
s? +2£0,5+ 02  s* +0.0187s + 0.00067 
61. 
a. Let the impulse response of T(s) be h(t). We have that 
H(s)= 450 e A M B 
(s+5)(s+20) s+5 s+20 
4 4 
= 2 s--5 — B- a 239 = 730 
s+20 +5 
30 30 a : 
H(s)2 ——- . Obtaining the inverse Laplace transform we get 
s+5 s+20 
h(t) = 30e* — 30e?" 
b. Let the step response of the system be g(t). We have that 
| 30 30 
t) = | h(t)dt = | 30e “dt - |30e “dt = PEE CREME 
90 - [n6 J J uec ete 
= —6(e™ —1) +1.5(e™™ -1)245-60 15e ^" 
WO NE NN NE 
s(s+5)(s+20) s s+5 s+20 
= 450 B _ 450 = _ 450 -15 
(s+5X(s+20) °  "' s(s+20) > s(s+5) ^^ - 
: 4.5 6 1.5 ; 
Leading G(s) = — — —— + . After the inverse Laplace we get 
s+5 s+20 
g(t) = 4.5—6e * -1.5e ?* 
62. 


a. The poles given by s^ 4-8.99x10 ^s -- 3.97 x 10^ 2 0 have an 0, = 0.063rad / sec and 
¢ = 0.0714 
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Amplitude 


Solutions to Problems 4-59 


The poles given by s^ + 4.21s + 18.23 = 0 have an €, = 4.27rad /secand ¢ = 0.493 Thus 


the former represent the Phugoid and the latter the Short Period modes. 


0 
b.In the original we have PR — —4.85 so the Phugoid approximation is given by: 


e 


0. 1.965(s + 0.0098) 
ó,  (s° +8.99x10°s +3.97 x10) 
c. 
>> syms s 
>> s=tf('s'); 


>>G=-26.12*(5+0.0098)*(s+1.371)/(512+8.99e-3*5+3.97e-3)/(512+4.21*5+18.23); 
>> Gphug=-1.965*(s+0.0098)/(s\2+8.99e-3*s+3.97e-3); 


>> step(G,Gphug) 


Step Response 


1000 


Both responses are indistinguishable. 
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63. 
a. 


Program 

numg-[33 202 10061 24332 170704]; 

deng-[1 8 464 2411 52899 167829 913599 1076555]; 
G-tf (numg, deng) 

[K, p, k]=residue(numg, deng) 


Computer Response 


K - 
0.0018 + 0.00201 
0.0018 - 0.0020i 
-0.1155 - 0.0062i 
-0.1155 + 0.00621 
0.0077 - 0.0108i 
0.0077 + 0.01081 
0.2119 

p = 
-1.6971 +16.47991 
-1.6971 -16.4799i 
-0.5992 -12.1443i 
-0.5992 -12.1443i 
-1.0117 + 4.26001 
-1.0117 - 4.2600i 
-1.3839 

k = 

[] 
b. 


Therefore, an approximation to G(s) is: 


G(s)- 0.2119 
s - 1.3839 


C. 


Program 

numg-[33 202 10061 24332 170704]; 

deng-[1 8 464 2411 52899 167829 913599 1076555]; 
G-tf (numg, deng); 

numga=0. 2119; 

denga=[1 1.3839]; 
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Solutions to Problems 4-61 


Ga-tf(numga, denga); 
step(G) 
hold on 
step(Ga) 


Computer Response 


Figure 1 
File Edit View Insert Tools Desktop Window Help 


Ddds|1[88479084- 2/08/82 0 


Step Response 


Approximation does not show oscillations and is slightly off of final value. 


64. 


Computer Response 
Transfer function: 


S^15 + 1775 S^14 + 1.104e006 s^13 + 2.756e008 s^12 + 2.272e010 s^11 
+ 7.933e011 s^10 + 1.182e013 s^9 + 6.046e013 s^8 + 1.322e014 s^7 
+ 1.238e014 s^6 + 3.977e013 s^5 + 5.448e012 s^4 + 3.165e011 s^3 


+ 6.069e009 s^2 + 4.666e007 s + 1.259e005 


31.62 s^17 + 4.397e004 s^16 + 1.929e007 s^15 + 2.941e009 s^14 
+ 1.768e011 s413 + 4.642e012 s^12 + 5.318e013 s^11 + 2.784e014 s^10 
+ 7.557e014 s^9 + 1,238e015 s^8 + 1.3566015 s^7 + 8.985e014 s^6 
+ 2.523e014 s^5 + 3.179e013 s^4 + 1.732e012 s^3 + 3.225e010 s^2 


+ 2.425e008 s + 6.414e005 
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Figure 1 
File Edit View Insert Tools Desktop Window Help 


tudiuise|R|SSS20 9€ -/uDt 


Step Response 


65. 


a. To find the step responses for these two processes, y,(t) and yp(t), we consider first the un-shifted 
Laplace transform of their outputs for X;(s) = X,(s) = 1/s: 


4 14.49 9.8x10” A B 


Y, (S) RS Um Lexur 
s(1478.26s--1) s(s46.77x107) s  (s+6.77x10*) 
-3 
where A = a =14.49 and 
s+6.77x10*| 
s=0 
3 
p.98x107 = -14.49 (2) 
5  1$2—-6.77 x10 ^ 


Substituting the values of A and B into equation (1) gives: 


Quee A A m 
S (s+6.76x10~) S (s-6.76x10 ^) 


Taking the inverse Laplace transform of Y (s) and delaying the resulting response in the time 
domain by 4 seconds, we get: 


-4 
voto -1449[1- e 9 76x10 7(t74) Ly (4) 
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Solutions to Problems 4-63 


Noting that the denominator of G p (s) can be factored into 


(s 4 0.174x10 ?)(s + 6.814 x 10 2) , we have: 


F 1.716x10^? C D E 
Y, (s) = 3 CERIS a 3, 6) 
s(s-0.174x10 ?)(s--6.814x10 7?) Ss (s-0.174x10 7) (s+6.814x10 ?) 
—b5 
where: = ur ZN 5 — 14.48; 
(s--0.174x10 ?)(s--6814x10 7)|. _ o 
| 1716x10? Lia 
s(s 6814x107)... o 174,493 TES 
1.716x10^? 
gc — 0.37 . (6) 
s(s+0.174x10 Jis =-6.814x 1078 


Substituting the values of C, D and E into equation (5) and simplifying gives: 


y (9 1448 14.85 " 0.37 ree ie 1.0256 | 0.0256 
Á S  (s+0.174x107°) (s+6.814x10%) — — s (s+0.174x107)  (s--6.814x10 7) 


Taking the inverse Laplace transform of Y. (s) and delaying the resulting response in the time 


domain by 30 seconds, we get: 
-3 -3 
Yp (0) =14.48[1-1.0256e 017410 (£730) , 0 9555,76.814x10 "030 1.00 39) (8) 


b. Using Simulink to model the two processes described above, y,(t) and y,(t) were output to the 


“workspace.” Matlab plot commands were then utilized to plot y,(t) and y,(t) on a single graph, 
which is shown below. 
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O p time 


B 


Step 


Step 


Clock To Workspace 1 
|_ ° 
14.49 Y^ 
» >. » 
1478 .26s+1 v 
Transport XY Graph 
Transfer Fcn Delay 
> pH 
To Workspace2 
O p time 
Clock To Workspace 1 
— p’ 
1.716 E-5 ^ j 
2 » » 
s“+6.989 E-3s+1.185 E-6 Ze 
Transport XY Graph 
Delay 
Transfer Fcn 
pH2 
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To Workspace2 


Solutions to Problems 4-65 


pH Response for Anaerobic Process and Neutralization Plant 


0 2000 4000 6000 8000 10000 12000 
time, s 
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66. 
a. 
>> A=[-8.792e-3 0.56e-3 -1e-3 -13.79e-3; -0.347e-3 -11.7e-3 -0.347e-3 0; 0.261 -20.8e-3 -96.6e-3 
0;0010] 
A= 
-0.0088 0.0006 -0.0010 -0.0138 
-0.0003 -0.0117 -0.0003 0 
0.2610 -0.0208 -0.0966 0 
0 0 1000 0 
>> eig(A) 
ans — 
-0.1947 
0.0447 + 0.1284i 
0.0447 - 0.1284i 
-0.0117 
b. 


Given the eigenvalues, the state-transition matrix will be of the form 
K K K K 
K K K K 
W(t) = 21 22 23 24 with 
K K K K 
K K K K 


_ —0.1947 t —0.0117 t 
K,=Kj,e *Kje + Kis 


egomet sin( 0.1284 t) 4 Eye es cos( 0.1284 t)) 


Thus 64 constants have to be found. 
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Solutions to Problems 


67. 


a. The equations are rewritten as 
di 1-d 1 
t= uc * —E, 
dt L L 


du. 1-d. 1 


from which we obtain 


di, 1-d 


dt 9 7 L i : 

i ud 
= + E; 
du; |i-d 1 H J 
dt RC 


-d 
C 
ea 


b. To obtain the transfer function we first calculate 


1 1-d 
S4—— -—— 
RC L 
1-d | 1-d 
S — C S 
sI- A)” = L = 
! i 1-d 1 Ex. (bud): 
S+ s(s+—)+ 
C RC R LC 
So 
1 1-d 
st -—— 
RC L 
1-d 
C 1 
G(s) - C(sI- A) 'B- [o 1] > LL 
1.,(-d)|g 
s(s + )+ 
R LC 
E 3 i 1-d 
- e rar LC 
2 2 
SUI pecu 0) 4 pato dd 
RC LC RC LC 
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68. 
s+8.34 2.26 
a. We have (sI- A) = | | and 
-1 S 
S —2,26 s —26 
di 1 s+8.34 1 s+8.34 
(sI- A) = = 


s? +8.34s +2.26  (s-- 0.28)(s +8.06) 


We first find L 1 I 
(s +0.28)(s +8.06) 


1 _K K 

(s +0.28)(s +8.06) s+0.28 s+8.06 

01 1 

— $48.06 SUE US 


E | : | = 0.129e *?* —0.129e *^ 


A 28 =0.129; K, = 


= —0.129 so 


(s +0.28 )(s + 8.06) 


Follows that 


HE SED =- 296k l = —0.292e 2% + 0.2920 998 
(s + 0.28)(s +8.06) (s +0.28)(s +8.06) 


Lt 2 zs : = -0.036e 02% 41.048 9^9 
(s+0.28)(s+8.06){ dt |(s+0.28)(s - 8.06) 


And 


1 s +8.34 Iq S LBAL! 1 
(s + 0.28)(s + 8.06) (s-0.28)(s-8.060)] — (s + 0.28)(s + 8.06) 
= —0.036e ^^" +1.04e °° +1.076e ^^ —1.076e ^^" =1.04e ^^" —0.036e °°" 


Finally the state transition matrix is given by: 


D(t) = | 


-0.036e ^^" +1.04e ^"  —0.292e ^" + 0.292e ®?®" 
0.129e ^^" —0.129e ^" — 1.04e ^" —0.036e ^^^ 
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b. 
— 0.036e 9% +1.04e 9%: 
D(t)B = —0.28t —8.06t 
0.129e — 0.129e 


CO(t)B = —0.451e °°" +13.04e *% + 0.292e ??*' — 0.292e °°" = —0.159e ??*' +12,748e 9 


Since u(t) =1 
t t 

xt) = [Cet - 1)Bdr = [[-0.159e "200 +12.748e 8°" Jd 
0 0 


y t 
= -0.159e *?* [8928 dz +12.748e*™ [ 20 g7 
9 0 


_ — 0.159 RELATUM 12.748 g $06 ¿8.067 
0.28 8.06 


= -0.568[1— e "* ]+1.582[1- e °°] =1.014 + 0.568e ^" —1,582e *% 


t 


c. 

>> A=[-8.34 -2.26; 1 0]; 

>> B = [1; 0]; 

>> C = [12.54 2.26]; 

>>D=0; 

>> t = linspace(0,15,1000); 

>> yl = step(A,B,C,D,1,t); 

>> y2 = 1.014+0.568*exp(-0.28.*t)-1.582*exp(-8.06.*t); 


27 plot(t,y1,t,y2) 


Copyright O 2011 by John Wiley & Sons, Inc. 


4-70 Chapter 4: Time Response 


1.6 


SOLUTIONS TO DESIGN PROBLEMS 


69. 


70. 


Writing the equation of motion, (fs + 2) X(s) = F(s). Thus, the transfer function is 
X(s  1/f, 4 4 


y 


T 
— 5$ Herce, I, =~ => =2f,,0rf, =>. 
a 


F(s) 54.2 2 2 
f, f, 
1/M 4 4 
The transfer function is, F(s) = —1 x: Now, T, = 4 = — = EU =8M . Thus, 
s? +—s += Re 1 
M M 2M 


1 
M =-—. Substituting the value of M in the denominator of the transfer function yields, 


s^ +2s + 2K . Identify the roots S2 =—1+ jq2K —1 . Using the imaginary part and substituting 


T 


je mo %. 
Im]. J/2K-1 


into the peak time equation yields T, = , from which K 25.43. 
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71. 


72. 


73. 


Solutions to Design Problems 4-71 


Writing the equation of motion, (Ms* + fs +1)X(s) = F(s). Thus, the transfer function is 


X 1/M 4 
Xe. FT Since T, =10==—, o, -0.4. But, Y 260, = 0.8. Also, 
F(s) s?.-xX.4-—— GO, M 

M M 


from Eq. (4.39) 17% overshoot implies ¢ = 0.491. Hence, @ = 0.815. Now, 1/M = c? = 0.664. 


Therefore, M 1.51. Since fy =2£0, =0:8, f, =1.21. 
M 
Writing the equation of motion: (Js2+s+K)0(s) = T(s). Therefore the transfer function is 


O(s _ 
T(s) a 


9608 
- In C199) 


Ep 
%OS 
x? + In2 ( 100) 


= 0.358. 


4 4 
T;-—— =] =8J=3. 
2J 


COn 


4 4 


== K 
iz = = 2- 
Cog (0.358), ` Hence, oj = 3.724. Now, J =n 13.868. 


3 
Therefore J = 8 . Also, T; = 3-7 


Finally, K - 5.2. 


Writing the equation of motion 
1 
[s2+D(5)%s+7 (10) ?]6(s) = T(s) 


The transfer function is 
0 (s 1 


T(s) | 52+25Ds+25 


Also, 
%OS 
A A 
J 2,2 0S, d 
T^ + ln (4002 
and 


280 = 2(0.358)(5) = 25D 


Therefore D = 0.14. 
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74. 
The equivalent circuit is: 
Ni Ni Ni 
= —y =(— y. = (— y2. Thus, 
where Jeq 1N )* ; Deg (Np 1% Keq (Np ) 
01(s) 1 _ Ni "" ; 
Two rn. cuo Letting g, ETE and substituting the above values into the transfer 
T(S)  Jegs?*Deqs*Keq 2 
function, 
i 
0115) 1+n2 n? 4 8(1+m2) 
Ts) ^ 7 "E n2 . Therefore, Go = 242) . Finally, T; = DW EET = 16. Thus 
s? + St 
1+n? 1+n2 
n=1. 
75. 


Let the rotation of the shaft with gear N, be Gj(s). Assuming that all rotating load has been reflected 


to the N, shaft, (J, s° + D 


él NE - Ky, (s) + F(s)r = T, (s) , where F(s) is the force from the 


translational system, r = 2 is the radius of the rotational member, Jeq. is the equivalent inertia at the 


N, shaft, and D. is the equivalent damping at the N» shaft. Since Jeg, = 1Qy +1=5 and Da = 
1(2) = 4, the equation of motion becomes, (6s° + 4s+ K,(s) + 2F(s) = T, (s). For the 
translational system (Ms^ + s) X(s) = F(s) . Substituting F(s) into the rotational equation of 
motion, (5s + 45+ K),(s) + (ms? + sPX(s) = T, (s). 


AG) 0) 
2 


But,Q, (s) = — = and T, (s) = 2T(s). Substituting these quantities in the equation 
r 


X(s 
above yields (5 + 4M)s* +85+K ye = T(s). Thus, the transfer function is 


X 4/(5+4M 
E) AHM —. Now, =15= 2 (544M). 
O UM ENTIS EN Re — 8 

(5+4M) (5+ 4M) 2(5+4M) 


Hence, M = 5/2. For 10% overshoot, € = 0.5912 from Eq. (4.39). Hence, 
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76. 


77. 


78. 


Solutions to Design Problems 4-73 


260, = TE M = 0.5333. Solving for œ, yields œ, = 0.4510. But, 
(5+4M) 
O, = = E — 0.4510. Thus, K - 3.051. 
(5+4M) 15 
ES 
The transfer Rnctiontor the eqpactoveohauets= 0e i 
e transfer function for the capacitor voltage is y ¿3 =. 755 Lg. 
V(s) RiLstE s2+Rs+10 
%OS 
-In Gog) 
For 20% overshoot, ¢ = = 0.456. Therefore, 2Gm, = R = 2(0.456)(103) = 
2.1.2 2608 
T^ + In^( 100 ) 
9120. 
1/(CS 
Solving for the capacitor voltage using voltage division, V.(s) = V.(s) ÉS . Thus, the 
R+ LS +— 
CS 
V.(s 1(LC 4 a R 
transfer function is N66) = —— Since T, = — =10 E [Rel =— = 4000. Thus 
MS). huh cts [Rel 2L 
L 
R=8 KQO. Also, since 20% overshoot implies a damping ratio of 0.46 and 
1 
260, = 8000, œ, =8695.65 = Vie . Hence, C= 0.013 wF. 
Using voltage division the transfer function is, 
E ad 
AS E LG 
V. Risas poe 
S L LC 
4 4 8L R 
Also, T. = 7x10? 2 — = — = — . Thus, — — 1143. Using Eq. (4.39) with 15% overshoot, ¢ 
Re R R L 
2L 


1 1 
= 0.5169. But, 2¢@, = R/L. Thus, @, = 1105.63 = | = -= . Therefore, L = 81.8 mH 
LC L(10^) 


and R = 98.5 (2. 


Copyright O 2011 by John Wiley & Sons, Inc. 


4-74 Chapter 4: Time Response 


79. 


For the circuit shown below 


write the loop equations as 


(R 4*L s)I1(s)-R 112(5) -Vi (s) 
-R iG» 1*R ere 


Solving for Ip(s) 
pr. Vi e] 
-R1 0 
T2(s)= 
R1+L s -R1 
-R1 R1+R 9+ 1 
Cs 


But, V o (s) = —L 1» (s ). Thus, 
Cs 


Vo (s) _ R1 
Vils) sinicds^sC RoBq*LjstE4 


Substituting component values, 


1 

V, (s) (R, + 1000000)C 

22152 _ 1000000 

Vis) e CPES 190000 e 
(R, +1000000)C (R, +1000000)C 


A 
For 8% overshoot, € = 0.6266. For Ts = 0.001, Cap = 0.001 = 4000. Hence, cg = 6383.66. Thus, 


1000000 1 = 6383.66? 
(R, +1000000)C 


or, 


Gz01045—— —— — 
R, +1000000 


Also, 
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(1) 


80. 


81. 


Solutions to Design Problems 4-75 


1000000C R >+1 


- 8000 
(R 2+ 1000000) C 


Solving (1) and (2) simultaneously, R, = 8023 Q, and C = 2.4305 x 102 uF- 


[s 0] [(3.45-14000K,) -0.255x10? | 


TAT s|7| 0.499x10" -368 | 
_[s—(3.45-14000K,) 0255x10?] 
|  -0499x10" $43.68 | 


|sI — A] = s^ + (0.23 + 0.14x10°K, )s + (51520K, + 0.0285) 


(240, Y =[2* 0.9]? *(51520K, + 0.0285) = (0.23 + 0.14x10^ K, 


or 


K; —8.187x10 ^K, — 2.0122x10 " =0 
Solving for K., 
K, 28.189x10 * 


a. The transfer function from Chapter 2 is, 


Y(s)-Y4(s) _ 0.7883(s + 53.85) 
E, (s) (s^ + 15.475 + 9283)(s^ +8.119s + 376.3) 
The dominant poles come from s * 4 8.1195 + 376.3. Using this polynomial, 


Q) 


260, = 8.119, and w* = 376.3. Thus, @, = 19.4 and c = 0.209. Using Eq. (4.38), 9608 = 


4 
51.05%. Also, T, = —— = 0.985 s, and T, = 


— 0 166 S T i i i 
= . . 10 find rise time, use 
CO, O, V C 


Figure 4.16. Thus, 0, T, = 1.2136 or T, — 0.0626 s. 


b. The other poles have a real part of 15.47/2 = 7.735. Dominant poles have a real part of 8.119/2 = 


4.06. Thus, 7.735/4.06 = 1.91. This is not at least 5 times. 


C. 

Program: 

syms s 
numg=0.7883*(s+53.85); 
deng=(S42+15.47*sS+9283) * (S42+8.119*S+376.3); 
'G(s) transfer function' 
G=vpa(numg/deng, 3); 
pretty(G) 
numg=sym2poly(numg) ; 
deng=sym2poly(deng); 
G-tf(numg, deng) 

step(G) 


Copyright O 2011 by John Wiley & Sons, Inc. 


4-76 Chapter 4: Time Response 


Computer response: 
ans = 
G(s) transfer function 


.788 s + 42.4 


(S + 15.5 s + 9280.) (s + 8.12 s + 376.) 


Transfer function: 
0.7883 S + 42.45 


S^4 + 23.59 s^3 + 9785 s^2 + 8.119e004 s + 3.493e006 


x10 Step Response 


Amplitude 


N 0.5 1 1.5 
Time (sec) 
The time response shows 58 percent overshoot, T, = 0.86 s, T, = 0.13 s, T, = 0.05 s. 


82. 


a. In Problem 3.30 we had 


T| [-(d-fw) 0 -rT BT,v, 0 ' 
T p A, -u fr,|T |«-frnw 0 H 
v 0 k  —c lv 0 -kT |- ? 
T 
y=l0 o 1]T" 
V 


When U, = 0 the equations are equivalent to 
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T| [-(d+fv,) 0 -Jgrn|T BT,v, 
É |=|) fw  -u Ah (T |+|- ju, 
Y 0 k ey 0 
T 
y=l0 o 1]T" 
V 


Substituting parameter values one gets 


T | [-004167 0 -0.0058] T 5.2 
T'|2| 0.0217 -0.24 0.0058 | T*|+|-5.2 lu, 
y 0 100 -24 |v 0 

T 
y=l0 o 1]T" 

V 
b. 

s+0.04167 0 0.0058 |” 
(sI-A)*=| -0.0217 s+0.24 -0.0058 gor e) 

det(sI — A) 
0 -100 s+2.4 
s+0.24 -0.0058 —0.0217 s+0.24 


det(sI — A) = (s + 0.04167) + 0.0058 


-100  s«24 
= (s + 0.04167)|(s + 0.24)(s + 2.4) — 0.58]-- (0.0058)(2.17) 
= s^ + 2.6817s* +0.11s + 0.0126 

= (s + 2.6419)(s? + 0.03985 + 0.0048) 


0 —100 


To obtain the adjoint matrix we calculate the cofactors: 


s+0.24 — 0.0058 


= = s(s + 2.64 
t |-100 s+2.4 | 
—0.0217  — 0.0058 
C= = —0.0217(s + 2.4) 
0 s+2.4 
— 0.0217 s+0.24 
Gee eI 
0 —100 
0 0.0058 
mE. = 0.58 
-100 s+2.4 
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s+0.04167 0.0058 


22 — 


= (s + 0.04167)(s + 2.4) 


0 s+2.4 
s + 0.04167 0 
33 = = —100(s + 0.04167) 
0 —100 
0 0.0058 


31 7 


s+0.24 —0.0058 

s+0.04167 0.0058 
—0.0217  s+2.4 

s + 0.04167 0 
—0.0217  s+0.24 


= —0.0058(s + 0.24) 


= s^ +2.4117s + 0.1001 


32 


= s^ +0.2817s + 0.01 


33 


Then we have 


s(s + 2.64) — 0.58 — 0.0058(s + 0.24) 

Adj(sI— A) =| 0.0217(s +2.4) (s-0.04167)(s- 2.4) —(s? +2.4417s + 0.1101) 
2.17 100(s + 0.04167) s? +0.2817s + 0.01 
Finally 
Y [2.17 100(s +0.04167) s? +0.28171s +0.01] de 
— (s) = C(sI- A) !B = £ — : l 5.2 
U, (s + 2.6419)(s? + 0.0398s + 0.0048) 
-520s -10.3844 s +0.02 


(s + 2.6419)(s* + 0.0398s + 0.0048) (s + 2.6419)(s* + 0.0398s + 0.0048) 


1 
c. 100% effectiveness means that u, =1 or U,(s) = —, so by the final value theorem 
S 


y (co) = LimsY(s) = -Lims LA 1 = -820.1168 
s>0 s>0 (s--2.6419)(s? + 0.0398s + 0.0048) s 


(virus copies per mL of plasma) 


The closest poles to the imaginary axis are — 0.0199 + j0.0661 so the approximate settling time 
4 
0.0199 


will be T, « — 210 days. 


83. 


a. 


- 2650 | | 
Substituting A F(s) — into the transfer function and solving for AV(s) gives: 
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AV(s)- AF(s) E 2650 E A " B 
1908.s s(1908-s+10) s (1908-s+10) 
Here: A= E — 265 and B= 2099 = —505, 620 
(1908-s --10)|- _ S em 
7 |». /190.8 


Substituting we have: 


AV(s) = 


(908.5410) ^ |s- 


265 505620 265 1 1 i 
S (s+5.24x10 ^) 


Taking the inverse Laplace transform, we have: 


Av(t) = 265(1—e-924^*19 ^t). (t), in m/s 


b. 

>> s=tf('s'); 

>> G=1/(1908*s+10); 

>> t=0:0.1:1000; 

>> y1=2650*step(G,t); 

>> y2=265*(1-exp(-5.24e-3.*t)); 
>> plot(t,y1,t,y2) 

>> xlabel('sec") 


>> ylabel('m/s”) 
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300 r 


250 - d 


200 - x 


150 - 


m/s 


100 - J 


50 - 


0 I | | I i [ | 
0 100 200 300 400 500 600 700 
sec 


Both plots are identical. 
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800 


I 
900 


1000 


FIVE 


Reduction of Multiple 
Subsystems 


SOLUTIONS TO CASE STUDIES CHALLENGES 


Antenna Control: Designing a Closed-Loop Response 


a. Drawing the block diagram of the system: 


Motor, 
Power load and 
Pots Pre amp amp gears 


0.16 
s(s+1.32) 


76. 39K 
s3+151.3252+1988+76.39K 


Thus, T(s) = 


b. Drawing the signal flow-diagram for each subsystem and then interconnecting them yields: 


np 


10 
II K 150 


Copyright O 2011 by John Wiley & Sons, Inc. 


5-2 Chapter 5: Reduction of Multiple Subsystems 


= 1 = X» 

x 9 =- 1.32x2 + 0.8x3 

. 10 

X 3 7 -150x3 -150K( — (q; — 0.2x,)) = -95.49Kx1 - 150x3 + 477.46K0; 
T 


06 = 0.2x1 


In vector-matrix notation, 


0 1 0 0 
x = 0 -1.32 0.8 [x * 0 9, 
-95.49K 0 -150 477.46K 


«T= (caso oE Do2-23 


4%, e 7132, e RUPES E —76.39K 
G, 2777 Gy = Mene Elo 29) -75 


Nontouching loops: 
198 
Gp1Gr2 = ux 


150 1.32 76.39K 198 


Ac el + [GL1GL] o er e ta 
S S 
A171 
IL 76.39K 
TO) ge pe ene SE 
*151.32s^ +198s+76.39K 
10 
— 0.16K 
TU 
d. The equivalent forward path transfer function is G(s) = s(s*1.32) , 


Therefore, 
2.55 


Ts) = —————— 
(s) s2+1.32s+2.55 


The poles are located at -0.66 + j1.454. oy = 2.55 = 1.597 rad/s; 220 = 1.32, therefore, £ = 0.413. 
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Solutions to Case Studies Challenges 5-3 


ot es 4 4 T T 
%0S 2e ES x100 = 2496; T, = —— 2 = 6.06 seconds; Tp = ——7— =c = 
Con ^ 0.66 o 1454 


2.16 seconds; Using Figure 4.16, the normalized rise time is 1.486. Dividing by the natural frequency, 


1.486 
=== = 0.93 seconds. 
2.55 


r 


e 
Cs = 2.55 
s(st4 13854 2,55) 
2574+ 33 
C (s) = d i bin ui ME ilt 
5 52. 1,3254 2,55 


25 (s+ 0,66]+ 11.3474 8.1144 


i 
7 ^ fs+0.66)2+ 421144" 


aff) = 1-27 98! eost 4544] + 0.454 zin[1.4547]) 


Cs) = 2- 


%OS 
A E A 
+ Since GG) 735,135) 1) = 21325051 25065 2 4 2 S SEED 
T^ + In^ (100) 
13 — 12 


overshoot; @p = /0.51K ; and 260; = 1.32. Therefore, oy = =1.277= J0.51K . 


6 ~ 2(0.5147) 


Solving for K, K=3.2. 


UFSS Vehicle: Pitch-Angle Control Representation 
a. Use the observer canonical form for the vehicle dynamics so that the output yaw rate is a state 


variable. 


-0.24897 
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b. Using the signal flow graph to write the state equations: 


In vector-matrix form: 


N O O O 


C. 

Program: 

numgi--0.25*[1 0.437]; 
dengi-poly([-2 -1.29 -0.193 
'G(s)' 

G-tf(numg1, deng1) 
numhi-[-1 0]; 

denhi-[0 1]; 

'H(s)' 

H-tf(numh1, denh1) 

'Ge(s)' 

Ge-feedback(G,H) 

'T(s)' 

T=feedback(-1*Ge, 1) 

[numt, dent]=tfdata(T, 'V'); 


X 
—1.483x, + x, — 0.125x, 
—0.24897x, — (0.125* 0.437)x, 


2x41 2x, — 2x, —2ü 


1 0 0 
-1.483 0  -0.125 
X+ 
—0.24897 0 -0.054625 
2 0 -2 


(1 0 0 Ol 


01); 


[Acc, Bcc, Ccc, Dcc]-tf2ss(numt, dent) 


Computer response: 
ans = 


G(s) 


Transfer function: 
-0.25 s - 0.1093 


S^4 + 3.483 S43 + 3.215 s^2 


ans = 


H(s) 


Transfer function: 


+ 0.4979 s 


Copyright O 2011 by John Wiley & Sons, Inc. 


Answers to Review Questions 5-5 


Transfer function: 
-0.25 s - 0.1093 


S^4 + 3.483 SA3 + 3.465 s^2 + 0.6072 S 
ans = 

T(s) 

Transfer function: 


0.25 s + 0.1093 


S^4 + 3.483 S43 + 3.465 s^2 + 0.8572 s + 0.1093 


Acc = 
-3.4830 -3.4650 -0.8572 -0.1093 
1.0000 0 0 0 
0 1.0000 0 0 
0 0 1.0000 0 
Bcc = 
1 
0 
0 
0 
Ccc = 
0 0 0.2500 0.1093 
Dcc = 
0 


ANSWERS TO REVIEW QUESTIONS 


1. Signals, systems, summing junctions, pickoff points 

2. Cascade, parallel, feedback 

3. Product of individual transfer functions, sum of individual transfer functions, forward gain divided by 
one plus the product of the forward gain times the feedback gain 

4. Equivalent forms for moving blocks across summing junctions and pickoff points 

5. As K is varied from 0 to oo, the system goes from overdamped to critically damped to underdamped. 
When the system is underdamped, the settling time remains constant. 

6. Since the real part remains constant and the imaginary part increases, the radial distance from the origin 
is increasing. Thus the angle 0 is increasing. Since C= cos 0 the damping ratio is decreasing. 

7. Nodes (signals), branches (systems) 

8. Signals flowing into a node are added together. Signals flowing out of a node are the sum of signals 
flowing into a node. 

9. One 


10. Phase-variable form, cascaded form, parallel form, Jordan canonical form, observer canonical form 
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11. The Jordan canonical form and the parallel form result from a partial fraction expansion. 

12. Parallel form 

13. The system poles, or eigenvalues 

14. The system poles including all repetitions of the repeated roots 

15. Solution of the state variables are achieved through decoupled equations. i.e. the equations are solvable 
individually and not simultaneously. 

16. State variables can be identified with physical parameters; ease of solution of some representations 

17. Systems with zeros 

18. State-vector transformations are the transformation of the state vector from one basis system to another. 
i.e. the same vector represented in another basis. 

19. A vector which under a matrix transformation is collinear with the original. In other words, the length 
of the vector has changed, but not its angle. 

20. An eigenvalue is that multiple of the original vector that is the transformed vector. 


21. Resulting system matrix is diagonal. 


SOLUTIONS TO PROBLEMS 


a. Combine the inner feedback and the parallel pair. 


Multiply the blocks in the forward path and apply the feedback formula to get, 


50(s-2) 
T(s) = 33 
s?+s*+150s-100 
b. 
Program: 
"G1(s)' 
G1=tf(1,[1 0 0]) 
'G2(s)' 
G2=tf (50, [1 1]) 
'G3(s)' 
G3=tf(2,[1 0]) 
'64(s)' 
G4=tf([1 0],1) 
'G5(s)' 
G5-2 
"Ge1(s)=G2(s)/(1+G2(s)G3(s))' 
Ge1=G2/(1+G2*G3) 
"Ge2(s)=G4(s)-G5(s)' 
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Ge2=G64-G5 
'Ge3(s)=61(s)Ge1(s)Ge2(s)' 
Ge3=G61*Ge1*Ge2 
'T(s)=6e3(s)/(1+6e3(s))' 
T=feedback(Ge3, 1); 
T=minreal(T) 


Computer response: 
ans = 


G1(s) 


Transfer function: 


ans = 
G2(s) 


Transfer function: 
50 


G3(s) 


Transfer function: 
2 


S 
ans = 


G4(s) 


Transfer function: 


ans = 


Gei(s)=G2(s)/(1+G2(s)G3(s)) 


Transfer function: 
50 s^2 + 50 s 


S^3 + 2 sA2 + 101 s + 100 
ans = 


Ge2(s)=G4(s)-G5(s) 
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Solutions to Problems 


5-7 


5-8 Chapter 5: Reduction of Multiple Subsystems 


Transfer function: 
s-2 


ans = 
Ge3(s)=G1(s)Ge1(s)Ge2(s) 


Transfer function: 
50 s^3 - 50 s^2 - 100 s 


SA5 + 2 S^4 + 101 s^3 + 100 s^2 


T(s)=Ge3(s)/(1+Ge3(s) ) 


Transfer function: 
50 s - 100 


S^3 + s^2 + 150 s - 100 


Push G(s) to the left past the pickoff point. 
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Solutions to Problems 5-9 


a. Split G3 and combine with G2 and G4. Also use feedback formula on Gg loop. 


Push G2 +G3 to the left past the pickoff point. 


Multiplying the blocks of the forward path and applying the feedback formula, 
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i Gg Ga + Gg G3 + Gg Gs G3 + Gg Gs Ga 
l+ Gg + 07 G4 + Ga G4 + G7 Gg Gq + 07 Gg G3 + G7 Gg Gs G3 + G7 Gg Gs Ga + Gg G3 Gi + Gg Ga G4 


Ti] 


Push G,(s) to the left past the summing junction. 


Collapse the summing junctions and add the parallel transfer functions. 


C 


Push G:(s)G(s) + Gs(s) to the right past the summing junction. 
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Solutions to Problems 5-11 


8 (996 (9) 
G(s)G,s) 


G.(s) G (s) +6 fs) 


Collapse summing junctions and add feedback paths. 


R(3) + 


969 
H (8) * a t) G (s) +6 (s) 


Applying the feedback formula, 


s G,(s)+G,(s)G,(5) 


G,(s)G,(s) 
HIG GOGON A + | 


- G,(s) + G,(s)G,(s) 
~ 1+ HIG,(s)+G,(s)G,(s)]+ G,(s)G, (s) 
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a. Push G7 to the left past the pickoff point. Add the parallel blocks, G3*G4. 


Push G3+G4 to the right past the summing junction. 


Collapse the minor loop feedback. 
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Solutions to Problems 5-13 


G7(G3+G4) 
to the left past the pickoff point. 


us 1+G6G7 


Push G to the right past the summing junction. 
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Add the parallel feedback paths to get the single negative feedback, 


G5  Go(1*GgG7) Gg 


HS =G7 teapa ^Gi ^ 1809 
G 67 G1 [G4 + G3) 
TS = TR = === 
1+G ([G7Gg+ 1] G5 34 + [G4+ G3] [G5 G4 - Ga G7 ]] + (G7 G + 1) 
b. 
Program: 
Gi-tf([O 1],[1 7]); %G1=1/s+7 input transducer 
G2=tf([O © 1], [1 2 3]); %G2=1/512+25+3 
G3=tf([@ 1], [1 4]); %G3=1/S+4 
G4=tf([o 1], [1 0]); %G4=1/s 
G5=tf([@ 5],[1 71); %G5=5/S+7 
G6=tf([o © 1], [1 5 10]); %G6=1/S\2+5S+10 
G7=tf([@ 3], [1 2]); %G7=3/st2 
c8-tf([O 1], [1 6]); %G8=1/S+6 
c9-tf([1], [1]); %Add G9-1 transducer at the input 


T1=append(G1, G2, G3, G4, G5, G6, G7, G8, G9) ; 
Q=[1 -2 -5 9 

0 

0 

0 

-6 

0 

-6 

7 0 0]; 

inputs-9; 

outputs-7; 
Ts=connect(T1,Q, inputs, outputs); 
T=tf(Ts) 


0o-1o0040N 
WNWORBBE 
O à OG 0 00 
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Solutions to Problems 


Computer response: 
Transfer function: 


6 SA7 + 132 s^6 + 1176 s^5 + 5640 s^4 + 1.624e004 s^3 
+ 2.857e004 s^2 + 2.988e004 s + 1.512e004 
S^10 + 33 S^9 + 466 s^8 + 3720 SA7 + 1.867e004 s^6 
+ 6.182e004 s^5 + 1.369e005 s^4 + 1.981e005 s^3 


+ 1.729e005 s^2 + 6.737e004 s - 1.044e004 


Combine Gg and G7 yielding GgG7. Add G4 and obtain the following diagram: 


Next combine G3 and G4*GgG7. 


5-15 


Push Gs to the left past the pickoff point. 
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G 
Notice that the feedback is in parallel form. Thus the equivalent feedback, Heg(s) = e. + 


G3(G4*GeG7) + Gg. Since the forward path transfer function is G(s) = Geq(s) = G1Gs, the closed- 


loop transfer function is 


Tís) = Geq(s) 
e 1+Geq(s)Heq(s) ` 
Hence, 

Gs Gi 


- I+ G1 (Gg Gg + Gy Gg Gg G3 + Gy G4 Gg + Gy) 


T(s) 


Push 2s to the right past the pickoff point. 


Ris) + 5 + + 5 
ST FRA tay 
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Solutions to Problems 5-17 


Combine summing junctions. 


Combine parallel 2s and s. Apply feedback formula to unity feedback with G(s) = s. 


Combine cascade pair and add feedback around 1/(s+1). 
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Combine parallel pair and feedback in forward path. 


5s? +25 


Combine cascade pair and apply final feedback formula yielding T(s) = A 
6s +9s +6 


Push G3 to the left past the pickoff point. Push Gg to the left past the pickoff point. 


O22 
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Solutions to Problems 5-19 


6,6556 


1 
H he t. 
6 


Thus the transfer function is the product of the functions, or 


02x(S) — G1G2G4G5666G7 
O11(s) 1- G4Gs + G4G5G6 + G1G2G3 - G1G2G3G4G5 + G1G2G3G4G5G6 


Combine the feedback with Gg and combine the parallel G? and G3. 


Move G2+G3 to the left past the pickoff point. 
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10. 


Combine feedback and parallel pair in the forward path yielding an equivalent forward-path transfer 


function of 


G2*G3 G4 Gg 
ra | cerca Ubro 


Gels) Thus 


But, T(s) = 1*G«(s)G7(s) : 


- Gg (G4 + 65 G3 + Gs G3] 
Gg (G; Gq + G7 Gs G34+67G5G.4+63G,+G5G,+ +G} (Cz Ga] 1 


T(s) 


Push G3(s) to the left past the pickoff point. 
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Solutions to Problems 5-21 


Push G2(s)G3(s) to the left past the pickoff point. 


Cis) 
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Collapsing the summing junctions and adding the feedback transfer functions, 


T(s) = . Gís)jCAs)IGAS) 
1- G(s)G,(S)G.(S) H, (s) 
where 
H. H H H 
H,,(s)= 3 (S) + ¿(8) + (S) E (S) 
G(s) G,(s)G,(s) G(s)G,(s) G,(s) 
11. 
225 
T(s) =>————~  .. Therefore, 2¢@ = 15, and «y = 15. Hence, 6 = 0.5. 
s^ +15s +225 
KOS = e ÉS x100 = 16.3%; Ts = Tm =0.533; Tp - ae -0.242. 
n On - 
12. 
C(s)= - 5 A, eee 
S(s°+2s+5) s s°+2s+5 
A=1 
5— s^ 2s4 54 Bs! +Cs 
¿B="1,C=-2 
C(s) = 1 s+2 1 s+2 


s s'42s45 s (s+D?+4 


1 
Jb cider 1 rms 


os (s41y44 s (s+D?+4 


1 
c(t) -1—e ‘(cos 2t+ gom 2t) 
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13. 


14. 


15. 


Solutions to Problems 5-23 


Push 2s to the left past the pickoff point and combine the parallel combination of 2 and 1/s. 


Push (2s+1)/s to the right past the summing junction and combine summing junctions. 


2(2s +1 5 
Hence, T(s) — ae uiti H,,(s)=1+ s E=: 
1+2(2s+1)H, (s) E 2s-1 2s 
G K 
SinceG(s) = —————, T(s) = abla = 3 — — . Therefore, 26x = 30. Thus, 6 = 
s(s + 30) 1+G(s) s'-30s-K 


15/0n = 0.5912 (i.e. 10% overshoot). Hence, «y = 25.37 = AK . Therefore K = 643.6. 


960S 
K op? 4 
T(s) = oa i EL Com =0.358;1, = 7 = 0,15. Therefore, a, = 
2 2 O 
+ In“( ) " 
100 


74.49. K = op? = 5549. a = 260 = 53.33. 
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16. 


17. 


18. 


19. 


10K, 
The equivalent forward-path transfer function is G(s) = ————————— . Hence, 
s[s + (10K, + 2)] 
G(s 10K 
T(s) = Sua = 22 . Since 
1+G(s) s -(10K, -2)s 10K, 

T= Sog e195) Wad 3215 2518:5:09 epee are thea! 

Re P? Im 


-1.25+j2.09. Hence, @, = N1.25* +2.09° =,/10K, . Thus, K, = 0.593. Also, (10K; + 2)/2 = Re 
= 1.25. Hence, Kz = 0.05. 


For the i l G ee d He(s) = 0.2s. Therefore, T q erae t 
a. For the inner loop, Ge(s) = $6512) ^ e(S) = 0.2s. Therefore, Te(s) = 1+Gs)Has) ^ 


20 
s(s+16) . Combining with the equivalent transfer function of the parallel pair, Gp(s) = 20, the system 


400 
is reduced to an equivalent unity feedback system with G(s) = Gp(s) Te(s) = s(s+16) . Hence, T(s) = 


G(s) _ 400 
1*G(s  s2+165+400 ` 


b. op? = 400; 260; = 16. Therefore, œn = 20, and ¢ = 0.4. %OS = e 41-7 100 = 25.38; 


4 T 
Ts => 20.5; Tp = — += =0.171.F Fi 4.16, ©nTr = 1.463. H , Tr = 0.0732. 
om p RE e rom Figure Gn; ence, T, 
oq-2Im-ogV1-Q2 = 18.33. 
38343 
T(S) => ; from which, 240, = 200 and oj = 438343 = 195.81. Hence, 
s* + 200s + 38343 
£ - 0.511. 96087e ^ x100 = 15.4496; T, = — ^ — - 0.0187 s. 
@ 41-6? 
Also, T, = = 0.04 s. 
Ej E 
For the generator, Eg(s) = KfIf(s). But, If(s) = zm . Therefore, D - = . For the motor, 


1 1 1 
consider Ra = 2 Q, the sum of both resistors. Also, Je = Ja LG j= 0.75+4xg = 1.75; De = DLG y 


= 1. Therefore, 
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20. 


21. 


Solutions to Problems 5-25 


K, 


Om) _ RJ, | 0286 
Eg(s pre 
g(s) s(47- D, +22) s(s + 0.857) 


But Oo(s) _1 ne Qo (s) " 0.143 anil 
Om) 2° Eds) s(s+0.857)' 7 
Qo(s)  Eg(s) Oo (S) _ 0.286 


E(s) ES Eg(s) ^ s(s.])(s--0.857) | 


No 32 N2 0»2(s 
For the mechanical system, J Gi ) s202(s) = 1G, ) . For the potentiometer, E; (s)- 10 P , Or 
CETTE 
T R S 
02(s) = 5 Ej(s). For the network, Eo(s) = Ej(s) TM Ei(s) ~ or Ej(s) = Eo(s) E 
PGs SRC 
a s+— 
Therefore, 0, (s) = 5 E,(s) RC substitute into mechanical equation and obtain, 
S 
ON, 
E,.(s JaN, 
aa p 
T(s) {s + ~>) 
RC 


The equivalent mechanical system is found by reflecting mechanical impedances to the spring. 


Writing the equations of motion: 


(4s° + 2s +5)9,(s) - 50,(s) = 4T(s) 
—50,(s) + (25 + 5p.) =0 


Solving for 0»(s), 
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(4s +25+5) 4T(s) 


jid 5 Oo} 20T(s) 
aca (4s°+2s+5) -5 ~ Bst + 4s* + 30s? - 10s 
-5 (2s°+5 


The angular rotation of the pot is 0.2 that of 05, or 


OS) 2 2 
T(s) s(4s' +25” +15s+5) 


For the pot: 


For the electrical network: Using voltage division, 


Es) 200,000 s 


E,(s) —4200,000 s+ 
10°s 2 


Substituting the previously obtained values, 


10 


ES) (sese no A P 
T() VTG)AGG)AE(S) gf 544 (Us? +29? +15s+5) 
2 
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Solutions to Problems 5-27 
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23. 


X, ——3X, +X; +r 


X, 3X, — 4x, 5X, +r 


y-x-2x, 


Solutions to Problems 


5-29 
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X,= 7X, +x +r 
X, SOR + 2X, — X +2r 


X, =X +2X, +r 


Y= X +3X, +2X, 


24. 


10 OG) 


. Since G(s) = —— - = , 
arsine GS)" a aa 1ois e504 RO 


C+ 24c+ 191c4- 504c = 10r 


Let, 
C=X; 


C=X, 


Therefore, 


X, =X 


N 


3 


, =—504x, —191x, — 24x, +10r 


X. 
y=x 
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Solutions to Problems 


Therefore, 


25. 


a. Since G(s) = 


Let, 


Therefore, 


xX =-9X +X, 
X, = Bx, +X, 
X, =—7x, +10r 


y=x; 


20 C(s) 


s^415s +665* +805 RO ’ 


c 415 c+66c+80c= 20r 


Poem 
C - X, 
CX, 
NA 
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X; =X, 
2 — X3 
X X, 


X, = —80x, — 66x, — 15x, + 20r 


y=xX 


). Hence, 


b. G(s) (e : )( : )¢ - 
. S)-(—— TEE — a. 
S +2 s+5 s+8 


From which, 


X, =-8X,+X, 
X, = —5X, +X, 


X, =-2X3 + X, 
X, = 20r 


YX, 
26. 


A = 1 + [G2G3G4 + G3G4 + G4 + 1] + [G3G4 + Ga]; T4 = G1G2G3G4; Aq = 1. Therefore, 


EN T141 B G1G2G3G4 
OPE IG) 
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Solutions to Problems 5-33 


27. 
Closed-loop gains: G2G4G6G7H3; G2G5G6G7H3, G3G4G6G7H3; G3G5G6G7H3; GgH1; G7H2 


Forward-path gains: T1 = G1G2G4G6G7; T? = G1G2G5G6G7,; T3 = G1G3G4G6G7; T4 = 
G1G3G5G6G7 
Nontouching loops 2 at a time: GgH1;G7H2 


A = 1 - [H3G6G7(G2G4 + G2Gs + G3G4 + G3G5) + G6H1 + G7H2] + [GgH1G7H2] 


Ay = Az? = A3=Aq4=1 


T141 + ToA2 + T3A3 + T4A4 
Te —— 


G1G2G4G6G7 + G1G2G5G6G7 + G1G3G4G6G7 + G1G3G5G6G7 
— 1- H3G6G7(G2G4 + G2Gs + G3G4 + G3Gs) - GeH, - G7H2 + GgH1G7H2 


28. 
: 2. 1 
Closed-loop gains: -s^; - s 


: 1 
Forward-path gains: T1 = s; T2 7 75 
S 


Nontouching loops: None 


1 1 
A=1-(-s?-7 -7 -3° 


^1=42=1 


T141 + T242 s2 s3+1 


G(s) = == VLL - 
1+(2+h+L4 92) 2shts°+2s 


29. 


G2G3G4G5 
C1\ (E-G2HDA-G4H)) 


no G2G3G4G5G6G7Gg = 


1 ee 
(1-G2H1)(1-G4H2)(1-G7H4) 
G1G2G3G4G5(1-G7H4) 


1-G>H1-G4H>+G2G4H1H2-G7H4+G>G7H1H4+G4G7H>H4-G2G4G7H1H>H4-G2G3G4G5G6G7Gg 


30. 
Lg: 550652 . 2 B, 6 
(s-3)(s-4) (s+3)° s+3 s+4 
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Writing the state and output equations, 


X17-3x1-* x2 


X2-7-3x2*r 
X3 =-4x3+r 


y = 2x1 - 5x2 + 6x3 
In vector-matrix form, 


[-3- 1 0] [o] 


x=l0 -3 0 k+lilr 
lo o -4] Li) 
y-P2 -5 6] 


oe O ar EA 3/4 1 5/4 1 


(s+5)(s +7) Ey ss (Guy ECT 


Writing the state and output equations, 


X17-5x1* X2 
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Solutions to Problems 


X 2 = -5X2 +r 
X3 = -7X3 + X4 
X4=-7x4+r 


3 5 
y-7-4X1*X2-4 X3-X4 


In vector matrix form, 


-5 1 0 0 0 

0 -5 0 0 1 

X = X + r 
0 0 -7 1 0 
0 0 0 -7 1 

pee 2. 

y=| 4 1 4 1| x 

c. 
es = eo ale oq di Al 
[+ 0 fr 4) (+ 5] 95-45 dsd 365+2 É (s+ gp 


Writing the state and output equations, 


X17-2X1*X2 


x22-2x?4r 
x3 =- 4x3 +r 
x4=-5x4+r 

1 1 1 2 
Y=6 X1*36 X2-4 X3* g X4 


In vector-matrix form, 
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31. 


-2 1 ü DO 
sio -2 0 a 
Jà 0 -4 0 
à 0 Oo -5 


X1-7X2 


X27-7x1-2X2-*r 


y = 3x1 +X2 
In vector matrix form, 
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Solutions to Problems 5-37 


Writing the state equations, 


X, =—X, — 2X, — 5X, +r 


y= 6x,+2x, + X, 


In vector matrix form, 
lo 1 oO] fol] 
x=lo o 1lx+lob 


Ii 2 | |i 
y-[6 2 1k 
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X1-7X2 


X27 X3 

X3=X4 

X 4=-4x1 - 6X9 - 5X3 - 3x4 +r 
y = X1 + 7X2 + 2x3 + X4 


In vector matrix form, 


oo 
= 2020 


32. 
a. Controller canonical form: 


From the phase-variable form in Problem 5.31(a), reverse the order of the state variables and obtain, 
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Solutions to Problems 


x 2-X1 

x417-7x?-2xi +T 

y =3x2+X1 
Putting the equations in order, 

x1=-2x1-7x9 +1 

x 2=X1 

y= X1+3X2 


In vector-matrix form, 


Observer canonical form: 


a EO T 
(S) = 215547 . Divide each term by ^7. and get 
d. 9. 
AE. 
G(s) = = As) 
AO R(s) 
gom 


Cross multiplying, 
1.3 2 
E +3 )RG-$ +7 06) 
Thus, 
1 1 
$ (RG) -2C(9)) +33 BRE) - 70(5)) = C(5) 


Drawing the signal-flow graph, 
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Writing the state and output equations, 


X17-2X1*X29-r 


x2=-7x1 + 3r 


y =X1 
In vector matrix form, 


NS a a 
x= | ol" Ha) 
y-[ ok 
b. Controller canonical form: 
From the phase-variable form in Problem 5.31(b), reverse the order of the state variables and obtain, 
X, =x, 
X, =X 
x, = —X,—2X,—5X, 


y=6x,+2Xx,+X, 
Putting the equations in order, 


X = —DX,— 2X, — X, 


y= X +2x, + 6x, 
In vector-matrix form, 
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Solutions to Problems 5-41 


s 2-0 m 
x-l1 0 0bh-lolr 

lo 1 of lo] 
y=[ 2 6k 


Observer canonical form: 


G(s) sence © Divide each term b 1 d get 
= a.» n Divide each term -— an e 
s +55 +25+1 E j 
LE 
G(s) == s? si _C() 
i 5 2 1 R 
1224-545 RO) 
S S S 
Cross-multiplying, 
1 2 6 5.2.1 
(2 pe «S )RG- ( HERE 3)c6) 
S Ss S S s S 


Thus, 


` (R(s)- 5c(s)) * ORG) — 2C(s)) +F RG) — C(s)) = C(s) 


Drawing the signal-flow graph, 


-1 


Writing the state and output equations, 


X =—5X +X, +r 
X, =-2X, +X, +2r 


X, =—X, +6r 


y-[ 0 ok 
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In vector-matrix form, 
[5 1 0] [1] 


x-l-2 0 1k+l2 hr 
la o o] lel] 
y=[ 0 ok 
C. Controller canonical form: 
From the phase-variable form in Problem 5.31(c), reverse the order of the state variables and obtain, 
X47 X3 
X37X) 
X27Xl 
X17 -4x4- 6x3 - 5X2 - 3x1 ^r 


y=xq4t 7x3 + 2X2 + X1 
Putting the equations in order, 


x 1 = - 3x1 - 5x2 - 6x3 - 4x4 +r 
x2=x1 
X3=X9 
X47 X3 


y = X1 + 2X2 +7X3 + X4 
In vector-matrix form, 


E ced 1. "T 
. |1 o o ol lol 
x= X+ r 
lo ı o oÉ lol 
lo 0 1 0 | lo] 


y=[ 2 7 1k 


Observer canonical form: 


0 89328247841 T 1 
G(s) = SR ieee s Divide each term by 2 and get 
e ee E. 
A A E 
G(s) = - els) 
1+2 4,4 R(s) 
S 2 3 
s s s 
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Cross multiplying, 


Thus, 
TRO- 3C(s)) Tm + (2R(s) - 5C(s)) Bg 


Drawing the signal-flow graph, 


2 3 
stata tu RO-üs, + 


Solutions to Problems 5-43 


5 6 
ENDE. +24)06) 


5 (7R(6) - 6C(s)) +4 L(RG)- 4C(s)) - C(s) 


-4 
Writing the state and output equations, 
x 1=-3x1+X2 
x 2=-5X1+X3 
x 3 =- 6X1 + X4 
x 4=-4x1+r 
y=X1 


In vector matrix form, 


2r 


7r 
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Writing the state equations, 


X, =—2x, tX, 

X, = —8x, + X, 

x, = —50x, - 9x, + 50r 
y=X 


In vector-matrix form, 


—2 1 0 0 
x=| 0 -8 1 {x+] OJr 
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Solutions to Problems 


Writing the state equations, 


=X, 


X, — —24x, — 6x, +10x, 


In vector-matrix form, 


0 1 0 0 


x=|-24 -6 10)x+|Ojr 
-1 0 0 1 


y=[1 0 olx 


x2 = -X2 - Xp + 160(1-x1) = -160x, -2x2 +160r 
Y = X1 


In vector-matrix form, 
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d. Since 


, we draw the signal-flow as follows: 


1 
(s+1)2 —s2+2s+1 


Writing the state equations, 
X17X2 


x 2 = -X1 - 2x2 + 16(r-c) = -x1 - 2x2 + 16(r - (2x1+x2) = -33x1 - 18x» + 16r 


: 0 1 0 
X= X+ r 
-33 -18 16 


ý=[2 Ix 


y = 2x1 + x2 


In vector-matrix form, 


34. 
a. Phase-variable form: 


O eee 
s3+352+25+10 


T(s) 


Writing the state equations, 
x 17X2 
x 27X3 
x 3 = -10x1 -2x9 -3x3 + 10u 


y =X1 
In vector-matrix form, 
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Solutions to Problems 


y- [10 0]x 
b. Parallel form: 


Writing the state equations, 


x 1 = 5(U - X1 - X2 - x3) = -5x1 -5X2 -5X3 +5u 
x 27-10(u-x1-x2-x3)- x? = 10x1 + 9x2 + 10x3 - 10u 
x 3 = 5(u - X1 - X? - x3) - 2x3 = -5X1 -5X2 -7x3 +5u 
Y = X1 + X27 X3 
In vector-matrix form, 


[5 -5 +5] [5] 
x=l10 9 10|x+l-10 lu 
[ase eel lil] 
y-[ 1 1k 
35. 


TG) 10(s? - 5s + 6) 
d. De TN A — ————— B 2 ,— RA 
s^ 4- 16s? + 99s? + 244s +180 
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Drawing the signal-flow diagram, 


Writing the state and output equations, 


X,-X, 
X, =X 
X, =X, 


x, = -180x, — 244x, — 99x, — 16x, + 10r 
y-6x +5X, +X; 


In vector-matrix form, 


[ 0 1 0 01] fo] 

: 0 0 1 ol lol 

X X+ r 
0 0 o 1l lo 


| 
a 

|-180 -244 -99 -16| lio] 
y=[6 5 1 Ok 


10(s-2)(s-3)  . 13 10/3 15 12 


= = + 
(s+1)(s+4)(s+5)(s+6) s+1 s+4 s+5 s+6 


b. G(s) = 


Drawing the signal-flow diagram and including the unity-feedback path, 
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Solutions to Problems 


x, = 12(U — = X, HX) — 12x, 
YHX, +X +X; +X, 
In vector-matrix form, 
ee des 1 
3 3 3 3 3 
sf 0, 2 d0 db... |. 10 
age A De 
15 15 20 15 15 
| 12 12 12 0 | | —12 | 
y-[ 11 1k 
36. 
Program: 
'(a)' 
'G(s)' 


G-zpk([-2 -3],[-1 -4 -5 -6],10) 
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'T(s)' 

T=feedback(G,1, -1) 

[numt, dent]-tfdata(T, 'v'); 

'Find controller canonical form' 
[Acc, Bcc, Ccc, Dcc]-tf2ss(numt, dent) 
Al=flipud(Acc); 

'Transform to phase-variable form' 
Apv-fliplr(A1) 

Bpv-flipud(Bcc) 

Cpv-fliplr(Ccc) 

'(b)' 

'G(s)' 

G-zpk([-2 -3],[-1 -4 -5 -6],10) 
'T(s)' 

T=feedback(G,1, -1) 
[numt,dent]-tfdata(T, 'v'); 

'Find controller canonical form' 
[Acc, Bcc, Ccc, Dcc]-tf2ss(numt, dent) 
'Transform to modal form' 

[A, B, C, D] canon(Acc, Bcc, Ccc, Dcc, 'modal' ) 


Computer response: 
ans = 


(a) 
ans - 
G(s) 
Zero/pole/gain: 

10 (s+2) (s+3) 
(st1) (st4) (s*5) (s*6) 
ans = 
T(s) 
Zero/pole/gain: 

10 (s+2) (s+3) 

(s*1.264) (s*3.412) (s^2 + 11.325 + 41.73) 
ans = 
Find controller canonical form 


Acc = 


-16.0000 -99.0000 -244.0000 -180.0000 


1.0000 0 0 0 
0 1.0000 0 0 
0 0 1.0000 0 
Bcc = 
1 
0 
0 
0 
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Ccc 


0 10.0000 50.0000 60.0000 


Dec 


ans = 


Transform to phase-variable form 


Apv = 
0 1.0000 0 0 
0 0 1.0000 0 
0 0 0 1.0000 
-180.0000 -244.0000 -99.0000 -16.0000 
Bpv = 
0 
0 
0 
1 
Cpv = 
60.0000 50.0000 10.0000 0 
ans = 
(b) 
ans - 
G(s) 
Zero/pole/gain: 


10 (s+2) (s+3) 
(s+1) (st4) (s*5) (s*6) 
ans - 
T(s) 
Zero/pole/gain: 

10 (s+2) (s+3) 

(s*1.264) (s*3.412) (s^2 + 11.325 + 41.73) 
ans = 
Find controller canonical form 


Acc = 


-16.0000 -99.0000 -244.0000 -180.0000 


1.0000 0 0 0 
0 1.0000 0 0 
0 0 1.0000 0 
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Solutions to Problems 
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37. 


Bcc - 


ooor 


Ccc = 


0 


Dec 


ans = 


Transform to 


A= 


-5.6618 
-3.1109 


4. 
1.0468 
1. 
9. 


0.1827 


10.0000 50.0000 60.0000 


modal form 


3.1109 0 0 
-5.6618 0 0 
0 -3.4124 0 
0 0 -1.2639 


0.6973 -0.1401 4.2067 


Writing the state equations, 
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38. 


X1-7X2 
X2-7-X]*X3 
X37 X4 


X47X1-X9*r 


Y = -X1+X2 
In vector-matrix form, 
SEEN 
x =| o o 0 L| grs 
1 -1 0 


91 +501 +601 -307-400= 0 


-30 1 - 4091 +02 +502 + 509 =T 
or 


4 = -50 1 - 601 + 30 2 + 402 


05 - 30 1 + 401 - 50 2 - 502 +T 


Letting, 01 = X1 ; 01=X2; 02=X3;:02=X4, 


Solutions to Problems 
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39. 


where x = 0. 


b. Using the signal-flow diagram, 


In vector-matrix form, 


y 


Program: 

numg-7 ; 

deng=poly([® -9 -12]); 
G-tf(numg, deng); 
T=feedback(G, 1) 


[numt,dent]-tfdata(T, 'v') 


[A, B, C, D]-tf2ss(numt, dent); 


'(a)' 

A=flipud(A); 

A=fliplr(A) 

B=flipud(B) 

C-fliplr(C) 

' (b)' 

[a, b, c, d] -canon(A, B, C, D) 


Computer response: 
Transfer function: 


S^3 * 21 s^2 * 108 S * 7 


numt - 


dent 


1 21 108 7 


X1-X)5 


X 2 = -6x1 - 5x2 + 4x3 + 3x4 


X3=X4 


X47 4x1 + 3x2 - 5x3 - 5x4 + T 


y =X3 

0 1 0 
6 -5 4 
0 0 0 
4 3 -5 
[0 0 1 


%Display 
%Convert 
%Convert 
%Convert 
%Convert 
%Display 
%Convert 


ep O O © 


label 

to phase-variable 
to phase-variable 
to phase-variable 
to phase-variable 
label 

to parallel form 
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%0btain controller canonical form 


form 
form 
form 
form 


Solutions to Problems 5-55 


-7 -108 -21 


ROO 


ans = 


(b) 


-0.0657 0 0 
© -12.1807 0 
0 0 -8.7537 


-6.9849 -0.0470 -0.0908 


40. 
x | - Apa + Bir (1) 
yı = C1x1 (2) 
x 2= A2x2 + Boy; (3) 
y2 = C2x2 (4) 
Substituting Eq. (2) into Eq. (3), 


X17 A1x1 + Bur 
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X 2 = B2C1x1 + A2x> 


y2 = C2x2 
In vector-matrix notation, 


41. 
x 17 Api + Bir (1) 
yı = C1x1 (2) 
x 27 Aoxo + Bor (3) 
y2 = Cox? (4) 
In vector-matrix form, 
BEES 
X» O : Ajll X» B2 
y-yi +y2=[C1: c 
42. 
x 17 Aqxj + Bie (1) 
y = C1x1 (2) 
x 2 = Apx + Boy (3) 
p = Cox? (4) 


Substituting e = r - p into Eq. (1) and substituting Eq. (2) into (3), we obtain, 


x 1 = A1x1 + B1(r- p) (5) 
y = C1x1 (6) 
x 2 = Agx2 + B2C1x1 (7) 
p= C2x2 (8) 


Substituting Eq. (8) into Eq. (5), 


X17 Axı = B,C;x, + Bır 
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Solutions to Problems 5-57 


x2= B;C;x; * AX» 


y-Cu 
In vector-matrix form, 


43. 
z-P'APz-4P'Bu 
y= CPz 
4 9 -3 -0.2085 -0.3029 -0.1661 
P'=|0 -4 7 |; .. P=| 0.0228 -0.1075 -0.0912 
-1 -4 -9 0.0130 0.0814 -0.0521 
18.5961 25.4756 5.6156 -58 
P'AP- -12.9023 -28.8893 -8.3909 |; P'B-| 63 |; CP-[1.5668 3.0423 2.7329] 
-0.5733 11.4169 5.2932 -12 
44. 


z-P'APz-P'Bu 


y-CPz 
5 4 9 0.3469 -0.3878 0.2653 
P'-|6 -7 6 |; P=| 0.3673 -0.4694 0.1633 
6 -5 3 0.0816 0.0068  -0.0748- 
-28.2857 40.8095  -40.9048 61 
P'AP-|-18.3061 28.2245 -37.4694 |; P'B-|82|; CP-[-2.0816 2.6599 -1.2585] 
5.3878 -6.5510 -5.9388 74 
45. 


Eigenvalues are -1, -2, and -3 since, 


AIL-AJ=A+3 (A + 2) (A +1) 
Solving for the eigenvectors, Ax = Ax 


or, 
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ds- Say - (A Slay = 0 
- 20-22 = 0 


- 2 [A+ lay = 0 


X3 X2 
For A = -1, x2 = 0, x1 = x3 . For À = -2, x1 = x2 => . For à = -3, x1 =- -5 , X2 = X3. Thus, 


z = P-LAPz + P-1Bu ; y = CPz, where 


E -iù og E -13 

P'AP- o -20 pum | 8 |; ce en 
0 0 -3 -3 

46. 


Eigenvalues are 1, -2, and 3 since, 
[AI-A|-2(X.-3)(& +2) (A- 1) 
Solving for the eigenvectors, Ax = Ax 


Or, 


(-4- 10] + 7x:;- 3x5 = 0 


ro ar e pu = 


X3 
For A =1,x1=x2= 5- For A = -2, x1 = 2x3, X? = -3x3. For À = 3, X1 = X3 , X? = -2x3 . Thus, 


z = P-LAPz + P-1Bu ; y = CPz, where 


El 
-1 1 ü i 2 
P Cap=| 0 -2 0 E = 1  £P=(7,12,9) 
0 0 3 2 
-3 
2 
47. 
Program: 
A-[-10 -3 7;18.25 6.25 -11.75;-7.25 -2.25 5.75]; 
B-[1;3;2]; 
C=[1 -2 4]; 


[P,d]=eig(A); 
Ad-inv(P)*A*P 
Bd-inv(P)*B 
Cd=C*P 
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Solutions to Problems 5-59 


Computer response: 
Ad = 


-2.0000 0.0000 0.0000 
-0.0000 3.0000 -0.0000 
0.0000 0.0000 1.0000 


Bd = 
1.8708 
-3.6742 
3.6742 

Cd = 


3.2071 3.6742 2.8577 
48. 


a. Combine G1(s) and G»(s). Then push K, to the right past the summing junction: 


C(s) 


G e GAS) 


S 
S 
K 
1 


Push KK to the right past the summing junction: 
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S. S5 G © S49) 


K1KG1(s)Go(s 
HE 1K2G4(s)Go(s) 


2 
S S 
1 + K1K2G1(s)G»(s) ( TELS ae) 


b. Rearranging the block diagram to show commanded pitch rate as the input and actual pitch rate as 


the output: 


Actual 
pitch 
rate 


Commanded 
pitch 
rate 


Pushing K» to the right past the summing junction; and pushing s to the left past the pick-off point 


yields, 
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Solutions to Problems 5-61 


Actual 


Commanded 
pitch a pitch 
rate a rate 


Finding the closed-loop transfer function: 


K»sG1(s)G»(s) KosG3(s)G»(s) 


ʻa) ~ 1 + G1(6)G2(8)(s2 + Kos + KiKo) 


T(s) = : 
1+ KasG1(9G209(1 + Ky ie 


c. Rearranging the block diagram to show commanded pitch acceleration as the input and actual pitch 


acceleration as the output: 


Actual 
pitch 
acceleration 


Commanded 
pitch - 


acceleration 
LEES GERNE: G(s) G(s) 
1 2 


Pushing s? to the left past the pick-off point yields, 
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Actual 
pitch 
acceleration 


Commanded 
pitch - 
acceleration 


ES G(s) G(s) 
1 2 


Finding the closed-loop transfer function: 


s2G1(s)Go(s) s?G1(s)G»(s) 


1K2 2) ~ 1+ Gy(s)G2(s)(s2 + Kos + K1K9) 


T(s) = K 
1+ 26190201 PIX E 


49. 
Ki 
Establish a sinusoidal model for the carrier: T(s) = 375 
s^ta 
1 1 
r, K 1 “> X 2 S X4 
-a 
K2 
Establish a sinusoidal model for the message: T(s) = pO 
1 1 
p K, s X 4S X 3 
-b 


Writing the state equations, 
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Solutions to Problems 5-63 


x17X2 
x9 =-a2x, ^ Kir 
X37X4 
x47 - b2x3 + Kor 


y = X1X3 
50. 


The equivalent forward transfer function is G(s) = . The equivalent feedback transfer function 


AZ 
s(s+a1) 
is 


K4s 
H(s) = K3 + Stas . Hence, the closed-loop transfer function is 


G(s) K1K»(s*a?) 


T S pre D eS Se A SA, 
(s) 1 + G(s)H(s) s3 + (ay +a)s2 + (aja? * KYK2K3* KqK2K4)s + KqKoK3a2 


51. 
a. The equivalent forward transfer function is 


5 
Ge (s) -k -5 622) —_ 5K 
1+—5 S953) A (s «3)(s2«25 +5) 


T (s)= Ge m 5K 


v |e 
v |b 


1 K 5 
u O—— 


-1 


Writing the state and output equations from the signal-flow diagram: 
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X,— X, 


x, 2—5Kx, — 5x,- 2x, +5Ku 
y-* 


In vector-matrix form: 


C. 

Program: 

for K-1:1:5 

numt=5*K; 

dent=[1 5 11 15 5*K]; 
T-tf(numt, dent); 

hold on; 
subplot(2,3,K); 
step(T,0:0.01:20) 
title(['K-',int2str(K)]) 
end 


Computer response: 
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Solutions to Problems 5-65 


K=1 K=2 

1 15 
D a Tr. D 
T T T 
2 0.5 = = 
a a a 
& & os & 

ü ü 

0 10 20 0 10 20 0 10 20 

Time (sec) Time (sec) Time (sec) 

: K=4 A K=5 
o o 
3 3 
E 2 1 
a a 
& = 

0 d. -1 > 

0 10 20 0 10 20 
Time (sec) Time (sec) 
52. 
a. Draw the signal-flow diagram: 
1 1 1 1 
1 1666.67 0.06 S 15x10 6 S S S 1 
O O Q 


Write state and output equations from the signal-flow diagram: 


X% =X, 
x =% 

x, 2 -2*10' x, —4*10° x, — 82x, +15*10°x, 
x, 2—100x, — 720x, +100u 

y=X; 
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In vector-matrix form: 


[ 0 1 
. | 0 0 
*7|.2*10 -4*105 
| —100 0 
y =[1 0 0 0|x 
b. 
Program: 


numg=1666.67*0.06*15e6; 
deng=conv([1 720],[1 82 4e6 2e7]); 
'G(s)' 

G-tf(numg, deng) 

'T(s)' 

T=feedback(G, 1) 

step(T) 


Computer response: 
ans = 


G(s) 


Transfer function: 
1.5e009 


S^4 + 802 s\3 + 4.059e006 s^2 + 2.9e009 s + 1.446010 


ans = 
T(s) 


Transfer function: 
1.5e009 


S^4 + 802 s^3 + 4.059e006 s^2 + 2.9e009 s + 1.59e010 


Step Response 


0 0 ] 

1 0 i 
-82 15*10° 

0 -720 | 


Amplitude 


0 L L L 
0 0.2 0.4 0.6 


Time (sec) 
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0 
0 
0 


[ 9 | 
E | 
Tu 
|100] 


53. 


Solutions to Problems 


-272(s2+1.9s+84) 


a. Phase-variable from: G(s) = -3 2 
$?+17.1s“+34.58s-123.48 


Drawing the signal-flow diagram: 


Writing the state and output equations: 
X =X, 
EN 
X, = 123.48x, — 34.58x, - 17.1x, — 272u 
y =84x, +1.9x, + x, 


In vector-matrix form: 


| 0 1 qr T0] 
=| 


x 0 0 1 k+l 0 lu 
1123.48 -3458 -17.1] |-272| 
y=[84 19 1k 
___-272(s2+1.9s+84) 


b. Controller canonical form: G(s) = 3 2 
s?-17.1s^*34.58s-123.48 


Drawing the signal-flow diagram: 
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Writing the state and output equations: 


x, =-17.1x, -34.58x, 4-123.48x, — 272u 


2 5X 


xo 
y-x *19x, + 84x, 


In vector-matrix form: 


[2-171 -34.58 12348] [-272] 
x=| 1 0 o k+l o lu 


lo 1 o 3 Lol] 


y=[ 19 84k 


c. Observer canonical form: Divide by highest power of s and obtain 


-272 516.8 22848 


S s2 j s3 
G()- 7171 3455 12348 
1+ ——5.——. 
S s2 NN 
Cross multiplying, 
272 5168 22048 171 34.58 123.48 48 
[== S pu IR(s) =[1+ => ET E s2 


m. 


c9 == 1 -272R(s) - 17. IC] * 5 [ -516.8R(s) - 34. S8C(S)] + 5 [ -22848R(s) + 123.48C(s)] 


Drawing the signal-flow diagram, where r = u and y = c: 
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IC(s) 


Solutions to Problems 5-69 


-272 


123.48 


d. Draw signal-flow ignoring the polynomial in the numerator: 


1 1 1 
i -272 S 1 S 1 E 
O 
sde n2 xi 
-14 1.8 -4.9 
Write the state equations: 
x, =—4.9x, +X, 
X, =1.8x, +x, 
X, = -14x, -272u 
The output equation is 
y=x,+1.9x,+84x, (1) 
But, 
X, =-4.9x, +X, (2) 
and 
x, =-4.9x,+x, = —4.9(-4.9x, + x,) - 18x, +x, (3) 
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Substituting Eqs. (2) and (3) into (1) yields, 


y =98.7x, - 12x, * X, 


In vector-matrix form: 


[-49 1 0] [0| 
x=| 0 18 1 k+l o lu 

Oc. 26 cepa]. 16972] 
y=[987 -1.2 1k 


e. Expand as partial fractions: 


G (s) = -479.38 —1— -232.94 —1_ «440.32 
s +14 8 


s-1. 


Draw signal-flow diagram: 


Write state and output equations: 


x, =-14x, +-479, 38u 
x, =1.8x, — 232.94u 
X, = —49x, + 440.32u 
y7X t X, t X, 


In vector-matrix form: 
[-14 0 0 | [-47938] 
x-| 0 18 0 lhx+l-232.94 lu 


lo o 9| | 440.32 | 


y-[ 1 1k 
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54. 


Push Pitch Gain to the right past the pickoff point. 


Collapse the summing junctions and add the feedback transfer functions. 


Apply the feedback formula and obtain, 


isi G(s) 0.25(s + 0.435) 


1+G(s)H(s) s «3.45865! + 3.45695” + 0.9693s + 0.15032 
55. 
Program: 
numgi--0.125*[1 0.435] 
dengi=conv([1 1.23],[1 0.226 0.0169]) 
'G61' 
G1i=tf(numg1, deng1) 
'g62' 
G2=tf(2,[1 2]) 
G3=-1 
"H1' 
Hi-tf([-1 0],1) 
'Inner Loop' 
Ge=feedback(G1*G2,H1) 
'Closed-Loop' 
T=feedback(G3*Ge, 1) 


Computer response: 
numgi - 


-0.1250 -0.0544 
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dengi = 


1.0000 1.4560 0.2949 0.0208 


G1 


Transfer function: 
-0.125 s - 0.05438 


G2 


Transfer function: 


Transfer function: 
-S 

ans = 

Inner Loop 


Transfer function: 
-0.25 s - 0.1088 


S^4 + 3.456 S43 + 3.457 s^2 + 0.7193 s + 0.04157 


ans = 
Closed-Loop 


Transfer function: 
0.25 s + 0.1088 


S^4 + 3.456 S43 + 3.457 s^2 + 0.9693 s + 0.1503 
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Solutions to Problems 


ae : 


In Pot 


0.2083 
21.71 


1 
Ep 
= 


Step Sum 1 Gain 1 A | 
Saturation Motor, load, Integrator 1 
2 volt . a 
+5 volts & gears 
faja 
Out Pati 
E 0.2083 4 " 
r Pas He = A 
st1.71 & 
Sum 2 Gain 2 Motor, load,  IntegratorZ Backlas 
& gears Deadband width 


Out Pot2 


0.15 


Scope 


Sum 3 Gain 3 Dead Zone Motor, load, Integrators 
-2to+2 & geamz 
fs 
Out Pot 3 
Sum 4 Gaind Motor, load, — Integrator2 
& gears 
fs 
Out Pat4 
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57. 


58. 


TE DER 


46H PLS Äke 
: : : i 
"7. E [- 


"— a 


Time offset: O 


a. Since Vi (s) = V4(s) — Ve(s), the summing junction has V,(s) as the positive input and Vp(s) as the negative 
input, and V;(s) as the error. Since I(s) = Vi(s) (1/(Ls)), G(s) = 1/(Ls). Also, since Vp(s) = I(s)R, the feedback is 
H(s) = R. Summarizing, the circuit can be modeled as a negative feedback system, where G(s) = 1/(Ls), H(s) = 


R, input = V,(s), output = I(s), and error = V; (s), where the negative input to the summing junction is Vr(s). 


1 
I G Eu 1 
b. T(s) - As) 2 € = TEE = . Hence, I(s) = V, (s) ] 
V,(s) 1+ G(s)H(s) 1+—R Ls+R Ls+R 
Es 
c. Using circuit analysis, I(s) = MG) 
UM = Ls R 
a. 
T= eS L, = -£, L,- EU No non-touching loops. 
S S 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 


QE 
T (s) = LA, = s" = of 
. A rp oP s[s + (a  £)] 
S S 
b. 
T, = ie Iz EM L, = —— , No non-touching loops. 
S S S 


Let H, (s) = = From part d) q, (o0) = Lim sQ, (s) = Lims 
S S 


— T —H,.(s)- K- 
s90 s+(a+ Pf) a+ fp 


constant 


h, (t) = £'(H,(s)) = e i 


From (a) 


pt! Sighi K, 
S s Sc(a f) 


ap 


sis t (a + f) 


a 
gi 9 - as NUM : 
, qr St (a +p) 
S S 
c. 
pi SNL, ELA ETT 
S S 
kae E Xn 
S 
Soy c he a A as 
H, A 1,2, P s- (a + p) 
S 
d. 
IUE pad qp ecl Mosstistoiuledbe 
S S S 
ícqqu UE o En 
S 
ap 
Q, es S = ap 
H, A 1,2, s - (a * f) 
S S 


ap 


_ al apK 
pel al! 


| =K,t+K, +K,e 09 
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59. 


60. 


So Limh, (t) = K,t + K, . Itis clear that h, (t) increases at constant speed. 
toa 


a. 


U U 
We Start by finding —— and —— using Mason’s Rule 


1 2 
U 
U, 
T, = G.G,; Loops: L, = L, = A'G,G, , ho non-touching loops. A —1— 2A'G,G, , A, =1Follows 
U = GcG, 
U, 1-2A°GG, 
B. 
U, 
T, = -G,G,; Loops: L, = L, = A'G,G, , no non-touching loops. A = 1— 2A°G,G,, A, =1Follows 


U | - GG, 
U, 1- 24'G,G, 


By superposition U — AE. U, -U 
TT 1-24/6,6, 01 03) 


b. 


Now we find —— 


ext 


Two forward paths: T, = T, = A'G,G, Loops: L = L, = A'G,G, , no non-touching loops. 


A =1-2A°G,G,. A, =A, =1 
U | 2A'GG, 
FE, 1-2A°G,G, 


ext 


c. From (a) to get u = Q it is required that u, =U,. 


a. The first equation follows from the schematic. The second equation is obtained by applying the voltage 
divider rule at the op-amp's inverting terminal, noting that since the op-amp considered is ideal, there is no 
current demand there. 


R, R, 
b. T, = A; L=-A——— ; A=1+ A———; A, =1 
R, +R, R¡+R; 
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62. 


Solutions to Problems 


v, TA, _ A 
7 E R 
o A TOC ees 

R,+R, 
R 
c. = Lim 2 - E SEP 
A> ; 
n IFA i 


a. Adding currents at the op-amp's inverting terminal, under ideal condition we get 


vi =V, ViVo : : : : : R; R, 
= which after some algebraic manipulations gives V, = 


Vic V, 
R R; R; +R, R; +R, 


i 


Also from the circuits diagram V, — —Av, 


b. These equations can be represented by the following block diagram 


a. The three equations follow by direct observation from the small signal circuit. 
b. The block diagram is given by 
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63. 


64. 


c. From the block diagram we get 


V = 9, (R, Ir.) R, 


o 1 


v, 1*9,(R,|r,) R +R, 


1 


a. Using Mason's rule 


7 ek 1 M 
EDAD, 2 M 2 
s +o, My s +o; 


touching loops. A, =1 


= 0 : = 
= ; Loops L, =+ 


0), CO, 
2 2 2 2 
X, TA, S +0, , S^ +o; 
R A E O € &m,s* 
1+m, 5 3 m, 3 2 
S+E S +O; SHE (s+e)(s° +0, ) 
a. From part (a) 
€ 
X, X% e S ra SHE 
R Rs+e £m,s* 
2 2 
(s-- es^ +0,) 
a. 


>> A=[-100.2 -20.7 -30.7 200.3; 40 -20.22 49.95 526.1;... 


0 10.22 -59.95 -526.1;0000]; 
>> B=[208; -208; -108.8; -1]; 
>> C = [0 1570 1570 59400]; 
>> D = -6240; 


>> [n,d]-ss2tf(A, B,C,D) 
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1.0e+009 * 


Columns 1 through 3 


-0.00000624000000 -0.00168228480000 -0.14206098728000 


Columns 4 through 5 


-3.91955218234127 -9.08349454230472 


1.0e+005 * 


Columns 1 through 3 


0.00001000000000 0.00180370000000 0.09562734000000 


Columns 4 through 5 


1.32499100000000 0 
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>> roots(n) 


ans = 
1.0e+002 * 


-1.34317654991673 
-0.78476212102923 
-0.54257777928519 


-0.02545278053809 
>> roots(d) 
ans = 


0 
-92.38329312886714 
-66.38046756013043 


-21.60623931100260 


Y 
Note that a = 68555.14 , follows that 


6348.17(s + 2.5)(s + 54.3)(s + 78.5)(s - 134.3) 
s(s + 21.6)(s + 66.4)(s + 92.4) 


-G- 


b. 


>> [r,p,k]-residue(n,d) 
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1.0e+005 * 


-0.73309459854184 
-0.51344619392820 
-3.63566779304453 


-0.68555141448543 


-92.38329312886714 
-66.38046756013043 
-21.60623931100260 


0 


-6240 


73309.46 51344.6 363566.8 68555.14 
S s+21.6  s+66.4 s+92.4 


Y 
or S) = —6240 
as ) 
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— £240 


d. The corresponding state space representation is: 


(t) 


à] [o o0 0 0 [x] [-733095 

x,| |0 -216 0 0 px. | 513446 | 

X, |0 0  -664 0 |x,| |-363566.8 

X, lo 0 0  -94|x,| |-68555.14 
Xx, 


y=[ 1 1 1] ^? |. 6240u(t) 
X 


65. 
a. 


>> A =[0 1 0; 0 -68.3 -7.2; 0 3.2 -0.7] 
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O 1.0000 0 
0 -68.3000 -7.2000 


0 3.2000 -0.7000 


>> [V,D]=eig(A) 


V= 
1.0000 0.0147 -0.1016 
0 -0.9988 0.1059 
0 0.0475 -0.9892 
D= 


0 -67.9574 0 


0 0 -1.0426 


Matrix V is the sought similarity transformation. 
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b. 


>> Ad = inv(V)*A*V 


Ad- 


O -0.0000 -0.0000 


0 -67.9574 0.0000 


0 -0.0000 -1.0426 


>> B = [0;425.4;0] 


B= 
0 
425.4000 
0 


>> Bd = inv(V)*B 


4.2030 
-428.1077 
-20.5661 


The diagonalized system is: 
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Solutions to Problems 


z,| [o 0 0 Tz 4.2 
,|-|0 -6796 0  |z,|-|- 428.11 e,, 
z,| |0 0  -1046|z,| |-20.7 

a. 


- Host 
b. There is only one forward path T, = H ,H , 

There are three loops: L, = CH,H,; L, =-H,H, and L}, =—H,H,H,,, 

L, and L, are non-touching loops so 
Azi-L,-IL,-I,-LIL,-1-H,H,-H,H,c-H,H,H,,- H,LH,H,H,H,, 


When T, is eliminated only L, isleftso A, =1— L, =1+ H,H;H ,, 
F, TA, HH, (1+ H,H;H,,) 

Finally — (s) = = 
D A 1+H,H,+HH,+H HH oH H,HH H, 
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67. 


CONTROLLER CANONICAL FORM 


-9 -26 -24 1 
dx/dt=|1 0 0 |x(t) «|o u(t) 


01 0 D 


yt - [1 7 2] x(t + [o] uto 


Enter Numerators and Denominator of System's Transfer Function--recall reverse order! 


Numerator 


E 
9 0 B F fi | 
Denominator 
E i 
0 las J 26 E J 1 


Transfer Function 


2 
Shits 2 


s? +95" + 26s + 24 


OBSERVER CANONICAL FORM 
910 1 


dx/dt = |-26 0 1 | x(t} + [7 | u(t) 
CONTROLLER and OBSERVER CANONICAL FORM SYSTEM PAGES 249-250 -2400 2 


yt = [1 0 0] xt + [o] uo 


Block Diagram: 
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i [CONTROLLER CANONICAL MODEL 
E Function CONTROLLER CANONICAL FORM 


da 


Numerator 
[0st 
Denominator 4 ore 
- n 
ca E 
da B Observer is C Transpose 


Observer is B Transpose 


ii Wi 


BE] 


di n] Mae PA 


mum 
d CONTROLLER OBSERVER. AMENA, MODEL 


(CANONICAL Br PTT] 

H por "| f^ OBSERVER CANONICAL FORM 
Numeric Y 

] 
ATRIX A 
- OBSERVER 

ANONICAL 
ERR Case 


Structure Details: 
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68. 
a. There are two forwards paths: 
1 1 
M,-K,K,.C, "3 and M, = -K,T..K,.C, — 
S 
The loops are: 
1 
L,--K MFG. de 
1 
L, = +K,T, KSC,Ti, E 
L, = CT, Ko; 
L, = -K,C Ty 
There are no non-touching loops. Therefore 
1 1 
A=1+K Km Cs -T LH AR) ER, CI. Pur +K,C I, 
Also A, =A, =1 
K,K Mos : eR m : 
Y, _MA+MA, _ = toe s 
U, A 14 K, KC, 7 l n.-Krkcml Tone, HK OT, 
b. 
There is only one forward path M, = K,C; 
The loops and & are the same as in part a. Also A, = 1. It follows that 
Y, _M, Ai K, C; 
U, A IK Ku, T. =K, FRC st G TKa + K,C Ty 
69. 
a. Assuming Z, = 0 there are two forward paths, M, = Z7" and M, = CZ; 
The loops are 
L, 2 -G,C, 
L,--Z,C, 
L, = -Z.C, G,C, 
L,--Z, 6G ZU. 
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There are two non-touching loops £4 and £2. 


A=1+G,C,+Z-'C,,+Z"CG,C, + ZI C,G,Z,C, -G,C,Z C, 


s~s e SS m 


sirC aze ALC ZO =196C +7 (C ECGZO) 


We also have that by eliminating M, or M, 
A, =A, =1+G,C, 


Y(s)- X, M,A,+M,A, _ (Z3 + Z7 C)(L+ G,C,) _ Z,'C,(1+ G,C,) 
F, A 1-G,C, tZ.(C, +C,Z,G,.C,) 1+GC, tZ.(C, + (C,Z,G,C,) 
b. The system can be described by means of the following diagram: 


Fn 
It follows that 
X, | Y(s) 
F, 1+Y(s)Z, 
70. 
a. There are three forward paths: 
M, =K, (Kn + &- = 3 
a ie al a 
K, 1 
it (e 
s JL;C;s 
M, ers 


The loops are: 


Copyright O 2011 by John Wiley & Sons, Inc. 


5-90 Chapter 5: Reduction of Multiple Subsystems 


R; 
L,2-——- 
L;s 


There are no non-touching loops. 


K,) 1 K,) 1. R 
A=1+K 2 Ko EN a +— 


and A, =A,=A,=1 


K, (K,, +“) port K +) : +(£, s+R da 


Vioad _ M¡A¡+M)A),+M3A3 _ L (eis 
lop A DEI Kj Ki R 
1+K,, ea + 2) HR e an 
b. There are three forward paths: 
K, 1 
M, =K | Ki + J a 
S /L,C,C;s 
it -(&, e Re] 
s / L,C,s 
^ ^ 1 
M, TE rr 
The loops are 
L =-K Kayan l ; 
s )L,C;s 
K 1 
Be (Ka+) 
s JL;s 
R 
L; ==> 
Ls 
There are no non-touching loops. 
R 
A=1+K a| Kp Ea r Muni 
L,C,s S /L,s Ls 
and A, =A,=A,=1 
Ki 
Vioad — Mi¡A¡+M2A7+M3b3 __ K, (Ka+ s os — ts lee at(L, s+R ae 


‘cr 1+K,, (K,, + ad 


*(K, + Ae) inet DE 


S 
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71. 
a. Substituting the values given above into the block diagram, when Av, = 0, we have: 


Ges) G(s) 


1.6(s? +1.25s +0.25) 100 
s s^ +10s +100 


The Mould Level Block Diagram for Av, = 0 


Thus, the closed-loop transfer function is: 


AH m(s) ___Gels):Gy(s):Gx(s):Gm(s) _ 
R(s) 1+ B-Gc(s)- Gy (s): Gy (s): Gm(s) 


1.6(s? +1.255+0.25)f 100 | 0.63 i 
s s? +10s +100 A s + 0.926 /0.5s 


1.6(s? +1.255+0.25) 100 0.63 1 
1+0.5x 
S s? 1410s 4100 ^ s - 0.926 / 0.5s 


T(s) = 


i 201.6(s? +1.25s +0.25) i 
s? (5? «10s «100Js +0.926)+0.5x201.6(s? +1.25s +0.25) 


201.6(s? +1.25s + 0.25} 
s? +10.935* +109.26s° +193.4s* +1265 + 25.2 


b. Simulink was used to simulate the system. The model of that system is shown in Figure P5.x-4*. The 
parameters of the PID controller were set to: K, = 2, K4 = 1.6, and K; = 0.4. The reference step, r(t) = 5 u(t), 
and the casting speed step, vp (t) = 0.97 u(t) were set to start at t = 0. An adder was used to add the initial 


value, 
Hn (0 ) =- 75 mm, at the output, to the change in mould level, 4H. 
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The time and mould level (in array format) were output to “workspace ” sinks, each of which was given the 
respective variable name. After the simulation ended, Matlab plot commands were used to obtain and edit 


the graph of h,,(t) from 0 to t = 80 seconds. 


Casting 
Speed 
Casting Speed Coefficient 
Initial Mould 
Level 
PID(s) 100 0.63 EN 
i mre etry + 
s2+10s+100 s+0.926 0.5s 
Flow-in a 
Reference PID Controller —— low = 
Step Valve f 
Flow-in Flow-out 


Level Sensor 


Sensitivity 


Simulink Model of the Mould Level Control System 


XY Graph 


Ue 


Mould Level 


E 
E i i i i 
E i 
e i i i i i 
Y | | | | | 
Z l ] l l ] 
d i i i i i 
y FS ¿Fs == ===== po ese aes se i a a a E [== soceri ES ¡+ == ASS ae m 
z i i i i i i 
© I I l I l l l 
= i i i i i i 
X EE EE ustedes pana panda EE EE EE : 
-z6l--------- — — M e paid — — Lom I 
p | | | | | | | 
0 10 20 30 40 50 60 70 80 


Time, sec 
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Response of the Mould Level to Simultaneous Step Changes in Reference Input, r(t) = 5 u(t), and Casting 


72. 


Speed, v, (t) = 0.97 u(t) at an Initial Level, H,, (0 ) =-75 


. "S 2X, aV 1 
a. Following the procedure described in Chapter 3 we define = bh and 
sa 
h 
V de aV A 
p=(s+ EL .In time domain X, — 2X = iS . Q = X, + — x, and we also define 
a 


X, = X, . These equations give 


; 0 1 0 
x; X, bh 


>| 


b.The eigenvalues can be obtained directly from the transfer function poles. Thus ds =+ 


g 
h 


Consider A, = Nes , the first eigenvector is found from the solution of Ax, = A,X, or 


2 bep ge e g ae 
g = ,/— . This results in X, = ,|— X, . Arbitrarily let X, = 1 so the first 
h 0| x, h|x, | h 


L 
eigenvectoris V, =| |9 |. 
h 


g 0 1 X, g [X 
Similarly for A, =- ae ; Ax, = AX, or | J 0 === resulting in 
de 2 X 


Y h x h 
1 
X, = 42x . Letting arbitrarily x, = 1 the second eigenvector is V, = {2 ; 
i h 
1 1 
c. The similarity transformation matrix is P = v, V 3] =| gg. _ Jg 
h h 
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LU ag 
h 
1 1 fh 
la | |i ij[h 
pic h _|2 2\g 
Ke iid 
h 2 2X3 


The matrices for the diagonalized are calculated as follows: 


1 ae ` i E i 
5 >47 O0 1 = 
A, =P '‘AP= dS D F | O A = : 
E SE h h 0 En 
2 g 
1 1]h [1 aV 
cce Ep = 
B, =P "B= ee aV |= 2 b. gh 
1 1 hl 1 aV 
= -2 |2| bh] |- == 
2 2Vg 2 b. gh 


g 1 aV 

E S of LIT 
Hi h a Pipe 

2) 0 g (22 _1 av 


73. 


It can be easily verified that the closed loop transfer function for this system is identical to the original. 
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SOLUTIONS TO DESIGN PROBLEMS 


74. 
1 1 1 
Je 7 J a*JL Gg 2232-4 De= Da*Dr (55 = 2+DLG0 )?. Therefore, the forward-path transfer 
function is, 
1 25 
" Lm. ocu -G on 2 
G(s) = (1000) 1 20 . Thus, T(s) = 1G 7 m 25 - 
s(s(De*2)) s“t+7(Det2)st+5— 
4 4 2 
%OS 
= (Too? 25 Det2 
Hence, G = === = 0.456; n =\ [5 ;265057 —-— . Therefore De = 10.9; from 
2.1 (008 2 4 
To Eoo 
which Dy, = 3560. 
75. 
to SF hich, 2 =1and@,=5.H = 0.1. Theref 
a. T(s) = UE rom which, 266; = 1 and wp = 5. Hence, £ = 0.1. Therefore, 
MA par 4 
9608 =e ^^t x100 = 72.92% ; Ts == -8. 
n 
25K1 . 
b. T(s) = S24 (1425K5)s*25Kq ; from which, 26505 = 1+25K2 and @p = 5 [Ki . Hence, 
%OS 
-In (Too? 4 39 
C= ooo: c 02504. Also, Ts=7— =0.2, Thus, Cp = 20; from which K» = 25 and 
2 + In2 OS) = 
n 100 
©n = 39.68. Hence, K1 = 62.98. 
76. 
he equivalent forward path transfer function i Se Th oe 
The equivalent forward path transfer function is Ge(s) = s(1+(1+K9) * Thus, T(s) = DG) = 
K 
24(1+Kp)stK . Prior to tachometer compensation (Kọ = 0), T(s) = UE Therefore K = oj? = 
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100 


100. Thus, after tachometer compensation, T(s) = > 
s4+(1+K2)s+100 


. Hence, œp = 10; 2604 = 1+K. 


Therefore, Kp = 26505 - 1 = 2(0.69)(10) - 1 = 12.8. 


77. 
At the N; shaft, with rotation, O, (s) 


(J,,8° + D,,8)0,(s) + F(s)r = T,, (s) 
F(s)= (Ms* + f,s)X(s) 
Thus, 
(eS + D4s)8, (s) + (Ms" + f,8)X(5)r = T, (s) 
But, X(s) = r0, (s). Hence, 
[Jaq + Mr’)s? + (Day + frs P,(s) = TG) 
where 
2 
4,240) + =5 
2 
D,, = D(2)+D=4+D 
r=2 
Thus, the total load inertia and load damping is 
J, =J„ + M? =5+4M 
D, =D,, + f? =4+ D+(DQ)Y =8+ D 
Reflecting J; and D; to the motor yields, 
_G+4M)_) _(8+D) 
m 4 > “mn 4 


Thus, the motor transfer function is 


J 


K ES 
0. (s) RJ, E J, 
E,(S) s(s +0, NC ) s(s eT (D, +1) 


The gears are (10/20)(1) = 1/2. Thus, the forward-path transfer function is 


( 1 Y 

7 | d |i 

G, (s) = (500) 6 LO, ay E 
s(s + P, 21] 


\ 


Finding the closed-loop transfer function yields, 
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Solutions to Problems 5-97 


G, (s) 250/ J 
To = > e m 
OEO DE, 250 
m de 


+1 
For T,=2, " = 4. For 20% overshoot, € = 0.456. Thus, 


D +1 
250, = 2(0.456) 0, = F =4 


m 


[250 
Or, (0, = 4.386 = FE ; from which J,, =13 and hence, D, = 51. But, 


y 64M) p _@+D) 


a ) . Thus, M = 11.75 and D = 196. 
4 


a. The leftmost op-amp equation can be obtained by superposition. Let V, = O, then the circuit is 


10k 


an inverting amplifier thus V, = -——v,, = —V,, . Now let v,, = O, the circuit is a non-inverting 
10k 


amplifier with an equal resistor voltage divider at its input, thus 
10k 1 10k 


v = (14 )v, = V,- Adding both input components V, = V, — V; 
t 10k+10k° 10k ^ ^ Vire WR 


b. The two equations representing the system are: 
V, — V, — Vi and 

1 1 
V. 0.1us 0.1uR 
n l S+ q 
0.1us 0.1uR 


The block diagram is: 


Copyright © 2011 by John Wiley & Sons, Inc. 


5-98 Chapter 5: Reduction of Multiple Subsystems 


c. From the figure 


M 7 
0.1uR 
1 1 
S+ — 
Vo 0.1uR 0.1uR 
k 0 7 = 0.1 
1+ E m 
S E ee 


4 
d. The system is first order so T, = E E 0.2 uR = 1m sec from which 


0.1uR 


For a unit step input the output will look as follows 


Step Response 


Amplitude 


Time (sec) x 10? 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 5-99 


79. 
a. 
YY cat 
Spring 
displacement 
Desired Input j 
force | 1 | voltage” E o) ; K 1 Fup 0.7883( s+53 85) 
100 1000 (s? + 15.475 -9283)(s^*- 8.119 s+ 3763) 
Pantograph Spring 


Actuator 


dynamics 


Input Controller 


transducer 


Sensor 


Y(s)-Y,G) _ 0.7883(s + 53.85) 


b. G(s) = = 5. 2 
E, (s) (s! + 15.475 + 9283) (^ +8.119s + 376.3) 


648.7709 (s+53.85) 


G.(s) = (K/100)*(1/1000)*G(s)*82.3e3 = 
(s? + 8.119s + 376.3) (s^2 + 15.47s + 9283) 


648.7709 (s+53.85) 


T(s) = Ge/(1+Ge) = 
(s^2 + 8.189s + 380.2) (s? + 15.4s + 9279) 


648.8 s + 3.494e04 


s* + 23.59 s? + 9785 s? + 8.184e04 s + 3.528e06 


C. 
For G(s) 7 (yh-ycat)/Fup 


Phase-variable form 


Ap = 
0 1 0 0 
0 0 1 0 
0 0 0 1 
-3.493e6 -81190 - 9785 -23.59 
Bp- 
0 
0 
0 
1 
Cp = 
42.45 0.7883 0 0 


Using this result to draw the signal-flow diagram, 
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0.7883 


desired V 
0.01 up 
O 9 1000 


-3.493x106 


-0.01 


Writing the state and output equations 


X% =X, 
X, =X; 
X, =X, 


X, = —23.59x, — 9785x, — 81190x, — 3493000x, +0.01f,.,., — 0.01 f,,, 
But, 


fu. = 42.45 * 82300 x, + 0.7883 *82300x, 


Substituting fo, into the state equations yields 


x, = —3527936.35x, -81838.7709x, — 9785x, — 23.59x, + 0.01 fees 


Putting the state and output equations into vector-matrix form. 


l^. 0 1 0 TOA 
- | 0 0 1 o Iio] 
= + . 
X | 0 0 0 1 | | 0 |facsired 


|-3.528x10° -81840 -9785 -23.59| | 0.01| 
y= fy =[3494000 64880 0 Ok 
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a. The transfer function obtained in Problem 3.30 is 


Y" — 520s — 10.3844 
U, s°4+2.6817s* +0.11s + 0.0126 


by inspection we write the phase-variable form 


X, 0 1 0 x | [0 
x, |= 0 0 1 x, | +] 0 ju, 
x, | |-0.0126 -0.11 -2.6817|x,| |1 
x, 
y =[-10.3844 -520 0] x, 
X 


b. We renumber the phase-variable form state variables in reverse order 


X, 0 1 0 x,| [0 
xX, |= 0 0 1 X, |+] O lu 
x | |-0.0126 -0.11 -2.6817|x | |1 
X3 
y-|-10.3844 -520 0] x, 
x, 


And we rearrange in ascending numerical order to obtain the controller canonical form: 


x | [-2.6817 -0.11 -0.0126]x,] [1 
X, |= 1 0 0 X, |+] 0 ju, 
X, 0 0 1 x,| [0 
Xx 
y=[0 -520 -10.3844] x, 
X3 


c. To obtain the observer canonical form we rewrite the system's transfer function as: 


520 10.3844 

LN ME NER 

U, 1, 26817 , 0.11, 0.0126 
S S S 


We cross-multiply to obtain 
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- 520 | oM p, B m 2.6817 , 0.11 Ed 
S 


s? s? s? s? 


Combining terms with like powers of integration: 


ys [- 2.6817 Y ]-- E 520R —0.11Y |+ 1 [-10.3844R —0.0126Y | 
S S S 
1 


- 1- 2.6817Y + Hp 520R — 0.11Y ]-- 11 10.3844R - oorasr]] 
S S S 


We draw the signal flow graph: 


- 520 


= 2.06817+ 


— 0.0126 


The following equations follow: 
X, =-2.6817x, + x, 

x, =-0,11x, + x, — 520r 
X, = —0.0126x, —10.38r 
JUS 


Which lead to observer canonical form: 
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x | [72.681 1 O] x, 1 
Xx, |=| -0.11 0 1|x, |+| -520 lu; y=[1 0 
Xx, | |-0.0126 0 O|x,| |-10.38 

d. 


>> A=[-0.04167 0 -0.0058; 0.0217 -0.24 0.0058; 0 100 -2.4]; 


>> B=[5.2;-5.2;0]; 


>> C=[0 0 1]; 


>> [V,D]=eig(A); 


>> Bd=inv(V)*B 


Bd = 


1.0e+002 * 


-0.9936 + 0.0371i 


-0.9936 - 0.0371i 


1.9797 


>> Cd = CV 


Cd = 


0.9963 0.9963 1.0000 
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A 


0] x, 


X3 


5-103 
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>>D 
D= 
-0.0192 + 0.0658i 0 0 
0 -0.0192 - 0.0658: 0 
0 0 -2.6433 


So a diagonalized version of the system is 


x, | [-0.0192 + j0.0658 0 0 x, | [-99.36+ j3.71 
X, |= 0 — 0.0192 — j0.0658 0 |x, |+| 99.36 — j3.71 lu, 
X, 0 0 — 2.6433 | x, 197.97 

Xx 

y =[0.9963 0.9963 1] x, 

X 


3 


81. 
a. Substituting all values and transfer functions into the respective blocks of the system 
(Figure 4), we get: 


Copyright O 2011 by John Wiley & Sons, Inc. 


Ref. 


Sieng 


Solutions to Problems 


Torque Armature Armature iui Motor 
Res. Current Angular 
Speed Speed Controller T(S) Speed 


R«(s) La(s) 


rror 


5-105 


Friction Speed 
Torque V(s) 
Feedback Feedback qu 
Current Signal Back emf 
Speed Signal Kes la(s) 
Current Sensor 
Sensitivity 
A — — — ———— 
Speed Sensor 
Sensitivity 
0.0443 
1 : : r 0.3 f m 
Moving the last pick-off point to the left past the — = A = 0.06154 block and changing the position of the 
ltot . 


back-emf feedback pick-off point, so that it becomes an outer loop, we obtain the block-diagram shown below. In 


that diagram the 


blocks into one, we have the following equivalent feedback transfer function: 


1 
Bs) 72263... 01384 
eq (5) = = 043787 - 
T(s) ,,9. s + 0.01908 
7226s 
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Replacing that feedback loop with its equivalent transfer function, G,,(s), we have: 


Moving the armature current pick-off point to the right past the and G,,(s) blocks, the above block-diagram 


T(s) 
( 


a 


becomes as shown below. 
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The latter, in turn, can be reduced to that shown next as the cascaded blocks in the feedback to the torque controller 


Kesla(s) _ s +0.01908 
O(s) 0.4982 


are replaced by the single block: and the inner feedback loop is replaced by its 


equivalent transfer function: 


02491 

O(s) ^ s«001908 02491 

Uj(s) ,, 02491 ., s40.5173 
s--0.01908 


Q (s) V(s) 


Rds) EUs) A 1os+6| “a Ut) ET 
ET 


s+0.01908 
0.4982 


0.06154 


0.0443. ———— 
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Thus: 


Finally 


10s+6)\( 02491 
Qs) _ s As+0517 0.2491(10 s--6) 


wO ee s] mae] ~ 5 (840.5173) 0.5 (10s+6) (s+0.01908) 


S s+0.517 0.4982 


E S+ 2) 0.2491 (10 s +6) 
O(s) | S s (s - 0.5173) 0.5 (10 s + 6)(s + 0.01908) 


RS) (—€— (mos em) 0.2491 (10 s + 6) 
l s s (s+0.5173)+0.5(10 s + 6) (s + 0.01908) 


or 


AS) _ 2491 ( s+0.4) (s+0.6) 
RS) s(6s?-+3.6125+0.0572}+11035(s 


2+5+024) 
2491 (s--04) (s+0.6) 


657+14.644%+11.09+2.65 


VO 00015208 _ ins (5504850) 
R,(s) R,(s) 6s? +14.644 s^ +11.09 s + 2.65 


Hence: 


b. Simulink was used to model the HEV cascade control system. That model is shown below. The reference 


signal, F, (t), was set as a step input with a zero initial value, a step time = O seconds, and a final value 
equal to 4 volts [corresponding to the desired final car speed, v (co) = 60 km/h, e.g. a desired final value of 
the change in car speed, Av (o ) = 5.55 m/s]. The variables of interest [time, change in car speed, 
acceleration, and motor armature current] were output (in array format) to four “workspace” sinks, each of 
which was assigned the respective variable name. After the simulation ended, Matlab plot commands were 
utilized to obtain and edit the required three graphs. These graphs are shown below. 


The simulations show that in response to such a speed reference command, car acceleration would go 
initially to a maximum value of 10.22 m/s? and the motor armature current would reach a maximum value 
of 666.7 A. That would require an electric motor drive rated around 80 kW or using both the electric motor 
and gas or diesel engine, when fast acceleration is required. Most practical HEV control systems, however, 
use current-limiting and acceleration-limiting devices or software programs. 
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time 


Clock To Workspace1 


l 


mO 
0.06154 p| du/dt ++ > | 
Derivative Acceleration 


Linear vs Time 
Speed / 
Angular 

Speed 


Armature Aerodynamic Drag 
Res, Ra 
5 i 
>O PG "Oe pig) Ly» > : > pl. = 
Referece S rl - T 
; peed Torque Torque Const. Motive HEV Inertia 
Signal Controller Controller x Efficiency minus Referred to 
and Power Resistive Motor Shaft 
Amplifier Torques 
Back EMF Friction 
Const, Kb1 Coeff., D 


System 


Current Sensor 


Sensitivity, Kes 
0.0443 | ———— — — — — — — — — ——À 


Speed Sensor 
Sensitivity, Kss 


Model of the HEV Cascade Control 


Armature 
Current vs Time 


L5 | acceleration 


To Workspace2 


Speed 


To Workspace 


2223 Current 


To Workspace3 


Change in Car Speed in Response to a Reference Step 


Ww A5 uei 


N 


Change in Car Speed, m/sec 


Time, sec 


Change in car speed in response to a speed reference signal step of 4 volts 
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Acceleration in Response to a Speed Change Command 


Car Acceleration, m/s? 


Time, sec 


Car acceleration reponse to a speed reference signal step of 4 volts 


Armature Current in Response to a Speed Change Command 


500r 


400 


300 


200 


Armature Current, A 


Time, sec 


Motor armature current reponse to a speed reference signal step of 4 volts 
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Stability 


SOLUTIONS TO CASE STUDIES CHALLENGES 


Antenna Control: Stability Design via Gain 


From the antenna control challenge of Chapter 5, 


76.39K 


T S -——————-———— 
(S) s3+151.32s2+198s+76.39K 


Make a Routh table: 


29961.36-76.39K 
sl 151.32 


From the s1 row, K«392.2. From the s0 row, 0<K. Therefore, 0<K<392.2. 


UFSS Vehicle: Stability Design via Gain 


- 0,125 (s+ 0.437)-2 
s (s+ 2) (s+ 1.88] (s+ 0.133) 
Ga. el 
1+ 61 [- 5] 
] - 0.255- 0,10925 
oly 3,483534 3,446552 4 0.607195 
G, = —-K,G, 
E (0.25s +0.10925)K, 
2 sf 4 3.483s? + 3.465s? + 0.60719s 


G] = 


ro- (025s+0.10925K,_ — 
1+G (s) sf +3.483s° +3.465s° +0.25(K, + 2.4288)s + 0.10925K, 
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5 i o HB 
3.483 


(Ky + 42141(K1 - 26.42) 
25 Ki - 45.84 


For stability : 0 < K1 < 26.42 


ANSWERS TO REVIEW QUESTIONS 


1. Natural response 

2. It grows without bound 

3. It would destroy itself or hit limit stops 

4. Sinusoidal inputs of the same frequency as the natural response yield unbounded responses even though 
the sinusoidal input is bounded. 

5. Poles must be in the left-half-plane or on the jo axis, but not multiple. 

6. The number of poles of the closed-loop transfer function that are in the left-half-plane, the right-half- 
plane, and on the jo axis. 

7. If there is an even polynomial of second order and the original polynomial is of fourth order, the original 
polynomial can be easily factored. 

8. Just the way the arithmetic works out 

9. The presence of an even polynomial that is a factor of the original polynomial 

10. For the ease of finding coefficients below that row 

11. It would affect the number of sign changes 

12. Seven 

13. No; it could have quadrantal poles. 

14. None; the even polynomial has 2 right-half-plane poles and two left-half-plane poles. 

15. Yes 

16. Det (sI-A) = 0 
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SOLUTIONS TO PROBLEMS 

1. 
s? 1| 5 1 
s 31.4 3 
s? 3.667 | 0 0 
s 4 3 0 
s! -2.75 | 0 0 
s? 3| 0 0 

2 rhp; 3 Ihp 
2. 


The Routh array for P(s) = s? + 6s? +5s* +8s + 20 is: 


s |1 6 8 

s^ 0e 5 20 
5 20 

3 ic A 

S 
E E 

s [5 20 

S 0- 10 

1 20 


The auxiliary polynomial for row 4 is Q(s) = 5s? + 20, with Q'(s) — 10, so there are two roots on 


the J@-axis. The first column shows two sign changes so there are two roors on the right half-plane. 


The balance, one root must be in the left half-plane. 
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3. 
3° 1 4 3 
s -1 -4 25 
s? E 1 0 
1- 4e 
s? z -2 0 
26° 4+1-4e 
s 1- 4g E. 
s? -2 0 0 
3 rhp, 2 Ihp 
4. 
5 
S 1 3 2 
s* -1 i -2 
3 
S -2 -3 ROZ 
2 
S -3 -4 
T 
S -1/3 
s? -4 


Even (4): 4 jo; Rest(1): 1 rhp; Total (5): 1 rhp; 4 jo 
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5. 
s 1 8 15 
s? 4 20 0 
s 3 15 0 
s! 6 0 0 ROZ 
s? 15 0 0 
Even (2): 2 jo; Rest (2): 2 Ihp; Total: 2 jo; 2 Ihp 
6. 
s? 1 -6 1 -6 
s? 1 0 1 
s -6 0 -6 
s? -24 0 0 ROZ 
s? £ -6 
s! -144/8 0 
s? -6 
Even (4): 2 rhp; 2 lhp; Rest (2): 1 rhp; 1 Ihp; Total: 3 rhp; 3 Ihp 
7. 
Program: 
den=[1 1 -60 1 1 -6] 
A-roots(den) 
Computer response: 
den = 
1 1 -6 0 1 1 -6 
A= 
-3.0000 
2.0000 


-0.7071 + 0.7071i 
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-0.7071 - 0.7071i 
0.7071 + 0.7071i 
0.7071 - 0.7071i 


Program: | 
%-det([si() si();sj() s301)7s30 
%Template for use in each cell. 


syms e %Construct a symbolic object for 

%epsilon. 
9626269626962626262626969626267676909090962626)6)0709p $$ $ $ $ DDD IO OOOO 
s5=[1 4 3 0 0] %Create s^5 row of Routh table. 
96262696962626262626969696262676)6)0096262626)6670269 $ $ $ $ $ $ $ DIO 
s4=[-1 -4 -2 0 0] %Create s^4 row of Routh table. 


9696962626969696962620967076766626969696962696707070760696269696962620)6)67076662626969696262620)07076602696969696969076)0)0)0)6 
if -det([s5(1) s5(2);s4(1) s4(2)])/s4(1)== 
s3=[e... 
-det([s5(1) s5(3);s4(1) s4(3)])/s4(1) 0 0]; 
%Create s43 row of Routh table 
%if ist element is O. 
else 
s3=[-det([s5(1) s5(2);s4(1) s4(2)])/s4(1) 
-det([s5(1) s5(3);s4(1) s4(3)])/s4(1) 0 0]; 
%Create s43 row of Routh table 
%if 1st element is not zero. 
end 
969696962696969696262020707676626969696969626967070/07626696269096962620)6)6)076602626969696262620)0/0766)626969696969626)6)0)0)0)6 
if -det([s4(1) s4(2);s3(1) s3(2)])/s3(1)== 
s2-[e : 
-det([s4(1) s4(3);s3(1) s3(3)])/s3(1) 0 0]; 
%Create s^2 row of Routh table 
%if ist element is O. 
else 
s2-[-det([s4(1) s4(2);s3(1) s3(2)])/s3(1) 
-det([s4(1) s4(3);s3(1) s3(3)])/s3(1) 0 0]; 
%Create s^2 row of Routh table 
%if 1st element is not zero. 
end 
969696962696969696262096707676669626969696267670)0/076669626909696262026)0)0766262626969696262620)0/07669026909696962626)6)0)0)0)6 
if -det([s3(1) s3(2);s2(1) s2(2)])/s2(1)== 
si=[e ; 
-det([s3(1) s3(3);s2(1) s2(3)])/s2(1) 0 0]; 
%Create s^1 row of Routh table 
%if ist element is O. 
else 
si-[-det([s3(1) s3(2);s2(1) s2(2)])/s2(1) 
-det([s3(1) s3(3);s2(1) s2(3)])/s2(1) 0 0]; 
%Create s^1 row of Routh table 
%if 1st element is not zero 
end 


962626262670262626267626702626262670262020267626762670262626207026202026262670267076267620702620702626262026207626762070260702676267076 


se-[-det([s2(1) s2(2);s1(1) s1(2)])/s1(1) 
-det([s2(1) s2(3);s1(1) s1(3)])/s1(1) 0 0]; 
%Create s^0 row of Routh table. 
9696262626262676262620267026702620702070267020267026202026702076262070207026202020702676207670207626207020702070202670267020207020702676 


's3' %Display label. 
s3=simplify(s3); %Simplify terms in s^3 row. 
pretty(s3) %Pretty print s^3 row. 

's2' %Display label. 
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s2-simplify(s2); 
pretty(s2) 

"st' 
si=simplify(s1); 
pretty(s1) 

's0' 
sO-simplify(s0); 
pretty(sO) 


Computer response: 


s5 = 


ans 


s3 


ans 


s2 


ans 


s1 


ans = 


240 


T(s) = 


Solutions to Problems 6-7 


%Simplify terms in s^2 row. 
%Pretty print s^2 row. 
%Display label. 

%Simplify terms in s^1 row. 
%Pretty print s^1 row. 
%Display label. 

%Simplify terms in sO row. 
%Pretty print sO row. 


[e 1 0 0] 


[ -1+4e ] 

[o aria -2 0 6] 

[ e ] 
[ 2 ] 
[ 2e +1 -4e ] 
[A Sheed sees pts 0 0 0] 
[ -1+4e ] 


s4 + 10s? + 3552 + 50s + 264 
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2 rhp, 2 Ihp 


10. 
Program: 
numg-240; 
deng-poly([-1 -2 -3 -4]); 
'G(s)' 
G-tf(numg, deng) 
'Poles of G(s)' 
pole(G) 
'T(s)' 
T=feedback(G, 1) 
'Poles of T(s)' 
pole(T) 


Computer response: 
ans = 


G(s) 
Transfer function: 
240 
S44 + 10 s^3 + 35 S^2 + 50 Ss + 24 


ans = 


Poles of G(s) 


ans 


.0000 
.0000 
.0000 
.0000 


1 
EDO. 


ans 
T(s) 
Transfer function: 
240 
S^4 + 10 SA3 + 35 s^2 + 50 s + 264 
ans = 
Poles of T(s) 
ans = 
-5.3948 + 2.6702i 


-5.3948 - 2.6702i 
0.3948 + 2.6702i 
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Solutions to Problems 6-9 


0.3948 - 2.6702i 


System is unstable, since two closed-loop poles are in the right half-plane. 


11. 
TG) 7 15 49241 
Even (4): 4 jo 
12. 
The characteristic equation is: 
(s * 2) 
s(s —1)(s +3) 
s(s -1)(s - 3) - K(s - 2) 0 or 
s? -2s? +(K —3)s+2K =0 
The Routh array is: 
s? 1 K-3 
s? 2 2K 
s -3 
1 2K 


The first column will always have a sign change regardless of the value of K . There is no value of 


K that will stabilize this system. 
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13. 
T(s) = A A 
a s? + 5s +125° 4 25s? +45s* 4- 50s? + 825” + 60s + 84 
sê 1 12 45 82 84 
s” 1 5 10 12 
sê 1 5 10 12 
s? 3 10 10 ROZ 
s 5 20 36 
s? -5 -29 
s? E 4 
s! -49 
s? 4 
Even (6): 2 rhp, 2 lhp, 2 jo; Rest (2): 0 rhp, 2 Ihp, 0 jo ; Total: 2 rhp, 4 Ihp, 2 jo 
14. 
1 
T(s) = ——A—M—— 
(s) 2s* +55+ s 42841 

s^ 9 1 1 

s? 5 9 0 

s? 1 5 

s! -23 0 

s? 5 
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Total: 2 Ihp, 2 rhp 
System is unstable 


Solutions to Problems 6-11 


15. 
8 
LS) = udo m LT 
s” -28°-s° +2s* -- As? — 8s? — 45 +8 
s 1 -1 4 -4 
sê -2 2 -8 8 
B. -12 8 -16 0 ROZ 
sf 0.6667 | -5.333 8 0 
s? -88 128 0 0 
s? -4.364 8 0 0 
s! -33.33 0 0 0 
s? 8 0 0 0 
Even (6): 3 rhp, 3 Ihp; Rest (1): 1 rhp; Total: 4 rhp, 3 lhp 
16. 
Program: 
numg-8; 
deng=[1 -2 -1 2 4 -8 -4 0]; 
' G ( S ) ' 
G-tf(numg, deng) 
' T( S ) 1 


T=feedback(G, 1) 
'Poles of T(s)' 
pole(T) 


Computer response: 
ans = 


G(s) 


Transfer function: 
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Transfer function: 


S47 - 2 S46 - SA5 + 2 S44 + 4 SAB - 8 SA2 - 45 + 8B 


ans = 


Poles of T(s) 


-1.0000 + 1.0000i 


-1.0000 - 1.0000i 


1.0000 + 1.0000i 
1.0000 - 1.0000i 


1.0000 
Thus, there are 4 rhp poles and 3 lhp poles. 
17. 
Even (6): 1 rhp, 1 Ihp, 4 jo; Rest (1): 1 Ihp; Total: 1 rhp, 2 Ihp, 4 jo 
18. 
18 
T(s) == 3 2 
S +s —7s —7s —18s-18 
s 1 -7 -18 
s 1 -7 -18 
s? 4 -14 0 ROZ 
s -3.5 -18 0 
s! | -34.57 0 0 
s? -18 0 0 
Even (4): 1 rhp, 1 Ihp, 2 jo; Rest (1): 1 Ihp; Total: 1 rhp, 2 Ihp, 2 jo 
19. 
G (s )= o9 LL HH (s) = 1. Therefore, 
s^«3s?«10s 2*30s +169 s 
T (s ) _ G B 507 s 


1*GH 5543544105 3430s 7+169s +507 
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20. 


21. 


22. 


Solutions to Problems 6-13 


Even (4): 2 rhp, 2 Ihp, 0 jo; Rest (1): 0 rhp, 1 Ihp, 0 jo; Total (5): 2 rhp, 3 Ihp, 0 jo 


K(s2+1) aa T 
T(s) = ( . For a second-order system, if all coefficients are positive, the roots 


(1+K)s2 + 3s + (24K) 


will be in the Ihp. Thus, K > -1. 
K(s+6) 


TO= $ 4557 +(K +4)s+6K 


s? 1 4+K 
s? 5 6K 
s! 20 -K 0 
5 6K 0 


Stable for 0 « K < 20 


=0 or s^ +(K — b)s- Ka = 0. The 


- 1, K(s-a) 
The characteristic equation for all cases is 1 + —— —— 
s(s — b) 
Routh array is 
s? 1 -K 
S K-b 
1 — Ka 
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a) a<0b<0>K>b,K>0>K>0 
bpa<0b>0>K>b,K>0>K>b 
c)a>0,b<0>K>b,K<0>b<K<0 


d) a>0,b>0>K >b, K <0> No solution 


23. 


K(s+3)(s +5) 
(1+ K)s° +(8K —6)s+(8+15K) 


—— — For 1* column negative | For 1* column positive 


T(s) = 


K > -8/15 


Stable for K > 6/8 

24. 

Program: 

K=[-6:0.00005:0]; 

for i=1:length(K); 

dent=[(1+K(i)) (8*K(i)-6) (8+15*K(i))]; 

R=roots(dent); 

A=real(R); 

B=max(A); 

if B>0 

R 

K=K(i) 

break 

end 

end 

K=[6:-0.00005:0]; 

for i=1:length(K); 

dent=[(1+K(i)) (8*K(i)-6) (8+15*K(i))]; 

R=roots(dent); 

A=real(R); 

B=max(A); 

if B>0 

R 

K=K(i) 

break 

end 

end 
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25. 


Solutions to Problems 6-15 


Computer response: 


R= 
1.0e+005 * 
2.7999 
-0.0000 
K = 
-1.0000 
R= 
0.0001 + 3.3166i 
0.0001 - 3.31661 
K = 
0.7500 
Program: 


%-det([si() si();sj() s301)7s30 
%Template for use in each cell. 


syms K %Construct a symbolic object for 
%gain, K. 

s2=[(1+K) (8+15*K) 0]; %Create s^2 row of Routh table. 

s1-[(8*K-6) 0 0]; %Create s41 row of Routh table. 


se-[-det([s2(1) s2(2);s1(1) s1(2)])/s1(1) 
-det([s2(1) s2(3);s1(1) s1(3)])/s1(1) 0 0]; 
%Create s^0 row of Routh table. 


"s2' %Display label. 
s2=simplify(s2); %Simplify terms in s^2 row. 
pretty(s2) %Pretty print s^2 row. 

si" %Display label. 
si=simplify(s1); %Simplify terms in s^1 row. 
pretty(s1) %Pretty print s^1 row. 

"so' %Display label. 
sO0=simplify(s0); %Simplify terms in sO row. 
pretty(sO) %Pretty print sO row. 
Computer response: 

ans - 

s2 


[1 + K 8 + 15K 0] 


ans 


s1 


[BK - 6 0 9] 


ans 


so 
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[B * 15K © 0 0] 


26. 
2 
T(s) = 2 2 10h . For positive coefficients in the denominator, —1 < K < EN 
(K+Ds*+(3-16K) 1 
Hence marginal stability only for this range of K. 
27. 
pe MS E " 
T(s) FOSA KSK" Always unstable since s? and s^ terms are missing. 
28. 
T(s)= Ks? + 7Ks° + 2Ks - 40K 
Ks? + (7K +1)s* +2Ks+(12-40K) 
54K? -10K 
2 CK - 
|l] O 
1 12 
For stability, — z < K < — 
54 40 
29. 
T(s) = K(s+2) 


s4 + 353 - 352 + (K+3)s + (2K-4) 


Conditions state that K < -12, K > 2, and K > -33. These conditions cannot be met simultaneously. 


System is not stable for any value of K. 
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30. 


31. 


32. 


Solutions to Problems 6-17 


K 
T(s) E 2 
s*+1425* + 60315 + (K + 79002) 
s? 1 6031 
s? 142 K+79002 
s! (777400-K)/142 0 
s? K+79002 0 


There will be a row of zeros at s' row if K = 777400. The previous row, s”, yields the auxiliary 


equation, 142s^ +(777400+ 79002) = 0. Thus, s = 4j77.6595. Hence, K = 777400 yields an 
oscillation of 77.6595 rad/s. 


" Ks* + 2Ks? —4Ks - 8K 
(K +1)s* - 2(1- K)s - (2K + 4) 


T(s) 


Since all coefficients must be positive for stability in a second-order polynomial, -1 « K « 1; 


1 
-00< K<1;-1<2K<oo, Hence,- 5 <K<1. 


2 
(s+2)(s+7) 
T() =- sn 
s +11s° + (K +3Ds° + (8K +21)s +12K 
Making a Routh table, 
s^ 1 K+31 12K 
s? 11 8K +21] 0 
3K +320 
s? 11 12K 0 
: 24K? +1171K +6720 
i 3K +320 x . 
s? 12K 0 0 
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33. 


34. 


35. 


s? row says —106.7 < K. s! row says K < -42.15 and -6.64 < K. s^ row says 0 < K. 


5K(s+4 
O — Kera 
5s +16s° +(12+5K)s + 20K 
Making a Routh table, 
s? 5 12+5K 
s? 16 20K 
s! 192 - 20K | 0 
s? 20K 0 


a. For stability, 0 « K « 9.6. 
b. Oscillation for K - 9.6. 


c. From previous row with K =9. 6, 16s^ + 192 = 0. Thus S = t jy12 , or v — N12 rad/s. 


a.G (s ) -.K(s-g(s-2). . Therefore, T (s ) - 


(s +2) (s 2 +25 +2 


Making a Routh table, 


(s -2) (s -1)K 


s?«(K +4)52+(6-3K)s +2(K +2) 


a o 


From s! row: K = 1.57, -4.24; From s? row: - 4 < K; From sÜ row: - 2 « K. Therefore, 


-2<K<1.57. 


b. If K = 1.57, the previous row is 5.5752 + 7.14. Thus, s = + 31.13. 


c. From part b, o = 1.13 rad/s. 


Applying the feedback formula on the inner loop and multiplying by K yields 
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36. 


37. 


Solutions to Problems 6-19 


K 
CS Sa 
s(s° +10s +22) 
Thus, 
e K 
s «10s +225+ K 
Making a Routh table: 


For oscillation, the s! row must be a row of zeros. Thus, K = 220 will make the system oscillate. The 
previous row now becomes, 105? + 220. Thus, s2 + 22 = 0, ors =+j 422 «22 . Hence, the 


frequency of oscillation is 22 rad/s. 


Ks? + 2Ks 


T6) S C (CDs? + (2K-4)s + 24 


For stability, K > 5; Row of zeros if K = 5. Therefore, 4s? + 24=0. Hence, o = A6 for 


oscillation. 


Program: 

K-[0:0.001:200]; 

for i=1:length(K); 
deng=conv([1 -4 8],[1 3]); 
numg=[0 K(i) 2*K(i) 0]; 
dent=numg+deng; 
R-roots(dent); 

A-real(R); 
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38. 


39. 


B-max(A); 
if B<0 

R 

K-K(i) 
break 
end 

end 


Computer response: 


R= 
-4.0000 
-0.0000 + 2.4495i 
-0.0000 - 2.4495i 
K = 


5 


a. From the computer response, (a) the range of K for stability is 0 < K < 5. 
b. The system oscillates at K = 5 at a frequency of 2.4494 rad/s as seen from R, the poles of the 


closed-loop system. 


K(s+2) 


T fee O A ee ee O A 
(9) = 41353 382 + (K43)s + CKA 


For K < -33: 1 sign change; For -33 < K < -12: 1 sign change; For -12 < K < 0: 1 sign change; For 
0 < K <2: 3 sign changes; For K > 2: 2 sign changes. Therefore, K > 2 yields two right-half-plane 


poles. 


K 


T E Ta A a A 
(9) 7 C753 + 1592 + 135 (4+K) 
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Solutions to Problems 6-21 


a. System is stable for - 4 « K « 20.41. 


92 
b. Row of zeros when K = 20.41. Therefore, = 7 s? + 24.41. Thus, s = + j1.3628, or œ = 1.3628 rad/s. 


40. 
K 


s? 53s? + 201s + (K +245) 


a. System is stable for -245 < K < 10408. 


T(s)= 


b. Row of zeros when K = 10408. Therefore, 53s? + 10653. Thus, s = + j V201 , or o = 14.18 rad/s. 
41. 
K 


T ilo ee e 
(5) s4 + 8s3 + 17s2 + 10s + K 


a. For stability 0 < K < 19.69. 
126 
b. Row of zeros when K = 19.69. Therefore, E s? + 19.69. Thus, s = +jy1.25, or 


œ = 1.118 rad/s. 
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c. Denominator of closed-loop transfer function is s++ 8s? + 17s2 + 10s + K. Substituting K = 19.69 
and solving for the roots yield s = + j1.118, -4.5, and -3.5. 


42. 


T(s)- K(s? * 2s +1) 
s3 + 2s2 + (K+1)s -K 


2 
Stability if - 3 < K «0. 


43. 
254 + (K+2)s3 + Ks? 


T = 
(s) s3 +s2+2s+K 


Row of zeros when K = 2. Therefore s? + 2 and s = + iN? , or œ = 1.414 rad/s. Thus K = 2 will yield 


the even polynomial with 2 jo roots and no sign changes. 
44. 


KI-5KK; 425 +25 
MEA KK, 
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Solutions to Problems 6-23 


For stability, KiK2 > 5; K2 + 25 < SKK»? ; and Ky > 0. Thus 0 < K412 < 5K1K) - 25, 


or 0 <K,< y5K,K, — 25. 


45. 


K1? - K1K2 + K2? 
Ko - Ky 


For two jo poles, K 1? - KK) + K2? = 0. However, there are no real roots. Therefore, there is no 


relationship between K and K» that will yield just two jo poles. 


46. 


s8 
s7 
g6 
s5 
s4 
s3 
s2 
s1 

0 


a. From the first column, 1 rhp, 7 Ihp, 0 jo. 
b. G(s) is not stable because of 1 rhp. 


47. 


K,(s) 224 s- 6s? +s? 
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uo 
w 

=. 

=. 


UJ | n2] 


N 


No RHP roots 


K,(s)=2+2s+6s*+s° 


g 1 2 
s? 6 2 
5 

3 
1 2 

No RHP roots 

K,(s)=4+s+4s* +8” 
s? 1 1 
8 4 4 
S 8 
1 4 


Auxiliary equation Q(s) = 48° + 4 , no roots in RHP, but two roots in j@ axis. 
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Solutions to Problems 


K,(s) 2442s - As? +s? 


s? 1 2 
s? 4 4 
S 1 
1 4 


No RHP roots 


The interval polynomial has no roots in the RHP. 


48. 


The characteristic equation for this system is: 


K s’ +o? K Ko; 
1+ — = 0 or só + (aj + —)s* +2 =0 
m, S°(S° * ao) m, m, 
The Routh array is: 
2 
2 Ko 
sê l1 (aœ; +—) y 
T My 
s los e 2(aw;+—) 
T 
K 2 
s | -2(aa *—) S5 
Im. my 
Ko; K 
s 4— +4(a0, +)? 
m; My 
K 
(aw * —) 
m; 
Ka 
1 0 
m 


T 
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The second row of zeros was substituted with the coefficients resulting from differentiating the 


K Ko, 
characteristic equation: Q, (s) = s^ + (ac; +35? +—— and 
Mr Mr 


Q', (s) = As? + 2(ao i. 


T 
Since all the plant parameters are positive, there are two sign changes in the first column of the 


Routh array. So there are two poles in the RHP, two must be in the LHP. 


49. 
K 2 K 
The characteristic equation for the system is 1 + is 0 or S^ +— =0. The system has two 
S 
b b 
complex conjugate poles at S = +] T . The arm will oscillate at a frequency T rad/sec. 
b b 
50. 
Eigenvalues are the roots of the following equation: 
s 0 0 0 1 3 S -1 -3 
ltr-A-[o0 s 0-|2 2 -4|4|-2 s-2 4 [=s'-5s*-155+40 
0.0 s 1 -4 3 -1 4 s-3 
Hence, eigenvalues are -3.2824, 1.9133, 6.3691. Therefore, 1 rhp, 2 lhp, 0 jo. 
51. 
Program: 
A-[0 1 0;0 1 -4;-1 1 8]; 
eig(A) 
Computer response: 
ans = 
7.4641 
0.5359 
1.0000 
52. 


Writing the open-loop state and output equations we get, 
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Solutions to Problems 6-27 


X, =X, 
X, =X, +3x, 


X, SOX, — 4x, — 5X; +U 


Y= X +X; 


Drawing the signal-flow diagram and including the unity feedback path yields, 


1 


Writing the closed-loop state and output equations from the signal-flow diagram, 


X, =X, +3X, 


X, 2—3x, - Ax, - 5X, r —C 
= —3x,— 4x, — 5X, +r — (X, + X,) 
=D — 5X, — 6x, +r 
Y= X, +X, 
In vector-matrix form, 
[o 1 0] [o] 
x-lo 1 3lx+lolr 
|l-3 -s -e| [i] 
y=[0 1 1k 


Now, find the characteristic equation. 
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53. 


[s 00] To 1 
lt-A4-2lo s ol-lo 1 


0 | 


3 1|=l0 (s-1) 


[s 


lo € ssl less: 6] [3 


=s? +55 +95+9 


Forming a Routh table to determine stability 


1 


5 


S 1 9 

s 5 9 

s! 36 0 
5 

s? 9 0 


0 | 
a3] 
(s «6)] 


Since there are no sign changes, the closed-loop system is stable. 


Program: 
A-[0,1,0;0,1,3; -3,-4, -5]; 
B-[0;0;1]; 
c=[0,1,1]; 

D=0; 

'G' 

G=ss(A,B,C,D) 

v 
T=feedback(G, 1) 
'Eigenvalues of T' 
ssdata(T); 

eig(T) 


Computer response: 
ans = 


b = 
u1 
x1 0 
x2 0 
x3 1 
c= 
x1 x2 x3 
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54. 


yl 0 
Continuous-time model. 
ans = 


1 


b = 
u1 
x1 0 
x2 0 
x3 1 
C= 
x1 x2 x3 
y 0 1 1 
d= 
ui 
yi 0 


Continuous-time model. 
ans = 


Eigenvalues of T 


ans = 


-1.0000 + 1.4142i 
-1.0000 - 1.4142i 
-3.0000 


2 


Solutions to Problems 6-29 


S 
a.For n=1, B,(s)=1-—, =0 or — s^ + @ =0. The Routh array is 
(49) 
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The auxiliary polynomial used in the second row is Q, (s) ==s ^. o. , that row is replaced 


with the coefficients of Q', (s) =—2s. 


The first column has one sign change, so there is one root I the RHP, one in the LHP. 


4 
S 

b.For nz 2, B,(s)=1-—=0 or s^ c = 0. The Routh array is 
(49) 


C 


sí 1 0 o; 
s? 04 0 0 
s? 0c o 
: - 40, 

E 
1 o; 


The second row was originally a row of zeros, the auxiliary equation used was Q, (s)= sf + o, ; 


so its coefficients were substituted with the coefficients of Q', (s) = As”. 


The first column in the array has two sign changes, so the polynomial has two roots in the RHP and 


two must be in the LHP. 


SOLUTIONS TO DESIGN PROBLEMS 


55. 


T(s) = K(s*1)(s*10) 
s3 + (5.45* K)s? + (11.91+11K)s + (43.65 10K) 


1157 + 61.564 21.26 
s1 5.45+ K 


For stability, - 0.36772 < K < OO. Stable for all positive K. 


56. 
0.7K(s+0.1) 


T A ES 
(S) s4 + 2,253 + 1.14s2 + 0.193s + (0.07K+0.01) 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solutions to Design Problems 6-31 


For stability, - 0.1429 <K « 1.1759 


57. 
2 
T (s)- 0.6K +10K s^*601K s 


s ?«130s 4+32295 3+10(K +2348) s 2+(60.1 K * 58000) s +0.6 K 


-10K- 396290 7812.4K* 7540000 


Pa 
ME 
-100K2+2712488K+8.3247E9 

s2 ^ 10K+396290. 0.6K 

i 7813E3K4-5.1401E11K3+7.2469E15K2+3.3213E19K+2.4874E22 

S 1000K3-66753880K?+9.9168E11K+3.299F15 
ET ENDE EET. 


Note: s? row was multiplied by 130 


From s! row after canceling common roots: 


7813000 (K —39629) (K +967.31586571671) (K +2776.9294183336) (K —29908.070615165) 
1000 (K —39629) (K +2783.405672635) (K —29908.285672635) 


From s row: K>0 

From s? row: K « 39629 

From s? row: K « 29908.29; 39629 « K 
From s row: 29908.29 « K, or K « 29908.07; 


Therefore, for stability, 0 « K « 29908.07 
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112.1 10130 60000K 


" 10038-9133.4K 60000K 


99465 
(K+0.010841)(K-1.0192) 
(K-1.0991) 


60000K 


From s? row: K < 1.099 


From s! row: -0.010841 « K « 1.0192; K > 1.0991 


From s row: 0 « K 


Therefore, 0 « K « 1.0192 


59. 
Find the closed-loop transfer function. 
63x10° K 
6S) = a 
(s+ 30)(s + 140)(s + 2.5) 
T(s) = G(s) _ 63x10°K 
1+G(s)H(s) s!-172.5s^ +4625s + (10500 + 63x10°K) 
Make a Routh table. 


s? 1 4625 

s? 172.5 10500+63x10°K 
s! 4564.13-365217.39K 0 

s 10500+63x10°K 0 


The s! line says K < 1.25x10? for stability. The s? line says K > -1.67x10 ^ for stability. 
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Solutions to Design Problems 6-33 


Hence, -1.67x10* < K < 1.25x10” for stability. 


60. 
Find the closed-loop transfer function. 
G(s) = 7570 Kp(s + 103)(s + 0.8) 
s(s + 62.61)(s — 62.61) 
T(s) = G(s) _ 7570Kp(s +103)(s + 0.8) 
1+G(s)H(s) s° + 7570K,s° +(785766K, —3918.76)s + 623768K, 
Make a Routh table. 
s? 1 785766K, — 3918.76 
s? 7570 623768K, 
s! 785766K, — 4001.16 0 
s? 623768K, 0 
The s' line says K, > 5.09x10? for stability. The s" line says K, > 0 for stability. 
Hence, K, > 5.09x10? for stability. 
61. 


The characteristic equation is given by: 
1x10°s* +1.314x10*s+2.66x10"" —— 
s? +0.00163s* —-5.272x10 7 5- 3.538x10 ! 


Or 


s? + (0.00163 1x10 * K)s* + (5.272 x107 +1.314x10° K)s + (3.538x10 " + 2.66x10 ^K) 20 


The corresponding Routh array is: 


S 1 5.272x10 7 +1.314x10°K 


S 0.00163--1x10 ^K 3.538x10 ''+2.66x10 °K 
1.314x10""(K +1371.6)(K + 457.8) 
0.00163 +1x10 °K 


1 3.538x10 !! + 2.66x10 °K 


Copyright O 2011 by John Wiley & Sons, Inc. 


6-34 Chapter 6: Stability 


For stability row 2 requires K > —1630 and row 4 requires K > —133.008 . The dominant 
requirement being the latter. It is clear also that when K > —133.008, the first element on row 3 is 


positive. So the overall requirement for stability is K > —133.008. 


62. 
The characteristic equation of the system is given by: 
di ms? nice k 7 TE L 
K (ms? + bs + k)(Ts +1) + KK ¿(Ts+1)-K¿(ms* + bs +k) =0 or 
K (ms? + bs + k)(Ts +1) + K ,K¿ (Ts +1)—- Kc(ms? + bs +k) - 0 or 
K , (mTs* + (DT + m)s* + (kT +b)s+k)+K,K (Ts 1) - Kc (ms? +bs +k) =0 or 
K ,mTs? +[K , (bT +m) - Kcm]s? +[K , (KT - b)  K,K;T — Kcb]s -[k - K,Kc - Kck] - 0 
Substituting numerical values the equation becomes: 
5.28x 10 ^ K ,s?  [0.03444K , —1.8]s? +[1584.78K , — 11700]s -[22500K , -31.5x10%]=0 
The Routh array is given by 
5.28x10 ^K, 1584.78K , —11700 
0.03444 K , — 1.8 22500K , —31.5x10* 


5.28x10*[22500K, -31.5x10° |- [1584.78K , -11700]0.03444K,, - 1.8] 
-[0.03444K , -1.8 


22500K , —31.5x10° 


To obtain positive quantities on the first column it is required: 


5.28x10°K,>0=>K, >0 
0.03444K , -18>0=> K, >52.26 


22500K , -31.5x105 >0 => K, >1400 
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[1584.78K , -11700]0.03444K , -1.8)-5.28x10*[22500K, -31.5x10*]» 0 


or 


54.52K ; —402.48K , — 2852.6K , + 21060>0.1188K + —166.32K , 


or 


54.4K; — 3088.76K , + 21060>0 


or 


K; —56.8K , +387.1>0 

or 

(K, -7.92(K , — 48.88) >0 

So either K, < 7.92 and K, < 48.88 > K, < 7.92 
or K, > 7.92 and K, > 48.88 > K, > 7.92 


The most dominant requirement is given by the fourth row. We conclude requiring K , > 1400. 


63. 
a. The Mesh equations obtained by defining clockwise mesh currents are given by 
1 
L: | (+R), RI, =V, 
sC 
1 
I,: | —RI,+@2R+—)I, — RI, =0 
sC 
1 
IL: | —RI,+(2R+—)I, =0 
sC 


Solving for I, , 
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1 
—+R -R Vi 
sC 
1 
—R 2R+— 0 
S 
0 —R 0 
E - RV, 
ncm o o Áo 2 
1 
—+R -R 0 (++ RQR+ Ly 
sC sC sC sC 
—R 2R+ ES -R 
sC 
1 
0 -R 2R4 — 
sC 
- RV, 
V, =RI, = A 
1 Dic 3 2R 
(—+BQGR+—>)* -3R° - — 
sC sC sC 
V -1 
i 1 1 2 
V^ e 0 328 
RC SRC SRC 
: ; : EE V, R, V, R, 1 ! 
b. The gain of the inverting amplifier is given by: — = ——- or — = ——- = ——. Equating to 
V, R, Vi R, K 
the transfer function obtained in Part a 
1 -1 
E . Equivalently 
1 1 2 
S ir gk 28 
sRC sRC sRC 
! 1 S gm 
(1+ )2 4 y -3 
SRC SRC sRC 


c. The characteristic equation can be written as: 


1 1 2 
a+ \(2 + y 3 K=0 or 
SRC sRC sRC 
l 3 i +1-K=0 or 


+ + 
sS ROC? s'R'C?  sRC 
(1— K)s? RIC? + 6S? R?C? +5sRC +1=0 
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The Routh array is given by 


$ | (1-K)R°C*® | 5RC 

s? 6R?C? 1 
(29 - K)RC 

g 8 

1 1 


So for oscillation it is required to have K=29. The resulting auxiliary equation is 


1 


J/6RC 


. The 


Q(s) = 6R?C*s? +1. Solving the latter for the j@-axis poles we obtain S = + j 


1 
2z46RC 


oscillation frequency is f — 


64. 


For simplification we substitute parameter values into the open loop transfer function. It becomes: 


K,s- K, 807845?  4322.8s41 
s? 545760 


G(s) = 


The characteristic equation 1+ G(s) = 0 becomes: 


1 + ^1. sums 44:454 —9 or 5457608? + (K „s + K, )(80784s7+ 4322.88+ 1) = 0 


Or 
80784K ps + (4322.8K, +80784K, + 545760)s* +(Kp + 4322.8K,)s +K,=0 


The Routh array becomes: 


80784 Kp K, + 4322 8K, 


4322.8Kp + 80784K, + 545760 E 


4322.8K ; +545760K , +18686599.84K,K, + 349213075.2K, + 2359211328K, 
4322.8K , + 80784K, + 545760 


It is clear from the array that the entries in the first column will be positive for alli » Q A>» Q 
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65. 
First, find the transfer function of the internal (flow-control) loop, Gwr (s) = S , then the 
S 
C Grc(s): Gwr (s): G &, (s 
overall transfer function T (s) = (s) = Lc (8): Gyr) G8, G) 
R(s) 1+Gy¢(s): Gwr (s):G (s) 
The transfer function of the internal (flow-control) feedback loop in figure 2 is: 
0.5+2s 
Q (Ss) Grc(s) x Gy (s) 3s+1 0.5 4- 2s 
Gwr (Ss) = = = = 
X(s  1+Gpc(s)xGy(s) 4, 0.5+2s 1545s 
3s+1 
Thus, the overall system transfer function is: 
0.5+2 2 
(0.5 + sf j 5 
rs) LO Cac) wO Gw) 1.5+5s ] s(255+1)[25? +2s +1) 
OR) 1*Gic(S) Gwe(S) Ga, (S) 542 2 
d d i 1+(0.5 esp S j > 
1.5+5s ] s(255+1)(25? +25+1) 


: (Ks+0.5 )x(4s -1) 
sx (5s -+1.5)x (25s +1) s? +25 +1)+(Ks+0.5 )x(4s +1) 


(Ks+0.5 )x(4s+1) 
(125s? «42.55? «L5spos? -2s4 1), (Ks+0.5 )x(4s +1) 


The characteristic polynomial is, therefore: 
P(s) = (125 5° + 42.55% + 1.55 ps? +254 1)+ (Ks+0.5 )x(4s +1) = 


= 250s” +335sf + 213s? +(45.5+ AK)s? +(3.5+ K)s+0.5 


Hence, the Routh-Hurwitz array for the system is given by: 
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s 250 213 3.5+K 0 
g 335 45.5+4K 0.5 0 
d 335x 213— 250 x (45.5+ 4K)* 335(3.5+K)-125 | 9 
$ C 0.5 0 
s | C[335(3.5+K)-125]-0.5x[335x 213-250x(45.5 + 4 K)] 0 

C 
s? 0.5 


From the s? row: 335x213—250x (45.5 + 4K) > 0, therefore K<59.98 (4) 


From the s? row: C = 
[335 x 213 - 250(45.5+ 4 K)]x (45.5 + 4 K )- 335 x [335(3.5 + K)-125] _ ] 
335x 213 - 250(45.5+ 4 K) i 


Therefore: [335x 213—250(45.5 + 4 K )|x (45.5 4 K )-335x[835(3.5+ K)-125] > o. 


This inequality may be expanded to: 


[59980 -1000K |x (45.5 + 4 K)-112225K -392787.5 + 41875 = 


— 4000K? +82195K + 2378177.5 > 0, or (K — 36.7339) x (K +16.1852) < 0 which 


shows that for stability: 


K < 36.73 


C[335(3.5 + K)-125]-0.5x [335 x 213 -250x(45.5 + 4 K)] 
C 


For C > 0, the s! row is 


greater than O if: 


* The S row was multiplied by 335 and the s row was multiplied by C. 
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0.5x [335x213 - 250x(45.5 « 4 K)] _ 


[335 (3.5 + K)- 125]- E 


0 


This inequality may be re-written as: 
0.5x [335 x 213-250 x(45.5 + 4 K)? 


335 (3.5 +) -125]-_—_—_—_—_—___—--—_—— A eS 
EOS TERUEL MEET mecca re CES EVA 


>0 
After algebraic manipulations this can be rewritten as: 

-1340000K” + 22845325K* +942768725K + 6.9234x10? > 0 
or 


(K +0.7485)(K +18.84)(K —36.7) « 0 


From the previous, and for positive K, we conclude that the system will be stable only if level 


controller's derivative gain, Kp, .. is within the range: 0 < Kp, ¿< 36.7. 


66. 
s+11.7 -6.8 -61.6K -7.7K 


3.5 s+24 66.9K -8.4K 


sI- A= 
0 -1 S 0 
-1 0 10 S 
s+24 66.9K -8.4K 3.5 66.9K -8.4K 
det(sI - A) 2 (s +11.7) —1 S 0 |+6.8/ 0 S 0 
0 10 S -1 10 S 
3.55 66.9K -8.4K 3.5 s+24 66.9K 
—61.6K| 0 -1 0 |+7.7K| 0 -1 S 
-1 0 S -1 0 10 
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s 0 -1 0 — 
= (s *11.7)4(s 4 24) — 66.9K —8.4K 
10 s 0 s 


| | 


0 0 0 -1 
—66.9K —8.4K 
S 1 s 1 0 


-1 s 


s 0 0 
+ 6.83 3.5 —66.9K 
10 -1 0 10 


0 
-84K 
S 


S 


-1 
— 61.6K43.5 


S stand) n 
— (S 
-1 10 


-1 0 -1 
+7.7K43.5 + 66.9K 
0 10 -1 0 


= s^ 4 35.7s? + (304.6 + 59.2K)s? +840.41Ks + 713.3K -1032.57K? =0 


The Routh array is: 
s&|1 304.6 +59.2K 713.3K 
s | 35.7 840.41K —1032.57K? 
s | 35.66K +304.6 28.92K? - 713.3K 
28936.58K? + 230524.08K 
: 35.66K + 304.6 
1 | 28.92K? +713.3K 


Row 3 is positive if K > —8.54 
Rows 4 and 5 are positive if K > 0 


So the system is closed loop stable if K > 0. 


67. 
Yp-Ycat 
Spring 
displacement 
Desired Input Y 
force | _1 | voltage* x 1 Fup 0.7883(s 4 53.85) 
100 1000 (s + 15.47 s +9283 )(s?+ 8.119 s+ 376.3) 


Input Controller Actuator 


transducer 
1 
100 


Sensor 


Pantograph Spring 
dynamics 
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YhrYcat 
Spring 
displacement 


Desired 


force "t 3 0.7883(s +53.85) Y 
(s? + 15.475 +9283 (s? -- 8.119 s + 376.3) 


Controller Actuator Pantograph Spring 
dynamics 
a8 Y,(s) — Y, (s) 0.7883(s + 53.85) 
S) 3S == o. — M 
E, (s) (s^ + 15.47s + 9283)(s^ +8.119s + 376.3) 
Ge(s)=(K/100)*(1/1000)*G(s)*82.3e3 
0.6488K (s+53.85) 
G,(s) ix 
(s? + 8.119s 376.3) (s? + 15.47s + 9283) 
0.6488K (s+53.85) 
T(s) - 
4 3 2 7 
s + 23.589 s + 9784.90093 s + (0.6488 K + 81190.038 )s + (34.94 K + 0.34931929 10 ) 
s 1 9785 (0.3493e7--34.94K) + 
g 23.59 (0.6488K+81190) 0 + 
s? (-0.0275K+6343) (0.3493e7+34.94K) 0 K<230654 
-0.017€K? +10587K + 432596 
go || gees Se eS oe 
S —027K +6343 0 -128966<K<188444 
s? (0.3493e7+34.94K) 0 -99971<K 


The last column evaluates the range of K for stability for each row. Therefore -99971 < K < 188444. 
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68. 
The Characteristic Equation is given by 
eE > e 0.0126 - 
or 
s? + 2.6817s? + 0.11s + 0.0126 — K(520s +10.3844) = 0 
or 
s? 2.68175? + (0.11 — 520K)s + (0.0126 —10.3844K) = 0 
The Routh Array is: 
s? |1 0.11—520K 
s? | 2.6817 0.0126 —10.3844K 
: 0.2824 —1384.1K 
2.6817 
1 0.0126 —10.3844K 
Thus for stability 
o M > 0 or K<2.04x10* 
and 
0.0126 —10.3844K > 0 or K «1.21x10? 
The intersection of both requirements gives K « 2.04x10 *. 
69. 
From the block diagram it is readily obtained: 
(E s +40 ) | 0.2491 x (10 s +6) | 
Q(s) S s (S--0.5173) + 0.5 x (10 s +6) x (s + 0.01908) 
RS) Seca (E s+40 ) | 0.2491 x (10 s +6) | i 
S s (s +0.5173) + 0.5x (10 5 6) x (s + 0.01908) 
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O(s) _ 2.491 (K, s-- 40) (s-- 0.6) 
R(s) s(6s? «3.613 50.0572 )+ 0.11035|K, s? +(40+0.6K,)s +24] 


2.491(K,s+40 )(s+06 ) 
65 +(3613 + 0.11085K,)s” +(4.4712+0,06621K,) s+2.65 


r 
Noting that the change in car speed, V= — 0 = 0.06154 0, we get the system transfer function, T(s) = 
Lot 


V(s)/R(s): 
V (S) _ 5 9615422) _ 0.1533 (s+40) (s+06) 
RS R(s) 6 s'+(3613+0.11035 K,) s! +(4.4712+0.06621 K,) s+2.65 


The characteristic polynomial for that system is, therefore: 


P(s) 2 6s? 4 (3.613-- 0.11035 K,) s? - (4.4712 - 0.06621K , ) s + 2.65 


Hence, the Routh-Hurwitz for the system is given by: 


s'|6 4.4712 +0.06621K, 0 
s | 3.613+0.11035K, 2.65 0 
s' | (3.613+ 0.11035 K, (4.4712 + 0.06621K, )-15.9 0 0 


3.6134 0.11035 K , 


s? | 2.65 0 0 


For stability, 3.6134- 0.11035 K, 2 0 => K, 2 —32.74 and 
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(3.613+ 0.11035 K, (4.4712 + 0.06621K, )—15.9 > 0. That is: 
0.00731 KŻ +0.73261K, + 0.2544456 =0.00731(K? +100.22 K, +34.81) > 
(Kj +100.22 K, +34.81) = (K, +99.872)(K, +0.348) > 0 


The latter condition indicates that for stability K, 2 —99.872 and K, 2 —0.348 


The intersection of these two requirements shows that for stability: Kp 2 —0.348 or, alternatively Kp  » 0. 
SC 


Copyright O 2011 by John Wiley & Sons, Inc. 


SEVEN 


Steady-State Errors 


SOLUTIONS TO CASE STUDIES CHALLENGES 


Antenna Control: Steady-State Error Design via Gain 


76.39K . ] F 
a. G(s) = S(S150y841.32) * System is Type 1. Step input: e(0©) = 0; Ramp input: 
1 1 2.59 
e(oo) = K, ^763K ^K ; Parabolic input: e(oo) = 
150 x 1.32 
1 2.59 
b. K `K ~ 0.2. Therefore, K = 12.95. Now test the closed-loop transfer function, 
V 
989.25 
T(s) = , for stability. Using Routh-Hurwitz, the system is stable. 


s3+151.32s2+198s+989.25 


191.46253 


sl 


Video Laser Disc Recorder: Steady-State Error Design via Gain 


a. The input, 15t2 : transforms into 30/53. e(oc) = 30/K4 = 0.005. 


K p 008 * K1K2K3 = 6x10? K¡K>K3. Therefore: e(oo) = 30/K => 
= 1K2K3 = 6x 1K2K3. : e(%) = 2 E 
^^ 20000 * ^ 6x10 7K,K,K, 
= 5x10”. Therefore K1K2K3 = 10°. 
" 2x10°(s + 600) 
b. Using K1K5K3 = 10°, G(s) = 77 . Therefore, T(s) = 
s (s-- 2x10 ) 


2x10*(s + 600) 
s? E 2x10's? +2x105+1.2x10* * 


Making a Routh table, 


Copyright O 2011 by John Wiley & Sons, Inc. 


7-2 Chapter 7: Steady-State Errors 


we see that the system is stable. 


c. 

Program: 

numg-200000*[1 600]; 
deng=poly([o © -20000]); 
G=tf (numg, deng); 

'T(s)' 

T=feedback(G, 1) 
poles=pole(T) 


Computer response: 
ans = 


T(s) 


Transfer function: 
200000 s + 1.2e008 


S^3 + 20000 s^2 + 200000 s + 1.2e008 
poles - 

1.0e+004 * 

-1.9990 


-0.0005 + 0.0077i 
-0.0005 - 0.0077I 


ANSWERS TO REVIEW QUESTIONS 


. Nonlinear, system configuration 
. Infinite 
. Step(position), ramp(velocity), parabola(acceleration) 


. Step(position)-1, ramp(velocity)-2, parabola(acceleration)-3 


1 
2 
3 
4 
5. Decreases the steady-state error 
6. Static error coefficient is much greater than unity. 
7. They are exact reciprocals. 

8 


. A test input of a step is used; the system has no integrations in the forward path; the error for a step input 
is 1/10001. 


9. The number of pure integrations in the forward path 
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10. Type 0 since there are no poles at the origin 

11. Minimizes their effect 

12. If each transfer function has no pure integrations, then the disturbance is minimized by decreasing the 
plant gain and increasing the controller gain. If any function has an integration then there is no control over 
its effect through gain adjustment. 

13. No 

14. A unity feedback is created by subtracting one from H(s). G(s) with H(s)-1 as feedback form an 
equivalent forward path transfer function with unity feedback. 

15. The fractional change in a function caused by a fractional change in a parameter 


16. Final value theorem and input substitution methods 


SOLUTIONS TO PROBLEMS 


dE zs p s R(s) 
ees y oor DG) 


where 


450(s - 12)(s + 8)(s +15) 
s(s + 38)(S +2s+28) ` 


37 
For step, € (oo) = 0. For 37tu(t), R(s) = — . Thus, e (oo) = 6.075x10°. For parabolic input, 
S 


G(s) = 


e(oo) = oo. 


2. 
a. From the figure €, =F,¿ —C,, =9-3=2 
b. Since the system is linear, and because the original input was r(t) — 2.5tu(t) , the new steady 
state erroris €, = — — 0.8. 
2.5 
3. 
: , s R(s) 
e(o)= limsE(s)= lim ——— 
$ s>0 s—0 1*G(s) 
‘ s(160/s*) 
=] = 2.83 
0 1, 606-3) + 4X(5 +8) 
s°(s+6)(s +17) 
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Reduce the system to an equivalent unity feedback system by first moving 1/s to the left past the 


1 
summing junction. This move creates a forward path consisting of a parallel pair, | ^ +1] in cascade 
S 


2 
3 and H(s) = 7. Thus, 


El E] 2/(s--3) E 2(s+1) 
G- s A1-414/(s*3)  s(s+17) 


Hence, the system is Type 1 and the steady-state errors are as follows: 


with a feedback loop consisting of G(s) — 


Steady-state error for 15u(t) = 0. 


Steady-state error for 15t”u(t) = oo 


System is type 0. Ky = 1.488. 
30 
For 30u(t), e(oo) = ———=12.1 
OO) sae 


p 
For 70tu(t), e(oo) = oo 


For 81t2u(t), e(00) = oo 


DNE ON 150/5* 
S G(s) ,,21XS * 4XS + 6XS +18 +13) 


S3(S +7)(S +14)(S +19) 


Thus, 
n 150 
OCN 


(7)04)(19) 


6 
2 
S rei 
s aie scq RG). 4 s^ ot 
Teo, oe) "Is BOS Ins nog "Dm OHNE 19 
s^ (s - 10)(s +3) 
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Solutions to Problems 


e(00) = in ¡K,= ACA] = 25.65. Therefore, e(oo) = 0.563. 
1+K, (65)(75)(91) 


7 70 : ; 
For 70u(t), es; = IK = T =14 ; For 70tu(t), egg = 00, since the system is Type 0. 
+ 


a. The closed-loop transfer function is, 
5000 
s^ + 75s + 5000 


from which, @, = 45000 and 2o, = 75. Thus, ¢ = 0.53 and 


T(s) = 


960S = e 41-4 x100 = 14.01%. 
4 


4 
b. T; = —— = — — = 0.107 second. 
So, 75/2 


c. Since system is Type 1, ess for 5u(t) is zero. 


0 5 
= 66.67, es; = — = 0.075. 
K 


v 


d. Since Ky is 


e. €ss = 0, since system is Type 1. 


11. 
K, =limsG(s) = eu Cee 25000 
x (27)(@)(33) 
Thus, a = 7.26. 
12. 
K, =lims*G(s) = Se. = 10,000. Therefore, K = 7291.667. 
s>0 5x7 
13. 
remet NP 
. ..S(s-l(s-2) _ 5 
. Gels) = = — > 
inis y Xs * 3) s -3s^ +7s+15 


s(s+ 1)(s + 2) 


Therefore, Kp = 1/3; Ky = 0; and Ka = 0. 
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50 
b. For 50u(t), e(00) = 777 = 37.5; For 50tu(t), e(00) = oo; For 50t2u(t), e(00) = 
p 


c. Type 0 


14. 


A 60 

R V 
M ION . Thus, e(co) = lim sE(s) = lim 5 
1+ G(s) s>0 s>0 1+ 1030(s* + 8s + 23)(s* + 21s +18) 


s^(s +6)(s +13) 


E(s)= 


= 0.0110. 


15. 
Collapsing the inner loop and multiplying by 1000/s yields the equivalent forward-path transfer 


function as, 
10°(s + 2) 


G(s) =-- 
e(s) s(s^ +1005s + 2000) 


Hence, the system is Type 1. 


16. 


The transfer function from command input to error signal can be found using Mason’s rule or any 
other method: 


20 
1- ———G, 
E(s | s(s+3) © _ s(s+3)-20G, 
RS) 1, 20 g, s(s+3)+20G, 
s(s +3) 


1 
Letting R(s) — — and by the final value theorem: 
S 


s =LimsE(s) - - Lim — Gi) 
s>0 G,(s) 


a. If G, is type 0, it is required that G, (s) = 0 
b.If G, is type 1, it is required that G, (s) must be type 0 
c. If G, is type 2, it is required that G, (s) must be type 1 


17. 


e(oo)- lims’ E(s) = lims? oon - 
s>0 bie) 

1 

For T 0, step input: R(s) = — d e(o)- lim———— - 0 
or Type 0, step input: RS) =", an so) ino 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 7-7 


1 
For Type 0, ramp input: R(s) = 2 ,and 


ed jum 1 1 zs A 
s>0 1+ Gs) 1+limG(s) 1+K, 
s>0 


1 
For Type 0, parabolic input: R(s) - 75 , and e(00)= lim ————— = 
S s>0 s+ SG(S) 


S 
For Type 1, step input: R(s)=— , and e(00)= lim ————- 
s>0 14 G(s) 
. 1 1 
For Type 1, ramp input: R(s)=-5 , and e(c0)= lim ———— 
se s>0 1+ G(s) 
e 4 1 SA 
For Type 1, parabolic input: R(s) = 74 , and e(00)= lim———= z- K 
s3 s>0 S+ sSG(s) v 
S 
For Type 2, step input: R(s)=— , and e(00)= lim ———— = 
s>01+G(s) 


1 
For Type 2, ramp input: R(s) - 755 , and e(00)= lim ———— = 
pe s>0 14+ G(s) 


1 
For Type 2, parabolic input: R(s) 2 75 , and e(00)= lim —————-= 
S s>0 §+ SG(s) 


a. e(oo)- os 0.01; where K, = =e 10. Thus, K = 685.71. 
K 5x8x12 


v 


b. Ky = 10. 


c. The minimum error will occur for the maximum gain before instability. Using the Routh-Hurwitz 
K(s 7) 


Criterion along with T (s) = —————————————————————— : 
i (s) s^ +25s° +196s* + (480+ K)s+7K 
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a 1 196 7K For Stability 
s? 25 480+K 
s? 4420-K 175K K « 4420 
s! —K* —435K 2121600 -1690.2 < K < 
1255.2 
s? 175K K>0 
n i 7K 
Thus, for stability and minimum error K = 1255.2. Thus, K, = =18.3 and 
5x8x12 
1/10 1/10 
e(oo)2 —— = —— = 0.0055. 
K, 18.3 
19. 
4 40 104 
e(oo) = 9 = = ue = 0.006. Hence, Ka = 173333.33. 
K, Ka/26 Ka 
20. 
K 
. : ; s(s+1) K 
Find the equivalent G(s) for a unity feedback system. G(s) = 10 ^sGHlD: Thus, e(oo) = 
tg 
a = on = 0.01; from which K = 110,000. 
21. 
K,- pn e(oo) = 2 = 0.061. Hence, K = 765.03. 
7 K, 
22. 


10 1 


30K bos 
a. e(o0) = Ky = 6000 * But, Ky = CEU = 60,000. Hence, K = 10,000. For finite error for a ramp 


input, n= 1. 


b. K, = lim G(s) = 


K,= lim sG(s) = lim S 


K, = lim s°G(s) = 
s>0 


10000(s? +3s +30) — 


lim 
50 s(s+5) 
2 
10000(s +3s +30) _ 60000 
s(s+5) 
2 

lim s? 10000(s + 3s +30) _ 0 
$20 s(s+5) 


Copyright O 2011 by John Wiley & Sons, Inc. 


23. 


24. 


25. 


26. 


27. 


28. 


Solutions to Problems 7-9 


a. Type 0 
__Rís) = E 12/s || 12 
b. E(s) - . Thus, e(oo) = lim sE(s) = lim s = : 
Sieg CU irr K(s*+6s+6) 1+0.08K 
(s +5) (s+3) 

c. e(oo) = oo, since the system is Type 0. 

27 27 
e(o») = = = 0.4. Thus, K = 325. 

K, 247K/1188 
e(oo) = I : 0.08. Thus, K = 111 

= —— = —— — 70.08. Thus, K = 111. 
1+K, ,,9K 
58 
: : ] : K 2000 
The system is stable for 0 < K < 2000. Since the maximum Ky is Ky = —— = ——— = 6.25, the 
320 320 
1 
minimum steady-state error is = = —— = 0.16. 
v 6.25 
To meet steady-state error characteristics: Ris) 
= E 5 1 
E A A E" 
(3) l+ Cía) y [t+ Eis e 
(sg 
e(t = Eis} E NUN GN = 01 
(00 330 l+ Ku  p*Eo 
z 
P 
Therefore, Ka = 92. 
K(s+a) 


To meet the transient requirement: Since T(s) = 


s? + (K*20)s + (B? + Ka) ” 
op? = 10 = f? + Ka ; 2605 = A10 = K+2P. Solving for B, B = +1. For B = +1, K = 1.16 and a = 7.76. 
An alternate solution is B = -1, K = 5.16, and a = 1.74. 


a. System Type = 1 


1 1 K 
b. Assume G(s) = sta)? Therefore, e(oo) = me he 0.01, or > = 100. 
en) IM SR 
Pu T8). G(s)  s2+as+K ` 
: 100 
Since o = 10, K = 100, and a = 1. Hence, G(s) = s(stl) ` 
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1 
c. 260g = a = 1. Thus, 6 = 59 ; 


29. 
-G6 __ O - xor cag Eu 
SEE oe ~ s?+(K+B) staK ` Hence, K+ = 2, Ka = op = (144145) = 2. 
Also, e(00) 7 — = ae 0.1. Therefore, B = 0.1Ka = 0.2, K = 1.8, and a = 1.111. 
Ky 
30. 
a _ US) _§ K __ -K F " 
System Type - 1. T(s) - 1+G() ` Suen From G(s), Ky = aF 110. For 12% overshoot, 6 = 
0.56. Therefore, 2650; = a, and Op? = K. Hence, a= 1.12 AK $ 
K 
Also, a = ——. Solving simultaneously, 
110 

K = 1.52 x 104, and a = 1.38 x 102. 

31. 
K 
o, == : a eS 
a. For 20% overshoot, € = 0.456. Also, Ky = 1000 = gus Since T(s) s2tastK ° , 260g = a, and 
op =4/K . Hence, a = 0.912 4/K . Solving for a and K, K = 831,744, x a = 831.744. 
1 
b. For 10% overshoot, € = 0.591. Also, —- = 0.01. Thus, Ky = 100 = — . Since T(s) 5—7 , 
Ky s2+as+K 

260g = a, and Mp = AK . Hence, a = 1.182/K . Solving for a and K, K = 13971 and a= 139.71. 
32. 

a. For the inner loop: 

1 
2 
s“(s+1) S 
G "k ai 
1(s) 2 d 00.4.34 
53(s+1) 
uo dS e 1 
Ges) = 52(s+3) s+3) $6815 s(s5+4s4+3s3+s+3) 
Ge(s 1 
T) 0. ) 


1*Ge(S) ^ 56+455+354+524+35+1 
b. From Ge(s), system is Type 1. 
c. Since system is Type 1, es; = 0 


: 1 5 
d. ; From G,(s), Ky = lim sG,(s) = 3 - Therefore, es; =~ = 15. 
s>0 y 
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Solutions to Problems 7-11 


e. Poles of T(s) = -3.0190, -1.3166, 0.3426 + j0.7762, -0.3495. Therefore, system is unstable and 


results of (c) and (d) are meaningless 


33. 
a. For the inner loop: 
10 
Gigs s(s+1)(s+3)(s+4)  _ 10 
A PME: ~ s(s3+892+195+32) 
(st+1)(st+3)(s+4) 
20 
G(s) = ta L 
eS) = 5318524195132) 
Ge(s) 20 
T(s) = ST O 
1+Ge(s) s4+8s3+19s2+32s+20 
b. From Ge(s), system is Type 1. 
c. Since system is Type 1, es; = 0 
d. From Gels), Ky = lim sG,(s) = Y =2 . Theref =2 2g 
. From Ge(s), v- lims (S) 755 7g- erefore, ess =K, = 
e. Poles of T(s) = -5.4755, -0.7622 + j1.7526, -1. Therefore, system is stable and results of parts c and 
d are valid. 
34. 
Program: 
numg1=[1 9];dengi-poly([O -6 -12 -14]); 
'G1(s)=" 


G1=tf (numg1, deng1) 

numg2=6*poly([-9 -17]);deng2=poly([-12 -32 -68]); 
'e2(s)z' 

G2-tf(numg2, deng2) 

numh1=13;denh1=1; 

"H1(s)=' 

H1=tf (numh1, denh1) 

numh2=1;denh2=[1 7]; 

"H2(s)=' 

H2=tf (numh2, denh2) 

%Close loop with H1 and form G3 
"G3(s)=G2(s)/(1+G2(s)H1(s)' 
G3=feedback(G2,H1) 

%Form G4=G1G3 

'"G4(s)=G1(s)G3(s)' 

G4=series(G1, G3) 

%Form Ge=G4/1+G4H2 
"Ge(s)=G4(s)/(1+G4(s)H2(s))' 
Ge-feedback(G4,H2) 

%Form T(s)=Ge(s)/(1+Ge(s)) to test stability 
'T(s)=Ge(s)/(1+Ge(s))' 

T=feedback(Ge, 1) 

"Poles of T(s)' 

pole(T) 

%Computer response shows that system is stable. Now find error specs. 
Kp=dcgain(Ge) 

"sGe(s)=' 

sGe=tf([1 0],1)*Ge; 

"sGe(s)' 
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sGe-minreal(sGe) 
Kv=dcgain(sGe) 
's^2Ge(s)-' 
s2Ge-tf([1 0],1)*sGe; 
's^2Ge(s)' 
s2Ge-minreal(s2Ge) 
Ka-dcgain(s2Ge) 
essstep=100/(1+Kp) 
essramp=100/Kv 
essparabola=200/Ka 


Computer response: 
ans = 

Gl (s)= 

Transfer function: 
s +9 


S^4 + 32 s^3 + 324 s*2 + 1008 s 
ans = 

G2 (s)= 

Transfer function: 

6 s*2 + 156 s + 918 


s^3 + 112 s^2 + 3376 s + 26112 
ans = 

H1(s)= 

Transfer function: 

13 

ans = 

H2 (s)= 

Transfer function: 


ans = 

G3 (s) =G2 (s) / (1+G2 (s)H1 (s) 
Transfer function: 

6:89^2: + 156. s + 918 


s*3 + 190 s*2 + 5404 s + 38046 
Solutions to Problems 7-13 

ans = 

G4 (s) -G1 (s) G3 (s) 

Transfer function: 

6 s^3 + 210 s^2 + 2322 s + 8262 


s^7 + 222 s^6 + 11808 s^5 + 273542 s^4 + 3.16e006 s^3 
+ 1.777e007 s^2 + 3.835e007 s 

ans = 

Ge (s) G4 (s) / (1+G4 (s) H2(s)) 

Transfer function: 

6 s*4 + 252 s^3 + 3792 s^2 + 24516 s + 57834 


s^8 + 229 s^7 + 13362 s*6 + 356198 s^5 + 5.075e006 s^4 
+ 3.989e007 s^3 + 1.628e008 s^2 + 2.685e008 s 

+ 8262 

ans = 

T (s) =Ge (s) / (1+Ge (s)) 

Transfer function: 

6 s*4 + 252 s^3 + 3792 s^2 + 24516 s + 57834 


S^8 + 229 s^7 + 13362 s^6 + 356198 s*5 + 5.075e006 s^4 
+ 3.989e007 s^3 + 1.628e008 s^2 + 2.685e008 s 

+ 66096 

ans = 

Poles of T(s) 

ans = 

-157.1538 

-21.6791 
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35. 


36. 


Solutions to Problems 7-13 


-14.0006 

-11.9987 

-11.1678 

-7.0001 

-55:9997 

-0.0002 

Kp = 

7 

ans = 

sGe (s)= 

ans = 

sGe (s) 

Transfer function: 
6 s^5 + 252 s*4 + 3792 s^3 + 2.452e004 s^2 
+ 5.783e004 s 


S^8 + 229 s^7 + 1.336e004 s^6 + 3.562e005 s^5 
+ 5.075e006 s^4 + 3.989e007 s^3 + 1.628e008 s^2 
+ 2.685e008 s + 8262 

Kv = 

0 

ans = 

s*2Ge(s)= 

ans = 

s^2Ge (s) 

Transfer function: 

6 s^6 + 252 s^5 + 3792 s^4 + 2.452e004 s^3 

+ 5.783e004 s^2 


s^8 + 229 s*7 + 1.336e004 s^6 + 3.562e005 s^5 
+ 5.075e006 s^4 + 3.989e007 s^3 + 1.628e008 s^2 
+ 2.685e008 s + 8262 

Solutions to Problems 7-15 

Ka = 

0 

essstep = 

12.5000 

essramp = 

Inf 

essparabola = 

Inf 


10K1 
The equivalent forward transfer function is, G(s) = S(S+1+10Kp) ; 


10K1 10K1 


G(s 
Also, T(s) = 77 G(s) ^ s2«(I0Kp-I)s* 10K] ` From the problem statement, Ky = 1+10Kp ~ 10. 


Also, 26565 = 10K¢+1 = 2(0.5))/10K, =4/10K1 . Solving for K1 and Kf simultaneously, K4 = 10 and 


Kr 7 0.9 


We calculate the Velocity Error Constant, 
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s(-34.16s? —144.4s? 4 7047 557.2) | 0.00842(s + 7.895)(s” + 0.108s + 0.3393) 


K, = LimsG(s)P(s) = Lim 5 " 3 5 > 
0 $29 s" 413.185 * - 95.93s" +14.61s~ + 31.94s (s + 0.07895)(s^ + 4s + 8) 


= 30^ 0367 = 0.623 
31.94 


i =15.6 
5 


, , , 1 , E 
For a unit ramp input the steady state error is €, = ra = 1.605. The input slope is i 


v 


37. 


h(t) 


From the point of view of e(t) the above block diagram is equivalent to the original. In this unity 


1 


a 
feedback block diagram the open loop transmission is G(s) = @ = , the system is 


type 0. 
a 
b. The position error constant is K, = G(0) = — . The steady state error is 
1 1 f 
e an 


B 
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38. 


sR(s) —sD(s)G, (s) 


i 1 100 
e(oo) = lim , where G1(s) == and G2 => . From the problem statement, 
027 T 1«G96,) Md T De? Bie p 
100 
NES 4 
R(s) = D(s) -i . Hence, e(00) = p 1 9 = -2 
s+5s+2 


39. 


Error due only to disturbance: Rearranging the block diagram to show D(s) as the input, 


A 
S(S d) 


Ej (9*2) 
(S43) 


Therefore, 


K2 


s(s+4) K2(s+3) 
KiK ^ DO s+3)6+4) + KaK2*2) 
3 s(s+3)(s+4) 


-E(s) = D(s) 


1 ; 3 
For D(s) == , ep(oo) = lim sE(s) = - 2K, ` 


A OO) e SS B 
rror due only to input: eg( yu SRR RKR 
6 
Design: 
3 
ep(o) = - 0.000012 = - 5,7 , or Ky = 125,000. 
00 = 0.003 = — K» = 0.016 
en(oo) = 0.003 = KK; > or Ko - 0. 
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40. 


a. The open loop transmission is G(s)P(s) — = ,so K, = LimG(s)P(s) = = . For a unit 
st s>0 


1 
step input €, = ———— = 0.0541. Since the input is threefold that we have that 
P 


e... = 3(0.0541) = 0.1622 
b. 
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Solutions to Problems 7-17 


ols 


64802 2\ABeG@ars 


E(s 7 
c. The transfer function from disturbance to error signal is (s) = PRA nc 
DS  i,s 7 s+37 
S+2 


7 1 y 
Using the final value theorem € „q = LimsE(s) = Lims = — = 0.1892 
id BOT 


s>0 S 


d. 
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pis 


&P[os?modaumumugss 


tot E sr 
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Solutions to Problems 7-19 


pis 


&EP[os?modamumugs 


T C(s | G(sSG(s . E.) GS 
R(s) 1+G,(s)H(s)’ " Rs) 1+G,(s)H,(s) 
e (sina SOL 
à: s>0 1+ G, (s) H(s) 

42. 


System 1: 


Forming a unity-feedback path, the equivalent unity feedback system has a forward transfer function of 


10(s +10) 
G.(s) = s(s+ 2) __  10(s+10) 
e=- 1,106 + 10)(s+3) 11s? +132s + 300 
s(s +2) 
a. Type 0 System; b. Kp = K, = lim G, (s) 21/3; c. step input; d. e(oo) = a 3/4; 
p 
(1) 
om RO) _ Us 
g = l — — l TAAL. ANY a 0 . 
e. €, stop (©) ed 1+ G(s)H(s) Sog, 10(s+10)(s+4) 
s(s +2) 


System 2: 


Forming a unity-feedback path, the equivalent unity feedback system has a forward transfer function of 
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10(s + 10) 
1 1 
G.(s)= ie + 2 A O(s +10) 
1 +10(5 +10)s — s(11s +102) 
s(s +2) 
1 
a. Type 1 System; b. K, = lim SG, (s) = 0.98 ; c. ramp input; d. e(00) = cs = 1.02; 
= 
e (co) = lim SR) lim AS : 
e. = im = lim—— > 4. 
a -ramp s>0 1+ G(s)H(s) $50 14 10(s +10)(s +1) 50 
s(s 4 2) 


43. 
System 1. Push 5 to the right past the summing junction: 


5(s + 4) 
(s * 3s +7) 
2 


Produce a unity-feedback system: 


R(s 5(s + 4) 
(s 3s +7) 


5(s + 4) 
(s+3)(s +7) 5(s + 4) 20 

Thus, G,(s) = = . Kp = ; =- — 0.67, = 0, 

ani 5(s +4) s? +15s+41 41 9? HK, RBS E 

(s+3)(s +7) 
€parabola = ©. 
ae ; . o(s + 4) l 
Checking for stability, from first block diagram above, T(s) = —— — —— —— . The system is stable. 
S^ +20s +61 


System 2. Push 20 to the right past the summing junction and push 10 to the left past the pickoff point: 
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44. 


Thus, G,(s) = 


200(s + 4) 


A) (s * 3(s +7) 
40 


Produce a unity-feedback system: 


200(s -- 4) 


"s (s 4 3(s- 7) 
a -39 o 
40 
200(s + 4) 
(s-3(s-7) 200(s+4) 


Solutions to Problems 7-21 


_ 200(4) _ 


200(s +4) (39| s'-185s-759 ” 
(s+3)(s+7)\ 40 


1 
Éstep = 1+Kp = -20, €ramp 7 ©; €parabola = %. 


Checking for stability, from first block diagram above, T (s) = 


= -1.05. 
—759 


G(s) _ 200(s+4) 


Therefore, system is stable and steady-state error calculations are valid. 


a. Produce a unity-feedback system: 
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1+G.(s) si+155+41' 
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R(s) 


s+1 
us, G(s) = EDK = 5342524(K-Dst(K-l) ` ystem is Type 0. 
s2(s+2) 


b. Since the system is Type 0, the appropriate static error constant is K,. Thus, 


1 
Cop (©) = 0.001 = ——— 
PC ) 14K 


p 


1 
Therefore, Kp- 999 = K1 Hence, K = 1.001001. 


aL 
(s+1) 
Check stability: Using original block di T(s) 0 zl 
eck Stability: sing origina oc lagram, S - . K+) NA x 
) s?-2s?-Ks*K 
"3 6G92) 


Making a Routh table: 


Therefore, system is stable and steady-state error calculations are valid. 


45. 
a. Produce a unity-feedback system: 


s+4 2 
=] = 


Hy(s) = 
us) s+2 s+2 
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K(s+1) 
s^(s--3) K(s+1)(s +2) 
Thus, G,(s) = 55 = 37. System is Type 0. 
B 14, 2KG*l s'45s +6 +2Ks+2K ^ —— 7 
s^(s--3)(s-2) 
b. Since Type 0, appropriate static error constant is Kp, 
2K 
c K =——=1 
EE 
1 1 


d. Estep = 1+Kp = 2 


Check stability: Using original block diagram, 


K(s+1) 
s’(s +3) K(s+1)(s +2) 
TG)- —KG-«1s*4) 544533 2 i 
1+ s +5s°+(K +6)s°+5Ks+4K 
s^(s -- 3s +2) 
Making a Routh table: 
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lola | o | o | 


Therefore, system is stable for 0 < K and steady-state error calculations are valid. 


46. 
Program: 

K=10 
numgi=K*poly([-1 -2]);dengi-poly([O 0 -4 -5 -6]); 
'Gi(s)-' 
G1-tf(numgi,deng1) 
numhi-[1 6];denhi-poly([-8 -9]); 
'"H1(s)=' 
H1=tf (numh1, denh1) 
'H2(s)-2H1-1' 
H2-H1-1 
%Form Ge(s)=G1(s)/(1+G1(s)H2(s) 
"Ge(s)=G1(s)/(1+G1(s)H2(s))' 
Ge=feedback (G1, H2) 
%Test system stability 
'T(s)=Ge(s)/(1+Ge(s))' 
T=feedback(Ge, 1) 
pole(T) 
Kp=dcgain(Ge) 
'sGe(s)' 
sce-tf([1 0],1)*Ge; 
sGe=minreal(sGe) 
Kv=dcgain(sGe) 
's^2Ge(s)' 
s2Ge-tf([1 0],1)*sGe; 
s2Ge=minreal(s2Ge) 
Ka=dcgain(s2Ge) 
essstep=30/(1+Kp) 
essramp=30/Kv 
essparabola=60/Ka 


K=1E6 

numgi-K*poly([-1 -2]);dengi-poly([O 0 -4 -5 -6]); 
"G1(s)=' 

G1=tf (numgi, deng1) 

numhi-[1 6];denhi=poly([-8 -9]); 
"H1(s)=' 

H1=tf (numh1, denh1) 

'H2(s)zH1-1' 

H2-H1-1 

9$ Form Ge(s)=G61(s)/(1+61(s)H2(s) 
'Ge(s)-61(s)/(1*G1(s)H2(s))' 
Ge=feedback (G1, H2) 

%Test system stability 
'T(s)=Ge(s)/(1+Ge(s))' 
T=feedback(Ge, 1) 

pole(T) 

Kp=dcgain(Ge) 

'sGe(s)' 

sGe=tf([1 0],1)*Ge; 
sGe=minreal(sGe) 
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Kv-dcgain(sGe) 
's^2Ge(s)' 

s2Ge-tf([1 0],1)*sGe; 
s2Ge-minreal(s2Ge) 
Ka-dcgain(s2Ge) 
essstep=30/(1+Kp) 
essramp=30/Kv 
essparabola=60/Ka 


Computer response: 


10 


ans = 
G1(s)= 


Transfer function: 
10 s^2 + 30 s + 20 


S45 + 15 s^4 + 74 s^3 + 120 s^2 


ans = 
H1(s)= 
Transfer function: 


s+6 


H2(s)=H1-1 


Transfer function: 
-S^2- 16 s - 66 


S^2 + 17 s + 72 


ans = 
Ge(s)=61(s)/(1+61(s)H2(s)) 


Transfer function: 
10 s^4 + 200 S43 + 1250 s^2 + 2500 s + 1440 


S^7 + 32 S^6 + 401 SA5 + 2448 S^4 + 7178 s^3 + 7480 s^2 - 2300 s - 1320 
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ans = 


T(s)=Ge(s)/(1+Ge(s)) 


Transfer function: 
10 s^4 + 200 s^3 + 1250 s^2 + 2500 s + 1440 


-8.5901 + 0.3993i 


-8.5901 - 0.3993i 
-6.0000 
-4,4042 + 0.11651 
-4.4042 - 0.1165i 
-0.0057 + 0.1179i 
-0.0057 - 0.1179i 
Kp = 
-1.0909 
ans = 
sGe(s) 


Transfer function: 
10 s^5 + 200 s^4 + 1250 s^3 + 2500 s^2 + 1440 s 


S^7 + 32 SA6 + 401 s^5 + 2448 S^4 + 7178 s^3 + 7480 s^2 - 2300 s - 1320 


Kv = 

0 
ans = 
s\2Ge(s) 


Transfer function: 
10 s46 + 200 S45 + 1250 s^4 + 2500 s^3 + 1440 s^2 


SA7 + 32 S46 + 401 SA5 + 2448 SA4 + 7178 s^3 + 7480 s^2 - 2300 s - 1320 


A 
» 
ll 


essstep = 


- 330.0000 
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essramp = 


Inf 


essparabola - 


Inf 


1000000 


Transfer function: 
1e006 s^2 + 3e006 s + 2e006 


S45 + 15 s^4 + 74 s^3 + 120 s^2 


ans = 


H1(s)= 


Transfer function: 
s +6 


S^2 + 17 S + 72 
ans = 

H2(s)=H1-1 
Transfer function: 


-s^2 - 16 s - 66 


S^2 + 17 S + 72 


ans = 


Ge(s)=61(s)/(1+61(s)H2(s)) 


Transfer function: 


Solutions to Problems 7-27 


1e006 s^4 + 2e007 s^3 + 1.25e008 s^2 + 2.5e008 s + 1.44e008 


S^7 + 32 s^6 + 401 SA5 - 997542 s^4 - 1.899e007 s^3 - 1.16e008 s^2 - 2.3e008 s 
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- 1.32e008 
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ans = 


T(s)=Ge(s)/(1+Ge(s)) 


Transfer function: 


1e006 s^4 + 2e007 S43 + 1.25e008 S42 + 2.5e008 s + 1.44e008 


SA7 + 32 S46 + 401 SA5 + 2458 SA4 + 1.007e006 S43 + 9.009e006 s^2 + 2e007 s 


+ 1.2e007 


-28.2460 +22.2384i 
-28.2460 -22.2384i 
16.7458 +22.2084i 
16.7458 -22.2084i 
-6.0000 
-1.9990 
-1.0007 


Kp = 
-1.0909 


ans = 


sGe(s) 


Transfer function: 
1e006 s^5 + 2e007 s^4 + 1.25e008 s^3 + 2.5e008 s^2 + 1.44e008 s 


S^7 + 32 s^6 + 401 SA5 - 9.975e005 s^4 - 1.899e007 s^3 - 1.16e008 s^2 


- 2.3e008 s - 1.32e008 


Kv = 

0 
ans = 
s\2Ge(s) 


Transfer function: 
1e006 s^6 + 2e007 S45 + 1.25e008 S44 + 2.5e008 s^3 + 1.44e008 s^2 


S^7 + 32 s^6 + 401 SA5 - 9.975e005 s^4 - 1.899e007 s^3 - 1.16e008 s^2 
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- 2.3e008 s - 1.32e008 


Ka = 
0 
essstep - 


-330.0000 


essramp = 


Inf 


essparabola - 


Inf 
47. 
a. Mason's rule can be used to find the open loop transfer from input to output: 


1 
Only one forward path, T, = K} (K, + —)K,, ——- 
f ae ee - LCs? 
Kna 
Ls 


Three touching loops, L, 2 


. Letting Z, = —— 
sC; 


G(s) = LCs? Ts = K,K,,(K, +1) 
j Kna, 1 Cı s*[L(C+C,)s+K,aC] 


Since the system is not unity feedback, we calculate 


K,K,,(K, +1) 
G(s) 7 rs? |L(C+C,)s+K, aC] 
1+GH(s)=G(S) 4, B K;K,(K,rs +1) KK, (K, +1) 
w*[L(C+C,)s+K,aC] s[L(C-C,)s*K,oc] 
K,K, (K 15 +1) 


s*[L(C+C,)s+K,,aC]+ (8 1) EF (k s +1) 
T. 
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The system is type 0. 


: G(s 1 
b. For a step input we calculate K, = Lim (s) = 


s>0 1+GH(s)- G(s) Jf-1 


Then €, = l -1-— 
1+K, P 
48. 
A G1(8)G2(s) D(s)G2(s) 
YGO-RO:G«GxsgHG) * 1+ Gi(GGX9HG) 
G1(S)G2(s) D(s)G2(s) 
EG) = RG) - YG) = RB -TF GG; (snis) R8) TEGO 
7 G1(s)G»(s) G(s) 
(Ecco | F9 coco PO 
Thus, 
e(00) = lim sE(s) = lim4|1— = SEG) R(s)- PA a 
us Pu 1+ G,(s)G,(s)H(s) 1+ G,(s)G,(s)H(s) 
49. 
a. E(s) = R(s) - C(s). But, C(s) = [R(s) - C(S)H(s)]G4(s)Go(s) + D(s). Solving for C(s), 
_  R(s)G1(S)G2[S) D(s 
CS-1rGQSGXSH() '1*GiGGx9HG) 
Substituting into E(s), 
G1(S)G2(s) 1 
TT f “I+ ol RO GOO PO 
1 
b. For R(s) = D(s) = zd 
lim G,(s)G, (s) 1 
e(o») = limsE(s) =1 520 - 
s>0 1+ lim G,(s)G,(s)H(s) 1+ lim G,(s)G, (s)H(s) 
C. Zero error if G1(s) and/or G9(s) is Type 1. Also, H(s) is Type 0 with unity dc gain. 
50. 


First find the forward transfer function of an equivalent unity feedback system. 
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Solutions to Problems 


"gs = 
E | | K  — .— 
E .K(srta-1) © 5° +5s?+(K+4)s+ K(a- 1) 
s(s +1)(s +4) 
1 1 a-1 
Thus, e(oo) = e(00) = — = —————— = — 
1+K, K a 
ab 


Sc a a-1 
a ` 


ae tivity of e(35), S a e 
inding the sensitivity of e(o0), de:q = “IT 
ea a N q 


a-i 


7-31 


51. 


as. PT. PO) A+ L(S))(F (s)G(s)H((s)) - F()LGYGGY)H (5) 
TP T OP psy IO) (1+ L(s))? 
(s) 
1+ L(s) 


|. P(s) F(s)G(sSH(s | 1 

= F(s)L(s) (1+L(s) 1-L(s) 
T(s) | 1 L(s) 
F(s) 1+L(s) 1+L(s) 


b. Sp + 


Copyright O 2011 by John Wiley & Sons, Inc. 


7-32 Chapter 7: Steady-State Errors 


52. 
P ? 45 1 
a. Sip = a = = M ers so GP(s) = Es and 
© TOP s°+5s+14 1+GP(s) s(s +5) 
14 14 14 
7 GP +5 14 
G(s) = a2) = eae) = . Also JOE)» = sa ia ) = 7° 89 
P(s) 2 s+5 1+GP(s) que 14 s°+5s+14 
S s(s +5) 
14K 
F()- T(s) | (s-1(s-2)si-5s-14) . 14K 
GP(s) 14 (s  1)(s +2) 
1+GP(s) s^ +5s +14 
1 
b. The system is type 1, so for €,, = Q itis required that Lim F (s) = 7K =1. So K = p 
s>0 
53. 
From Eq. (7.70), 
( KK, ) MED ONE 
; (s+ 2) f (s+2) 2-K, 
e(o») 21- lim lim = = 
( ) s>0 1, KK, (8+D) s>0 1+ kK,K,(s+1) 2+K,K, 
(s+2) (s+ 2) 
Sensitivity to K1: 
Ki. Kiko  (100X(01) | 
Se:K1 e BK DKK: ^ 24000 (0.1) ~~ 9-833 
Sensitivity to K»: 
S Ke 2Koü*K) —  — 2x01)X1«100 — — Pus 
€K» e K?  (Ko2)Q*K4K2)  (0.1-2(24(100(0.1) ^^ 
54. 
a. Using Mason's rule: 
K 1 ; 
T, =1; Loops L, 2 == d m, —4 E 5 2 nite He 
s +0) Mys S+€ S tO, SHE S+E 
non-touching loops. A, = 1+ — 
S+é 
1+ — 
E - TA, E Stc 
R A E QO € 


1+m, i 3 
Ste ARO, SHE 


b.For a unit step input, 
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1 em, 
E 1 dem, 
icu CEU EN RE Er e 
1+m 0 r r 


r 2 2 
S+E S' tO, St+E 


c. For a unit ramp input, 


r 


1+ 1 
e, = Lims SHE E 
ron E 0% E S 
1+m, a 3 m 
S+E S +O, STE 
d. The system is type 0. 
55. 
a. Using Eq. (7.89) with 
s?«15s*50 -(4s+22)  -(25+20) 
-1 1 
I-A) "==> - (35+15) — s%+108+23 6 
s` *20s *111s7*164 
- (s+13) s+9 s?+15s+38 


yields e(oo) = 1.09756 for a step input and e(oo) = œ for a ramp input. The same results are obtained 


using 
; y [50 22 -0 

gta sad 3 6&6 

164| ^is 3 38 


and Eq. (7.96) for a step input and Eq. (7.103) for a ramp input. 


b. Using Eq. (7.89) with 


s2+9s S 7 


-1 
(sI-A) == 2 - (5s+7) s 7s 
sS +9s"+5s+7 
- (s+9) -1 s?+9s+5 


yields e(oo) = 0 for a step input and e(oo) 7 


oo 7 
A-l--l -70 n 


for a ramp input. The same results are obtained using 


-3-1 5 
and Eq. (12.123) for a step input and Eq. (12.130) for a ramp input. 


c. Using Eq. (7.89) with 


Copyright O 2011 by John Wiley & Sons, Inc. 


7-34 Chapter 7: Steady-State Errors 


sS.5s-4 -55-33 - £4 10 
l- AT l= gg td Se.ddsed2  -25-19 
sS.làs.43:617| 03.5 S659. à 33:5 


yields e(oo) 7 6 for a step input and e(oo) = oo for a ramp input. The same results are obtained using 
-d -23 10 
Aa-l-z-i| 11 4 -13 
ME -22 -3 5 
and Eq. (7.96) for a step input and Eq. (7.103) for a ramp input. 


56. 
Find G4(s): Since 100 mi/hr = 146.67 ft/sec, the velocity response of G4(s) to a step displacement of 


the accelerator is v(t) = 146.67(1 - e*t). Since 60 mi/hr = 88 ft/sec, the velocity equation at 10 seconds 


Ki 
56becomes 88 = 146.67 (1 - e7210), Solving for a yields a = 0.092. Thus, G4(s) = $:0.092 ` But, from 


: Ki 1 
the velocity equation, the dc value of G4(s) is 0.092 ^ 146.67. Solving for K1, G4(s) = 40.092 ` 


Find error: The forward transfer function of the velocity control loop is 


13.49K 13.49K 1 3 
—————— . Therefore, Ky = 0.092 e(oo) = ke 6.82 x 10°°K. 
s(s +1)(s + 0.092) f 


G,()G,(8) = = 
57. 


First, reduce the system to an equivalent unity feedback system. Push K to the right past the summing 


junction. 


K 


1 
Convert to a unity feedback system by adding a unity feedback path and subtracting unity from K3 ; 


The equivalent forward transfer function is, 
K1K2 
Js2+Ds " K1K» 
K1K2 E ) Js? «Ds*Ko(Ka-K1) 


Ge(s) = 


1+ - 
Js2+Ds \K1 
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1 


The system is Type 0 with K, = . Assuming the input concentration is Ro, 


3 1 
R R,(K,-K 
e(o) == = RS Kj) . The error can be reduced if K3 = K4. 
1+Kp K, 
58. 
K (s+0.01) 


s$ _K (s+0.01) hacia 
(s+0.01) ^ 52+Ks+0.01K >" ^7 

1+K 2 , 

S 

61 01) _ (s*0.01)? 

Form Ge(s) = G -K : 

els) = G1e(s) s2(s2+Ks+0.01K) 
System is Type 2. M estep = 0, 


a. For the inner loop, G1e(s) = 


b. eramp = 0, 
: 1 100 
c.e =} “hn ^ 
parabola Ka 0.01 


d. T6) = Gels) _ K(s+0.01)2 
` 1+Ge(s) s4+Ks3+1.01Ks2+0.02Ks+10-4K 


0<K 


, | 20201 DUE K 
i 1.01 K— 0.02 0.0199 < K 


K 
Thus, for stability K =" > 0.0199 


59. 
a. Following Figure P7.29, the transfer function from 6 y to eis given by: 


e SG; 


ó, 1«KG, 


1 
For ô y = — we have that in steady state 
S 
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08-% 
e(o) = — —À— 
1+ K(0) + 


2 


It can be seen from this expression that if K(s) is type 1 or larger e(oo) = 0. 
b.From Figure P7.29: 


r G; +r KG, 
ô,  1«KG, 
The error is now defined as 
i r i G, -r' KG, 1+ KG, =G; +r KG, 
ô  1+KG ~ 1+ KG, 


In steady state this expression becomes: 


14+K(0) 5 —0.8K(0) P. 1+0.2K(0) 24 — 

T = ie 3d a, _ a, 4, 
2 b, 7 b, 
4 1+K(0) 2 1+K(0)% 


2 a, 
It can be seen in this equation that the steady state error cannot be made zero. 


SOLUTIONS TO DESIGN PROBLEMS 


60. 


3n 
Pot gains: Kj =—— =3; Amplifier gain: K? ; Motor transfer function: Since time constant = 0.5, a 
TU 


© 


C(s) 
0 = 10. Hence, K = 20. The motor transfer function is now computed as Ea(s) = 
a 


e lA 


10 

= 2. Also, 1 
20 ; ; ; ; : 

s(s*2) . The following block diagram results after pushing the potentiometers to the right past the 


summing junction: 
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61. 


62. 


Solutions to Problems 


0K» 1 
Finally, since Ky = 10 = 7 from which K» = 3- 


First find Ky: Circumference = 27 nautical miles. Therefore, boat makes 1 revolution 


O 2m 
in 59 = 0.314 hr. 
Angulares ma, eie A eee dU: 
ngułar velocity 1s thus, 0314 hr ~ 3600x0.314sec > 
1/109 5.56 x 103 
For 0.1? error, e(oo) = x 2m rad = A 


360° Ky 
K = 12.76. 


a. Performing block diagram reduction: 


+ + 
O S218 O 100 
RI- s+13 RS 


s^4-14 s4100 


3s 
S4- 0.2 
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3 rad 
sec * 


K 
. Thus Ky = 3.19 = 47 from which, 


— —P 
(s+0.5Xs”+ 9.5s +78) 


C(s) 
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R(s) + 100 (s+ 0.2) 2 
—— _ 5—13 
s +14.2s +402.8s+20 (s+ 0.5)(s + 9.5s-- 78) 


2. T 
G,(s) = (- 200) S 12.8 s -2.6 
s 7+37.2 s 9+942.15 s + 13420 s 4+1.0249x105 s 2. 4,6048x10? s 2.2 2651x109 s - 10140 
System is unity feedback with a forward transfer function, G(s), where 
s 2-12.85 -2.6 


G(s) = -200 K————————————Ü——M—M mmm 
s 7+37.2 s %+942.15 s 9413420 s 4+ 1.0269x10? s 2+4.5792x10° s 24 2.2599x10? s +10140 


Thus, system is Type 0. 


520K1 
b. From G(s), Kp = 10140 7 700. Thus, K1 = 13650. 
G 
c. T (s ) = : 
1*G,; 


For K1 = 13650, 
2 
s ^—12.8s -2.6 


Fs ovS e —  — a Se 
s 7+37.2 s %+942.15 s 5» 13420 s + 1.0269x10? s 9-2.2721x108 s 2+3.517x107 s +7108140 


Because of the negative coefficient in the denominator the system is unstable and the pilot would not 


be hired. 
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63. 
The force error is the actuating signal. The equivalent forward-path transfer function is 
K 
G, (s) = ———+—. The feedback is H(s) = D,s + K, . Using Eq. (7.72) 
s(s+K;,K,) 
R(s 
E, (s) = e . Applying the final value theorem, 
1+G,(s)H(s) 
(1 
. A S z K, A 
€, ramp (©) = im. EQ E) = ra < 0.1. Thus, K; < 0.1K.. Since the closed-loop system 
s(s+K,K,) 
is second-order with positive coefficients, the system is always stable. 
64. 


a. The minimum steady-state error occurs for a maximum setting of gain, K. The maximum K possible 


is determined by the maximum gain for stability. The block diagram for the system is shown below. 


C . desired ( s) 


= KS 
(s +10)(s* +4s +10) 


Pushing the input transducer to the right past the summing junction and finding the closed-loop 


transfer function, we get 


3K 
(s - 10)(s? - 4s +10) 3K 
je 3K e 2 
1 s +14s^ +50s+(3K +100) 


+ 2 
(s +10)(s° - 4s +10) 


Forming a Routh table, 


s? 1 50 

s? 14 3K+100 

s! —3K + 600 0 
= 

s" 3K+100 0 
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100 
The s! row says -œ < K < 200. The s? row says — 3 « K. Thus for stability, 


— 3 « K « 200. Hence, the maximum value of K is 200. 


3K 1 1 
b. K, =—— =6. Hence, ee (00) = ==. 
P 100 i 1+ K, 7 
c. Step input. 
65. 
—0.1s E L 
Substituting values we have P(s) — E , G(s) = DUE. 
(s + 2.67)(s +10) s -- 0.005 
The proportional error constant 
.005L 140625e °°" 
SIMCO a e AMS e cue don AAT 
$20 $90 s 4- 0.005 (s + 2.67)(s +10) 
1 1 
poc = = 0.1 which gives L =1.71x10°. 
1+K, 1+4+5273.44L 
66. 


K,s+K, 48500 


a. The open loop transmission is GP(s) = . The system is type 2. 


s? s +289 
b. The Transfer function from disturbance to error signal is 
48500 
E(s) _ s? + 2.895 E 48500s 


48500 K,s-K,  s*+2.89s? + 48500(K,s + K,) 
s? +2.89s S 


D(s) i 1+ 


Using the Final value theorem 


e, = LimsE(s) = Lims 3 = enous I =0 
iris s30 s” + 2.89s° + 48B500(K,s - K,) Js 
48500K 1 2. 
c. We calculate K, = Lims*G(s)P(s) = —————- so e,, = = 89 =0. 
Tu 2.89 K,  48500K, 
we get K, = 0.0120 
os e 48500 K,s+0.012 
d. The system's characteristic equation is 1+ =0 or 


s? +2.89s S 


s? + 2.89s* + 48500K „s + 584.021 = 0. The Routh array is: 
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s? 1 48500K, 

s? 2.89 584.021 
140165K, —584.21 

A 2.89 

1 48500K , 


The dominant requirement is given by the third row K, > 0.00417 


YirYcat 
Spring 
displacement 


0.7883(s +53.85) 
(S + 15.47 s +9283)(s’+ 8.119 s+ 376.3) 


Pantograph Spring 


Input Controller Actuator 
transducer dynamics 


Sensor 


YhrY cat 
Spring 
displacement 
Desired i 
force Q^ 0.7883(s - 53.85 


(s? + 15.475 + 9283 )(s?+ 8.119 s + 376.3) 


Controller Actuator 


Pantograph Spring 


dynamics 
b. 
T Y,(s)— Y. (s) 0.7883(s + 53.85) 
SS --——— — CC — 
E, (s) (s^ + 15.47s + 9283)(s^ +8.119s + 376.3) 


Ge(s) = (K/100)*(1/1000)*G(s)*82.3e3 


0.6488K (s+53.85) 


G(s) > 
(s? + 8.119s + 376.3) (s? + 15.47s + 9283) 


K, = 0.6488K*53.85/[(376.3)(9283)] = K*1.0002E-5 
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Maximum K minimizes the steady-state error. Maximum K possible is that which yields stability. 
From Chapter 6 maximum K for stability is K = 1.88444 x 10”. Therefore, K, = 1.8848. 
C. es = 1/(1+K,) = 0.348. 


68. 


a. The system is Type 0 since there are no open-loop poles at the origin. 
b. The open loop transfer function is: 


KG(s)P(s) 2 K 


—520s —10.3844 
s? 4 2.68175? +0.11s+0.012b 
So that K, = Lim KG(s)P(s) = -824.16K 
s>0 


1 
— |1-824.16K 


1 
1+K, 


es| = 


| = 0.1 which results in K = —0.1092. 


s^ + 2.68175" + 0.11s° + (0.0126 —520K)s +10.3844K = 0 


The Routh array is 


69. 


a. When the speed controller is configured as a proportional controller, the forward-path transfer 
function of this system is: 


0.11(5+0.6)xKp 
s(s+0.5173) + 5 (s+0. E 01908) ` 


G(s)= 


For the steady-state error for a unit-step input, r(t) = u(t), to be equal to 1%: 


1 1 
= = =0.01 (2 
step (0) 1+ lim G(s) 0.11 (s +0.6)x Kp " 


s>0 1+ lim 
s>0| s (s+0.5173) + 5 (s+0.6) x (6 +0.01908) 


. 1 
From equation (2), we get: 0.11x0.6x Kp. 


1+ 


= 0.01, which yields: Kp, = 85.9. 


0+5x0.6x0. 01908 


b. When the speed controller is configured as a proportional plus integral controller, the forward-path 
transfer function of the system becomes: 


Copyright © 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 7-43 


0.11(s--0.6)x(100s-- Kj.) 


G(s) -s [s (s 0.5173) + 5 (s+0.6) x (s + 0.01908) | ve 


For the steady-state error for a unit-ramp input, r(t) = t u(t), to be equal to 2.5%: 


1 1 
e (00) = 5 7.1025 4 
ramp (2°) lim s G(s) 0.11(s--0.6)x(100s- Kr. ) i 
s>0 lim s Se 
s>0 | s[s (s+0.5173) + 5 (s+0.6) x (s+0.01908)] 


1 
0.11x0.6x K; 
SC 


0-4 5x0.6x 0.01908 


From equation (4), we get: = 0.025, which yields: K; œ = 34.7. 


c. We'll start by finding G,(s), the equivalent transfer function of the parallel combination, 
representing the torque and speed controllers, shown in Figure P7.35: 


13.53s 3(s+0.6)/100s+40 313.535? + 3005 + 72 
uu ue ceu ue S 
(s+0.5) (s+0.5) S s(s+0.5) 
-3 
Given that the equivalent transfer function of the car is: G5 (s) = D MN , we apply equation 
s + 0.01908 


7.62" of the text taking into consideration that the disturbance here is a step with a magnitude equal to 


83.7: 
83.7 | 837 


e(oco) = — — — = 
(9) 3.114 oo 


lim 
s>0 G, ( s) 


+limG,(s) 
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EIGHT 


Root Locus Techniques 


SOLUTIONS TO CASE STUDIES CHALLENGES 
Antenna Control: Transient Design via Gain 
a. From the Chapter 5 Case Study Challenge: 


76.39K 
Gs) = 5(6+150)(6+1.32) 


1 
Since T, = 8 seconds, we search along - 25^ the real part of poles with this settling time, for 1809. 
We find the point to be - 0.5+j6.9 with 76.39K = 7194.23, or K = 94.18. Second-order 
approximation is OK since third pole is much more than 5 times further from the imaginary axis 


than the dominant second-order pair. 


b. 
Program: 
numg- 1; 


deng=poly([0 -150 -1.32]); 
'G(s)' 

G=tf (numg, deng) 

rlocus(G) 
axis([-2,0,-10,10]); 
title(['Root Locus']) 

grid on 

[K1, p]J=rlocfind(G) 
K=K1/76.39 


Computer response: 
ans = 


G(s) 


Transfer function: 


S^3 + 151.3 s42 + 198 s 
Select a point in the graphics window 
selected_point = 


-0.5034 + 6.33251 
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K1 = 


6.0690e+003 


p= 
1.0e+002 * 
-1.5027 
-0.0052 + 0.06331 
-0.0052 - 0.06331 
K = 
79.4469 
>> 
ans = 
G(s) 


Transfer function: 


S^3 + 151.3 s^2 + 198 s 
Select a point in the graphics window 
selected point - 


-0.5000 + 6.2269i 


K1 = 


5.8707e+003 


p= 
1.0e+002 * 
-1.5026 
-0.0053 + 0.06231 
-0.0053 - 0.06231 
K = 


76.8521 
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Solutions to Case Studies Challenges 38-3 


Root Locus 


0115, 0085 0.056 0856 0.048, 


Imaginary Axis 


-2 -1.5 -1 -0.5 0 


Real Axis 


UFSS Vehicle: Transient Design via Gain 
K(s+0.437) 
s(s+2)(s+1.29)(s+0.193) 


K = 0.25K . Combine the parallel feedback paths and obtain H(s) = (s+1). Hence, G(s)H(s) = 


K(s+0.437)(s+1) 
s(s+2)(s+1.29)(s+0.193) 


a. Push -K to the right past the summing junction yielding G(s) = , where 


. The root locus is shown below in (b). Searching the 10% overshoot line (6 


= 0.591; 0 = 126.249), we find the operating point to be -1.07 + j1.46 where K = 3.389, or Ky = 
13.556. 


b. 

Program: 

numg- [1 0.437]; 

deng=poly([0 -2 -1.29 -0.193]); 

G-tf(numg, deng); 

numh-[1 1]; 

denh-1; 

H=tf (numh, denh); 

GH=G*H; 

rlocus (GH) 

pos=(10); 
z--log(pos/100)/sqrt(pi^2-*[109g(pos/100)]^2); 
sgrid(z,0) 

title(['Root Locus with ' , num2str(pos), ' Percent Overshoot Line']) 
[K, p]=rlocfind(GH) ; 

pause 

K1-K/0.25 

T-feedback(K*G,H) 
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T=minreal(T) 
step(T) 
title(['Step Response for Design of ' , num2str(pos), ' Percent']) 


Computer response: 
Select a point in the graphics window 


selected_point = 


-1.0704 + 1.4565i 


13.5093 


Transfer function: 
3.377 S * 1.476 


S^4 + 3.483 S43 + 6.592 s^2 + 5.351 S + 1.476 


Transfer function: 
3.377 S * 1.476 


S^4 + 3.483 s^3 + 6.592 s^2 + 5.351 s + 1.476 


Root Locus with 10 Percent Overshoot Line 


Imaginary &xis 


-2 -1.5 -1 -0.5 0 


Real Axis 
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Solutions to Problems 8-5 


Step Response for Design of 10 Percent 


Time (sec) 


ANSWERS TO REVIEW QUESTIONS 


1. The plot of a system's closed-loop poles as a function of gain 

2. (1) Finding the closed-loop transfer function, substituting a range of gains into the denominator, and 
factoring the denominator for each value of gain. (2) Search on the s-plane for points that yield 180 degrees 
when using the open-loop poles and zeros. 

3.K=1/5 

4. No 

5. At the zeros of G(s) and the poles of H(s) 

6. (1) Apply Routh-Hurwitz to the closed-loop transfer function's denominator. (2) Search along the 
imaginary axis for 180 degrees. 

7. If any branch of the root locus is in the rhp, the system is unstable. 

S.If the branch of the root locus is vertical, the settling time remains constant for that range of gain on the 
vertical section. 

9. If the root locus is circular with origin at the center 

10. Determine if there are any break-in or breakaway points 

11. (1) Poles must be at least five times further from the imaginary axis than the dominant second order 
pair, (2) Zeros must be nearly canceled by higher order poles. 

12. Number of branches, symmetry, starting and ending points 

13. The zeros of the open loop system help determine the root locus. The root locus ends at the zeros. Thus, 


the zeros are the closed-loop poles for high gain. 


SOLUTIONS TO PROBLEMS 


a. No: Not symmetric; On real axis to left of an even number of poles and zeros 
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b. No: On real axis to left of an even number of poles and zeros 

c. No: On real axis to left of an even number of poles and zeros 

d. Yes 

e. No: Not symmetric; Not on real axis to left of odd number of poles and/or zeros 


f. Yes 


g. No: Not symmetric; real axis segment is not to the left of an odd number of poles 


h. Yes 
2. 
j j 
s-plane 
s-plane 
—>- 
(a) (b) 
j J 
s-plane s-plane 
(c) (d) 
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Solutions to Problems 38-7 


j 


j 
s-plane s-plane 
(c) (d) 
j 
s-plane 
s-plane 
(£) 


z-pl 


j 


(e) 


s-plane 


je il 
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d. 
4. 
m 3m - ; 
a. There are two asymptotes with 0 PEE > on and real axis intersection 
2 
0+0-6-(-*) 
O, = => = —2.67 . The break-in and breakaway points are obtained by finding 
2 3 2 
o (o+6 o +60 
K = GEN TO) = ——— — — — Obtaining 


ore o+ = 
dk (0+ Jeo" +120)-(0* +60”) 2o(o +2) 


Ñ eJ eJ 
o+— o+— 
3 3 


numerator we get: O = 0, — 2, — 2. So the root locus looks as follows: 


and solving for the roots of the 
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Solutions to Problems 8-9 


$ 
4 


b. We can obtain K from 1+ 5 
s°(s+6) 


¿2 = 9, resulting in K = 12. Note that the open loop 


is + 5) 
ON 3) 


(s+2)° 


zero will appear as a closed loop zero, so the closed loop transfer function is T(s) = 


K(s-1) _ 
s 42942 
(1— K)s* +(2—2K)s + (2—K) =0. The Routh array is 


0 or 


a. The characteristic equation is given by 1— 


se 1-K 2-K 
S 2-2K 
1 2-K 


For K > 0, the first column of the Routh array will have no sign changes when either K « lor 


when K » 2. The system is closed loop unstable in the range 1 « K « 2. 
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b. There are no asymptotes in this root locus. To calculate the break-in and breakaway points, let 


o° +20+2 
= sue 
D +20+1 
dK (6? +20 +120 +2)—(6? +20 +2\20+2)  -20+1 
= > ma z So the only 
do (o? +20+1) (c? +20 +1) 
break-in point occurs when o = —1. 


It is helpful to calculate directly the root positions from the characteristic equation. The closed loop 


=94 9K E 41=K)=41=0)0=K). -1+K+4K-1 


poles are located at S, , = > ———— = 


2(1-K) 1-K 
It can be seen that when K <1, both poles are complex conjugate with a real part =-1; when 
K » 2 the two poles are real. 


The root locus is: 


K»1 


c. When K — the poles are at oo. When K = 2, the solution of the quadratic equation above 
gives S = 0,-2 
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Solutions to Problems 38-11 


ROOT LOCUS CANOT LJ 


Imag axis 


-4 -3 5 -1 0 1 


A PS 


Break-in: o = -2.43 for K = 52.1 


E] SISO Design for SISO Design Task 


—" AAA 


File Edit View Designs Analysis Tools Window Help 


Root Locus Editor for Open Loop 1 (OL1) 


Imag Axis 


Real Axis 


Loop gain changed to 0.508 
Right-click on plots for more design options. 


Break-in: o = -3.78 for K = 31.5; Breakaway: o = -0.661 for K = 0.508. 
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8. 
20K(s+5 
Convert the denominator to the following form: D(s) =1+ EST 
S quls +78 
G(s) = 20K(+5) __20K(s+5) 
s?-2s/47s s(s°+2s+7) 
Plotting the root locus yields 
Root Locus Editor (C) 
15 T T 
9. 
Im Im 
s-plane 
Re 
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and thus identify 


s-plane 


Re 


Solutions to Problems 8-13 


SISO Design for SISO Design Task 


R]xo FSF Vwagg|” 


Root Locus Editor for Open Loop 1 (OL1) 


Applied new configuration. Right-click on the plots for design options. 


Closed-loop poles will be in the left-half-plane when rhp pole reaches the origin, 


(3(5) 15 
rK = 
"Qo 8 


15 
. Thus, poles will be in the right half-plane for K « 8 
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11. 


12. 


Root Locus Editor (C) 


Imag Axis 


D 4 


— (gain at the origin). 


Closed-loop poles will be in the right-half-plane for K > 


OS 9 


Therefore, stable for K « 4/9; unstable for K » 4/9 . 


0.5 


Imag Axis 
o 


-0.5 


Real Axis 


Breakaway: o = -3.436 for K = 1.781. System is never unstable. System is marginally stable for K = 
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Solutions to Problems 8-15 


13. 
System 1: 


.3ü 


DO je 


-2.00 “700 n 1.00 2.00 


a. Breakaway: o = 1.41 for K = 0.03; Break-in: o = -1.41 for K = 33.97. 
b. Imaginary axis crossing at j1.41 for K = 1. Thus stable for K > 1. 

c. At break-in point, poles are multiple. Thus, K = 33.97. 

d. Searching along 135° line for 1800, K = 5 at 1.414 Z 1350, 


System 2: 


ju 


a. Break-in: o = -1.41 for K = 28.14. 


Copyright O 2011 by John Wiley & Sons, Inc. 


8-16 Chapter 8: Root Locus Techniques 


b. Imaginary axis crossing at j1.41 for K = 0.67. Thus stable for K > 0.67. 
c. At break-in point, poles are multiple. Thus, K = 28.14. 
d. Searching along 1350 line for 1809, K = 4 at 1.414 Z 1350. 


14. 


-10.00 -500 — B0 5.00 10.00 
Real 


Root locus crosses the imaginary axis at the origin for K = 6. Thus the system is stable for K > 6. 


b. 

1.50 

75 
DO je 

-.75 

i i : i i i E -1.50 

-3.00 -1.50 oo 1.50 3.00 
Real 


Root locus crosses the imaginary axis at j0.65 for K = 0.79. Thus, the system is stable for K < 0.79. 
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15. 


16. 


Solutions to Problems 38-17 


Imag Axis 


Real Axis 


There will be only two right-half-plane poles when pole at +2 moves into the left-half-plane at the 


origin. Thus K AA 6.67. 


Imag Axis 


-1 5 1 L L L L É L 
- - 4 4 -2 0 2 
Real Axis 
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17. 


Root locus crosses the imaginary axis at j7.348 with a gain of 810. Real axis breakaway is at 2.333 


15 
at a gain of 57.04. Real axis intercept for the asymptotes is ES 5. The angle of the asymptotes 


1s =3 , Tl, 3m . Some other points on the root locus are: 
6 = 0.4: -1.606 + j3.68, K = 190.1 
6 2 0.6: -1.956 + j2.6075, K = 117.8 
620.8: -2.189 + j1.642, K = 79.55 


3 


a. 
1.50 
75 
OO jw 
-.75 
: : i i : : : -1.50 
-3.00 -1.50 -00 1.50 3.00 


Real 
Imaginary axis crossing: j1.41 at K = 1.5. Stability: K < 1.5. Breakaway: -1.41 at K = 0.04. Points on 
root locus: -1.5 + j0, K = 0.0345; -0.75 + j1.199, K = 0.429; 0 + j1.4142, K = 1.5; 
0.75 + j1.1989, K =9. Finding angle of arrival: 90 - 01 - 02 03 2 909 - tan(1/3) - tan! (1/2) + 


03 = 180°. Thus, 03 = 135°. 
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18. 


19. 


20. 


Solutions to Problems 8-19 


Imaginary axis crossing: j1.41 at K = 1. Stability: K « 1. Breakaway: -1.41 at K = 0.03. Break-in: 
1.41 at K = 33.97. Points on root locus: -1.5 +30, K = 0.02857; -0.75 + j1.199, K = 0.33; 


0 +j1.4142, K = 1; 0.75 x 1.1989, K 2 3. 


a. Root locus crosses the imaginary axis at + 3.162 at K = 52. 


b. Since the gain is the product of pole lengths to -5, K — (va +1 JN +1 | =17 . 


" 10.00 
7.50 
5.00 
2.50 
00 jw 
-2.50 
-5.00 
-7.50 
-10.00 | im | | -00 05 ; 10.00 
Real 
c. Root locus crosses imaginary axis at ¡4.28 with K = 140.8. 
d.K = 13.125 
Assume that root locus is epsilon away from the asymptotes. Thus, Og = Oe sel 
Angle = Cn 2 i = . Hence a. = 7. Checking assumption at —1 + j100 yields -180° with K = 
9997.02. 
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21. 
1.00 
.50 
.00 je 
-.50 
-2.00 l Err | M EET i 2 
Real 
a. Breakaway: -0.37 for K = 0.07. Break-in: 1.37 for K = 13.93 
b. Imaginary axis crossing: +j0.71 for K = 0.33 
c. System stable for K « 0.33 
d. Searching 120° find point on root locus at 0.571209 = - 0.25 + j0.433 for K = 0.1429 
22. 


20 T T T T 


Imag Axis 


1 
-40 -30 -20 


-10 
Real Axis 


b.23.93 « K <a 
c. K = 81.83 @ -13.04 + j13.04 


d. At the break-in point, s = -14.965, K = 434.98. 
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23. 


Solutions to Problems 


.D0 je 


-2.50 


-5.00 


-7.50 


E i à i i i i -10.00 
-10.00 -5.00 00 5.00 10.00 
Real 


-1 -2 -3 4) - 2k+1)T 
a. Asymptotes: Ojnt = AAA = 2 E Sani 


733 Angle 4 
b. Breakaway: -1.38 for K = 1 and -3.62 forK = 1 


c. Root locus crosses the imaginary axis at +j2.24 for K = 126. Thus, stability for K < 126. 


d. Search 0.7 damping ratio line (134.427 degrees) for 1800. Point is 1.4171.2134.427° = 
- 0.992 + j1.012 for K = 10.32. 


8-21 


e. Without the zero, the angles to the point +j5.5 add up to -265.074°. Therefore the contribution of 


the zero must be 265.074 - 180 = 85.0749. Hence, tan 85.0749 = 22 , Where - z¿ is the location of the 
C 


zero. Thus, z, = 0.474. 
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OO jw 


-2.50 


-5.00 


l E E E : : ; -10.00 
-10.00 -5.00 0 2.00 10,00 
Real 
f. After adding the zero, the root locus crosses the imaginary axis at +j5.5 for K = 252.5. Thus, the 
system is stable for K < 252.5. 
g. The new root locus crosses the 0.7 damping ratio line at 2.7318.4134.427% for K = 11.075 


compared to 1.4171.4134.427% for K = 10.32 for the old root locus. Thus, the new system's settling 


time is shorter, but with the same percent overshoot. 
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24. 


25. 


T(s) = : 


s2+as +1 


ju 


s-plane 


1 
82 +1 


=~~ Thus an equivalent system has G(s) = 2 
S^ + 


Qs 


1+ 
s2 +1 


OLS 
Plotting a root locus for G(s)H(s) = Te , we obtain, 
se + 


-z.üü 
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.30 


Solutions to Problems 8-23 


ju 


1 


and H(s) = Gs. 
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26. 
a. 
5.00 
3.75 
2.50 
1.25 
.00 jw 
-1.25 
-2.50 
-3.75 
i E i E : i : -5.00 
-5.00 -2.50 00 2.50 5.00 
Real 
b. Root locus crosses 20% overshoot line at 1.8994 / 117.1269 = - 0.866 + j1.69 for K = 9.398. 
4 T 
c. Ts = 0.866 ^ 4.62 seconds; Tp = 169 = 1.859 seconds 
d. Other poles with same gain as dominant poles: o = -4.27 
e. Root locus crosses imaginary axis at +j3.32 for K = 60. Therefore stability for K < 60. 
27. 
a. 


Imag Axis 


-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 
Real Axis 
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Solutions to Problems 8-25 


(6 5 4 2 (2) 
j 4 2 
(2k 1) u 3. 
E 42 2? 2 
c. At the jo axis crossing, K = 115.6. Thus for stability, 0 < K < 115.6. 
d. Breakaway points at o = -2.524 (0 K = 0.496 and o= -5.576 @ K = 0.031. 


9.5 


e. For 25% overshoot, Eq. (4.39) yields ¿= 0.404. Searching along this damping ratio line, we find 
the 180? point at 20.6608 + ¡1.496 where K = 35.98. 
f. -7.839 + j7.425 


g. Second-order approximation not valid because of the existence of closed-loop zeros in the rhp. 


h. 

Program: 

numg=35.98*[1 -2 2]; 
deng-poly([-2 -4 -5 -6]); 
G-tf(numg, deng); 
T=feedback(G, 1) 

step(T) 


Computer response: 
Transfer function: 
35.98 s^2 - 71.96 s + 71.96 


S^4 + 17 S^3 + 140 s^2 + 196 s + 312 


Step Response 


Amplitude 


ü 1 2 3 - 2 6 7 8 9 


Time (sec) 


Simulation shows over 30% overshoot and nonminimum-phase behavior. Second-order 
approximation not valid. 
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28. 


29. 


30. 


a. Draw root locus and minimum damping ratio line. 


TROR ee 1.00 
: i : => Minimum damping ratio 
l „50 
cd A nee OO jw 
-.50 
: i i ; i ; i -1.00 
-3.50 -2.50 -1.50 -.50 0 


Real 
Minimum damping ratio is G = cos (180 - 145.55) = cos 34.45? = 0.825. Coordinates at tangent point 
of € = 0.825 line with the root locus is approximately —1 + j0.686. The gain at this point is 0.32. 


b. Percent overshoot for G = 0.825 is 1.019%. 
T — 
0.6875 ^ 


4 
c. T; = 1 = 4 seconds; Tp = 4.57 seconds 


d. Second-order approximation is not valid because of the two zeros and no pole-zero cancellation. 


+) ok 
e K,= = = 1.92 ; Therefore, Criss (00) = = =0.52. 


v 
The root locus intersects the 0.55 damping ratio line at —7.217 + j10.959 with K = 134.8. A 
justification of a second-order approximation is not required. The problem stated the requirements in 
terms of damping ratio and not percent overshoot, settling time, or peak time. A second-order 
approximation is required to draw the equivalency between percent overshoot, settling time, and peak 


time and damping ratio and natural frequency. 


Since the problem stated the settling time at large values of K, assume that the root locus is 
| A NK T 
approximately close to the vertical asymptotes. Hence, Ojnt = =- T. . Since T, is given 
s 


2 


as 4 seconds, Ojnt = -1 and o = 9. The root locus is shown below. 
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Solutions to Problems 8-27 


-0.00 E00 EN 5.00. 
Real 


31. 
The design point is - 0.506 + 1.0047. Excluding the pole at -a , the sum of angles to the design point 


is -141.379. Thus, the contribution of the pole at -a is 141.37 - 180 = - 38.639. The following 


geometry applies: 
ju 
310047 


z-plane 


= -0.506 


1.0047 


Hence, tan 0 = à.- 0.506 


= tan 38.63 = 0.799. Thus a = 1.763. Adding this pole at -1.763 yields 


180° at - 0.506 + j1.0047 with K = 7.987. 
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3. 


33. 


Imag Axis 


4 
Real Axis 


b. Searching along the 10% overshoot line (angle = 126.2399), the point - 0.7989 + j1.0898 yields 
1800 for K = 81.74. 


c. Higher-order poles are located at approximately -6.318 and —7.084. Since these poles are more than 
5 times further from the imaginary axis than the dominant pole found in (b), the second-order 


approximation is valid. 
d. Searching along the imaginary axis yields 180° at j2.53, with K = 394.2. 
Hence, for stability, 0 < K « 394.2. 


Program: 

pos-10; 
z--log(pos/100)/sqrt(pi^2-[10g(pos/100)]^2) 
numg-1; 

deng-poly([O0 -3 -4 -8]); 
G-tf(numg, deng) 
Gzpk=zpk(G) 
rlocus(G,0:1:100) 

pause 

axis([-2,0,-2,2]) 
sgrid(z,0) 

pause 

[K, P]=rlocfind(G) 
T=feedback(K*G,1) 

pause 

step(T) 


Computer response: 
Lo = 


0.5912 
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Transfer function: 


S^4 + 15 s^3 + 68 s^2 + 96 s 


Zero/pole/gain: 


S (s*8) (s*4) (s*3) 
Select a point in the graphics window 
selected point - 


-0.7994 + 1.0802i 


81.0240 


-7.1058 
-6.2895 
-0.8023 + 1.0813i 
-0.8023 - 1.0813i 


Transfer function: 
81.02 


S^4 + 15 s^3 + 68 s^2 + 96 s + 81.02 


Root Locus 


un 


T T T T 


Imaginary Axis 


1 
-8 -7 -5 -5 -4 -3 -2 -1 ü 


Real Axis 
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Solutions to Problems 8-29 
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Root Locus 


HIE E GOS E EM A 


Imaginary Axis 


Real Axis 


Step Response 


Amplitude 


ne 
e 
^4 


3 4 
Time (sec) 


Noe 


34. 
a. For a peak time of 1s, search along the horizontal line, Im = 1/ Tp= 7, to find the point of 


intersection with the root locus. The intersection occurs at —2 + jr at a gain of 11. 
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Solutions to Problems 8-31 


Imag Axis 
eo 


Real Axis 


b. 

Program: 

numg=11*[1 4 5]; 

deng=conv([1 2 5],poly([-3 -4])); 
G-tf(numg, deng); 

T=feedback(G, 1); 

step(T) 


Step Response 


J. T T T T T 


Amplitude 


0 L L L L L 


0 0.5 1 1.5 2 25 3 


h 
h 


Time (sec) 


Peak time approximately 0.8 second instead of 1 second. 
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35. 


Hoot Locus 


imag Axis 


-10 “5 0 5 10 
Real Axis 
b. Searching the jc axis for 180°, we locate the point j6.29 at a gain of 447.83. 


c. Searching for maximum gain between -4 and -5 yields the breakaway point, -4.36. Searching for 


minimum gain between -2 and -3 yields the break-in point, -2.56. 
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To find the angle of departure from the poles at -1-+j1: -01 - 05 - 03 + 04 + 05 - 0g - 900 
= - tan 1(1/5) - tan! (1/4) - tan-1(1/3)  tan-1(1/2) + tan (1/1) - 06 - 909 = 1800 . Thus, 06 = - 242.229 
e. Searching along the C = 0.3 line (0 = 180 - cos”l(%) = 107.4589) for 180° we locate the point 
3.96 Z 107.458? = -1.188+j3.777. The gain is 127.133. 
36. 


Root Locus with 0.3 Damping Ratio Line 


10 15 


-15 -10 nt 
Real Axis 


b. Searching the jœ axis for 180°, we locate the point j2.56 at a gain of 30.686. 

c. Searching for maximum gain between 0 and -2 yields the breakaway point, -0.823. Searching for 
maximum gain between -4 and -6 yields the breakaway point, -5.37. Searching for minimum gain 
beyond -8 yields the break-in point, -9.39. 

e. Searching along the € = 0.3 line (0 = 180 - cos (C) = 107.4589) for 180? we locate the point 

1.6 Z 107.458? = -0.48 + j1.53. The gain is 9.866. 


Copyright O 2011 by John Wiley & Sons, Inc. 


8-34 Chapter 8: Root Locus Techniques 


37. 


Root Locus with 15 Percent Overshoot Line 


Real Axis 


a. Searching the 15% overshoot line (G = 0.517; 0 = 121.1319) for 180°, we find the point 2.404 
Z 121.1319 = -1.243 + j2.058. 
b. K = 11.09. 


c. Another pole is located left of -3. Searching for a gain of 11.09 in that region, we find the third pole 
at -4.514. 


d. The third pole is not 5 times farther than the dominant pair from the jo axis. the second-order 


approximation is estimated to be invalid. 
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38. 


Solutions to Problems 


Imag Axis 


-15 L L 1 L E 1 L L 
5 a 3 4 


-1 0 
Real Axis 


b. Searching the jæ axis for 1809, we locate the point j1.69 at a gain of 4.249. 
c. Searching between -2 and -3 for maximum gain, the breakaway is found at -2.512. 


d. 


To find the angle of arrival to the zero at 2 + j2: 
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4 2 2 

o o T o 
b d.d od e oe Wh oe o dan s. GR s 3g 
Solving for 6,, the angle of arrival is 0, = 191.37, 


e. The closed-loop zeros are the poles of H(s), or—1 + j2. 
f. Searching the ¢ = 0.358; (0 = 110.979) for 1809, we find the point 


= -0.65374j1.705. The gain, K = 0.8764. 


g. Higher-order poles are at —2.846 + j1.731. These are not 5 times further than the dominant poles. 
Further, there are closed-loop zeros at —1 x j2 that are not cancelled any higher-order poles. Thus, the 


second-order approximation is not valid. 


39. 
2 
x< 
< 
S 
E 
-40 -35 -30 -25 -20 -15 -10 -5 0 5 
Real Axis 
a. The root locus crosses the imaginary axis at ¡2.621 with K 2 4365. Therefore, the system is stable 
for 0 « K « 4365. 
b. Search the 0.707 damping ratio line for 180° and find -0.949 + j0.949 with K = 827.2. 
c. Assume critical damping where root locus breaks away from the real axis. Locus breaks away at — 
1.104 with K = 527.6. 
40. 
Program: 
numg=1; 


deng-poly([O -3 -7 -8]); 
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numh=[1 30]; 
denh=[1 20 200]; 
G-tf(numg, deng) 
Gzpk=zpk(G) 
H-tf(numh, denh) 
rlocus(G*H) 

pause 

K-0:10:1e4; 
rlocus(G*H,K) 
sgrid(0.707,0) 
axis([-2,2, -5,5]); 
pause 

for i-1:1:3; 

[K, P]=rlocfind(G*H) 
end 
T=feedback(K*G,H) 
step(T) 


Computer response: 
Transfer function: 


S^4 + 18 s^3 + 101 s^2 + 168 S 


Zero/pole/gain: 


S (s+8) (s+7) (s+3) 


Transfer function: 
s + 30 
S^2 + 20 s + 200 
Select a point in the graphics window 
selected point - 


-0.9450 + 0.9499i 


828.1474 


-9.9500 +10.0085i 
-9.9500 -10.0085i 
-8.1007 + 1.8579i 


-8.1007 - 1.8579i 
-0.9492 + 0.9512i 
-0.9492 - 0.9512i 


Select a point in the graphics window 
selected point - 


0.0103 + 2.6385i 
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4.4369e+003 


-9.7320 +10.0691i 
-9.7320 -10.0691i 
-9.2805 + 3.39151 


-9.2805 - 3.3915i 
0.0126 + 2.6367i 
0.0126 - 2.6367i 


Select a point in the graphics window 
selected_point = 


-1.0962 - 0.0000 


527.5969 


-9.9682 +10.0052i 
-9.9682 -10.0052i 
-7.9286 + 1.5303i 
-7.9286 - 1.5303i 
-1.1101 
-1.0962 


Transfer function: 
527.6 s^2 + 1.055e004 s + 1.055e005 


S^6 + 38 SA5 + 661 s^4 + 5788 s^3 + 23560 s^2 


+ 8.413e004 s + 1.583e004 
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Imaginary &xis 


Imaginary &xis 


Root Locus 


Real Axis 


Root Locus 


-1.5 -1 -0.5 0 0.5 1 
Real Axis 
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Step Response 


Amplitude 


Time (sec) 


41. 
a. Search jo = j10 line for 180° and find -4.533 + j10 with K = 219.676. 
219.676 x 6 
b. Ka = 20 
C. A settling time of 0.4 seconds yields a real part of -10. Thus if the zero is at the origin, G(s) 
K 
s(5420) , Which yields complex poles with -10 as the real part. At the design point, -10 + j10, K = 
200. 
42. 
a. Searching along Go = -1 for 180°, find -1 + j2.04 with K = 170.13. 
b. Assume critical damping when root locus breaks away form the real axis. Searching for maximum 
gain, the breakaway point is at -1.78 with K = 16.946. 
43. 
K(s-1 
a. The characteristic equation is 1 + HAD =0 or s* +(5+K)s+(6-K)=0 
(s+2)(s +3) 
The Routh array is 
s? 1 6-K 
S 5+K 
1 6-K 
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Solutions to Problems 8-41 


It follows that -5< K <6 


b. The locus for K > 0 is 


(c-1(c-2) 0° +50+6 


c. To find the break-in, breakaway points let K = . Then 


(c -1K20 +5)-(0?+50+6)_0?-20-11 


d 
calculate —— = 


do (6-1) ay 


The roots of the numerator are O” = —2.4641, 4.4641 


The locus for K < Q is 
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d. The smallest settling time for the system will occur when both roots are as far away as possible 
to the left of the j@ axis. This will happen when the system has identical roots at -2.4641. To find 


the value of K we use the characteristic equation 
| K(s-1) 
(s + 2)(s + 3) 


= 0. Solving for K we get K — —0.0718 


s——2.4641 


K(s-1 K 
e. The proportional error constant K , = Lim " 5 = - 
s>0 (s 4- 1)(s + 


l5 09882 
1+K, 6-K 


Then e, = 


f. The system in this case is critically damped, the settling time T, ~ — ].6sec .The step 


2.4641 


response will approximately be: 
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44. 


Solutions to Problems 8-43 


€ (5 ec) 


T(s) = dou e UE . Differentiating the characteristic equation, s? + 6s2 + 5s + K = 0, yields, 
os os ds 
2— — lI E 
3s SK + 128 5% *5sK +1=0. 
] os 
Solving for SK ; 
ds -1 


SK 32412545 
The sensitivity of s to K is 


K 6s K -1 


PSKTSBK Tos 392412845 
a. Search along the € = 0.591 line and find the root locus intersects at s = 0.7353.4126.228% = 
- 0.435 + j0.593 with K = 2.7741. Substituting s and K into S, yields 
Ss:K = 0.487 - j0.463 = 0.672.4-43.5530 


b. Search along the G = 0.456 line and find the root locus intersects at s = 0.88947117.1299 = 


- 0.406 + j0.792 with K = 4.105. Substituting s and K into S,.k yields 
Ss:K = 0.482-j0.358 = 0.6.4-36.6030 


c. Least sensitive: G = 0.456. 
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45. 
0.000765? 


The sum of the feedback paths is He(s) = 1 + 0.02s + $40.06 


. Thus, 


| D0.0D076(s3 + 26,316.52 + 1317 454+ 78,947) 
z+ 0.06 


He [3] 


and 


Kis54 26,31654+ 1317.4 s e 78,947) 


G (F) He (s) = 0.00076 s (s+ 0.08) (s+ 75+ 1220) 


K ([r 0.06] [(s+ 13.128. 33,815] (s+ 13.128- 33.8151]]) 


G (7) He (s) = 0.00076 S(5+ 0.08) (s « 75+ 1220) 


K ([s 13.128+ 33.815] [++ 13.128- 33.815] 


G (31 He (s) = 0.00076 
(5) He (5) 5 (s+ 35+ 34,753] [s+ 3.5- 34.753i]] 


Plotting the root locus, 


50.00 


00 jw 


-55.00 500 -m 500 50.00 
Real 


Searching vertical lines to calibrate the root locus, we find that 0.00076K is approximately 49.03 at 


-10 + j41.085. Searching the real axis for 0.00076K = 49.03, we find the third pole at -36.09. 


41.085 
10 )) = 0.236 


a. G = cos (tan! ( 


b.%0S=e $! x100 =46.63% 


: - 10 = 0.4 seconds 


TU TU 
e. T = — += =- no: =0.076 seconds 
P 
On) hg 41.085 
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Solutions to Problems 8-45 


46. 
Push K he righ h ing j i d find, T ae a 
us to the right past the summing junction and find, I(s)=(1 +3 )05 >  —- 
2 ghtp 8] Sm DR See oe 
K K2 
s+ 
Kə US 
ELDER $2 + K 3s 
=>. . Changing form, T(s) = . Thus, G(s)H(s) = . Sketching the 
s2 + K3s + Ko on (s) - K3s (s)H(s) s2 + K2 8 
s2 + Ko 

root locus, 
a. 

Ky (ste) 

1647 
ce K K2 
s2 + K2 BiG) K2 

b. T(s) => = O E Therefore closed-loop zero at - 77 . Notice that the zero 

l4 K3s s^ + K3s + K2 Kj 

s2 + Ko 


at the origin of the root locus is not a closed-loop zero. 
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c. Push K» to the right past the summing junction and find, T(s) = (1 + us ) EXE, ) 
K2 
K2 E 
SET Kj) s2 + K3s K2 
= LD. . Changing form, T(s) = LIE. . Thus, G(s)H(s) = VERS . Sketching the 
Y s2 + K3s 
root locus, 


K2 
The closed-loop zero is at - Ki ; 


47. 


ju 


ji s-plane 
s-plane 
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48. 


Solutions to Problems 


s-plane 


s-plane 


a. Using Figure P8.15(a), 
[Ms2+(D+D¿)s+(K+K¿)]X(s) - [Des+K¿]Xa(s) = 0 
Rearranging, 
[Ms2-Ds-K]X(s) = -[D¿s+K¿](X(s)-Xa(s)) 
where [D¿s+K¿](X(s)-Xa(s)) can be thought of as the input to the plant. 
For the active absorber, 
(Mes?+D¿s+K )Xa(s) - (Des Ko)X(s) = 0 
Or 
Mcs?Xa(s)+Des(Xa(s)-X(s))+Ke(Xa(s)-X(s)) = 0 
Adding -M¿s?2X(s) to both sides, 


Mcs*(Xa(s)-X(s))+DeS(Xa(s)-X(s))+Ke(Xa(8)-X(s)) = -Mes?X(s) 


Let Xa(s)-X(s) = X¿(s) and s2X(s) = C(s) = plant output acceleration. Therefore, 
Mgs?X¢(s)+DesXo(s)+K eX c(s) = -M,C(s) 


or 
(Mes?* Dose Ko)Xc(s) = -McC(s) 
Using Eqs. (1) and (2), and X4(s)-X(s) = X¢(s), 


Xc(s) Y -Me Xs) — Dest+Ke 
C(s) ~ Mes?+Des+Ke > Xc(8) ~ Ms24Ds4K 


which suggests the following block diagram: 
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(1) 


(2) 
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Structure Output structure 
acceleration 


F(s) * C(s) 
——»- 


Input force 


Active vibration absorber 


b. Substituting M = D = K = De = Ke =1 and redrawing the block diagram above to show X(s) as the 
2 
Mos” (st+1 
output yields a block diagram with G (s) = 1 and H (s) = Mes [set 


. To study the steady- 
s2+s+1 Mcs?+s+1 


state error, we create a unity-feedback system by subtracting unity from H(s). Thus He(s) = H(s)-1 = 


(M. s? s 1) —— | The equivalent G(s) for this unity-feedback system is Ge (s) = ce 
Mcs?+s+1 1+G He 
Me s2+s+1 


— . Hence the equivalent unity-feedback system is Type 1 and will 
Moest+2 Me s3+53+Me s2 +252+s 


respond with zero steady-state error for a step force input. 


Ge Mcs?*s*1 LI 
c. Using Ge(s) in part b, we find T (s) - = $m . Dividing 
1+Ge (s2+25+2)Mes2+s3+2s2+2s+1 
Mc s?+s+1 
: 3 2 s3+257+2s+1 
numerator and denominator by s" *2s^*2s- 1, T (s) = == . Thus, the system 
(242 s«2) M. s? 


+1 


53 2s? 2s*1 


: (2 2s 2) Mes? (32-2522) Mes? 
has the same root locus as a system with G(s)H(s) = 2—————————— = 2——————————— 
3 


s3+252+25+1 (s+1) (s2+s+1) l 


Sketching the root locus, 


Copyright © 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 8-49 


49. 
doe 1300K 

a. The open loop transmission is L(S) = E PERS 

s“ — 739600 

, — 860 + 860 m3 

There are two asymptotes with O, = ——— — —— = O and angles 0, E 

2-0 2. 2 

c^ —860° dK | 2c 

To find the breakaway points let K = ———————— = ——— = 0, so the 


.Then — = 
1300 do 1300 


breakaway points occur when o = 0 . The gain at this point is given by the solution of 


1300K 


t 8604 - 9= 0 or K = 568.9 


It is obvious from the figure that the system is unstable for all values of K > 0. 


1300K (s + 200) 
(s--1000)(s? — 739600) ` 


b. The open loop transmission is L(s) = 
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-1000 -860 +860 — (-200) _ 


There are two asymptotes with O, = El = —400 and angles 
m 3m 

Q, ==, 
2 2 


To find the breakaway points let 
(0 +1000)(o? —8607) o? +10000? — 739.6 x 10°o — 739.6 x10° 
1300(o + 200) 1300(o + 200) l 


dK 20° +16000? + 400 x10? o +591.68x 10% 
Then = = 0 The numerator has two 


do 1300(0 + 200) 


complex conjugate solutions, and a real o = —928 . The gain at this point is given by the solution 


1300K (s + 200) 
(s + 1000)(s* — 860°) 


so 0 or K 29.25 


We use Routh-Hurwitz to find the range of K for which the system is closed loop stable. Let 
1300K(s + 200) 


(s +1000)(s? -8602) - 


s^ +1000s* + (1300K — 739600)s + (260000K — 739.6 x10°) = 0 


The Routh array is: 
s? 1 1300K — 739600 
s? 1000 260000K — 739.6 x10? 
S 1040K 
1 260000K — 739.6 x10 


The dominant requirement given by the fourth row: K » 2844.6 
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50. 


Solutions to Problems 8-51 


a. After substituting numerical values G(s) = EG) =0.5V 


The system’s characteristic equation is: 


v 
s+— 

1+0.5V — 99. 
s? 122 


The Routh array is 


z =0 or s^ +0.5Vs + (0.833V ° —12.25) = 0 


s’ 1 0.833V? —12.25 
S 0.5V 
1 0.833V? —12.25 


m 
From which we get V > 3.83— 


S 


b. The characteristic equation cannot be written in the form 1+ Ve (s) 0 


c. Solving for the two roots we get S, , = 


A simple script that will plot the root locus is 
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>> v=linspace(0,4, 100000); 
>> sl = (-0.5+sqrt(-3.08*v.42+49))/2; 
>> s2 = (-0.5-sqrt(-3.08*v.^2--49))/2; 


>> plot(real(s1),imag(s1),real(s2),imag(s2)) 
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l ] l ] l ] i 

1 l l ] l ] l 

I l l ] l ] l 

] l l ] l I l 

] l ] l ] l ] 
0.2+-====== pa AAA joe pee peas Poa aS eel (AAA las == 

] l ] l ] l ] 

l ] l ] l ] l 

] l ] l ] l ] 

l ] l ] l ] l 

] l ] l ] l ] 
E er Eben i I : 

l l ] l ] l ] 

l ] I ] l ] l 

] l ] l ] l ] 

l I ] l ] l ] 

l ] l ] l I i 
0r- + + -r +--—---—-H ===> jL.—---- — 

l ] l ] l ] l 

] l ] l l ] l 

] l ] l ] l i 

] l ] l ] l ] 

l ] l ] l ] l 
A e pea peas pu a ¡ea pá =l 

l ] l ] l ] i 

] l ] l ] l i 

] l ] l ] l ] 

l ] l ] l ] i 

] l ] l ] l ] 
-0.2------- —— serene e Ren la ese bie eed deeem ee [e emm es (SD — 

l l l ] l ] l 

] l ] l ] l ] 

l ] l ] l ] l 

l l ] l ] l ] 

l ] l ] l ] i 
—H OR E — SERERE ee => - 

l ] l ] l ] l 

] l ] l l ] l 

] l ] l ] l ] 

l ] l ] l ] l 

] l ] l ] l ] 

-0.4 L l l l L l L 
-4 -3 2 -1 0 1 2 3 4 

51. 


a. The system's characteristic equation is found by calculating det(sI — A) = 0 . This results in 
s^ —12.3415s° + (54.5414K — 256.9538)s* +1250.2Ks -1995.2K = 0 


Which can be manipulated into 
54.5414s? +1250.25 -1995.2 O or 14 K 045414 = 1.498)(5 + 24.42) _ y 
s^ —12.3415s? — 256.9538s? s? (s - 11)(s — 23.3472) 
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; m 3z B ; 
b. There are two asymptotes with 0, = —,— and real axis intersection 


| 0+0-11+ 23.3472 —1.498 + 24.42 


c, -17.63. 
4-2 


To find the break in-breakaway points let 
c* -12.34150* — 256.95380* 
54.541467 1250.20 -1995.2 ° 
dK — (5b45414c? 4125026 -1995.2 40? — 37.024560? - 513.916) 
do (54.54140? +1250.20 -1995.2) 

(c^ -12.34150* — 256.9538" (109.08280 +1250.2) 

(54.54140? +1250.20 -1995.2) 

_ 109.08280* + 3077.50* - 388400? — 2473800? +10254000 
" (54.54140? +1250.20 1995.2)" 


The numerator of this expression has roots at © = 0,- 36.13,11.95, — 7.1, 3.0664 


The root locus is: 


c. For any value of K > O there are always closed loop poles in the RHP. 
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52. 
K,.1 K,s+K 
a. The open loop transmission is G(s) = (K, +—+)— = —=— The characteristic 
s Vs Vs 
K,s+K, 


2 
S 


equation is 1+ = Oor Vs’ +K pS + K, =0. If K pis considered variable, then this 


S 
equation can be written as 1+ —? —__—___ = 0. In this case there is one asymptote. The break-in 


s? 4—L 


M T Vo’ +K, 
point is found by writing Kp = —————— —- and computing 
O 


dK, c(2Vo)-(Vo^ +K,)  Vo^-K, K, 
= A = 7 . The numerator has roots at oO = +,/—— . 
do O o V 

The root locus is: 


K 1 
b. The characteristic equation can now be written as 1+ CORE ae = 0. There are now two 
s(s+—) 
V 
jeh 
m 3m P V Kp 
asymptotes with angles 0, = —, — and real axis intersection O, = ————— = ———.. The 
2 2 2-0 2V 


K 
break-in breakaway point can be found by calculating K = -o (o + ue . Differentiating we get 


dK 


—— 2-29 -—? =0s0 0 =-—*. The root locus is: 


do 
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53. 
After applying the Padé approximation 
7031250L(1—0.2s) 1406250L(s — 0.2) TIPO 
G(s) = A = == ———— ———— so this is a positive 
(s + 0.667)(s + 5)(s +50) (s + 0.667)(s + 5)(s + 50) 
feedback system. 


We start by finding out the range of L for closed loop stability. The characteristic equation is 
1406250L(s — 0.2) 


(s +0.667)(s +5)(s +50) _ 
s? +55.67s° + (286.7 —1406250L)s + (166.8 + 281250L) = 0 . The Routh array is 
s? 1 286.7 —1406250L 
s? 55.67 166.8 + 281250 L 
S 283.7076 -1411300 L 
1 166.8 + 281250L 


The resulting stability range is —5.93x10 ^ < L < 2.01x10 ^ 


The root locus will have two asymptotes with angles 0 = 0, zr 
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For the breakaway break-in points, write 
g — (2 +0.667)(0 +50 +50) _ a° 455.67? + 286.70 166.8 
406251(0 —0.2) 406251(o —0.2) 


. The derivative of 


this expression is 


dK (c -0.2)36^ +111.340 + 286.7) - (o^ +55.670° + 286.70 +166.8) 20 +55.070* — 22.70 - 224.1 
do 406251(o — 0.2)* 406251(o — 0.2)* 


The roots of the numerator are: O” = —27.8, 2.14, —1.88 of which the latter two are in the root 


locus. 


We find the values of L at 2.14 and -1.88 as follows 


1406250L(s — 0.2 
(s  0.667)(s - 5Xs T 168 =0 giving L = 6.2661x10 ? and 
1406250L(s — 0.2) 


(s + 0.667)(s + 5)(s + 50) 


— 0 giving L = 3.83x10 * 


s=2.14 


The root locus is: 
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54. 


Solutions to Problems 8-57 


if 


a. Using Mason's rule it can readily be found that (with d=0) the open loop transmission from U, to 
uU, is 


(Kis-1, 1 1 


K 
uy. 7^ wa "IsCs - K,K,(K,m +1) 
1 BIL(C+C, s? + K ,acs «1] 
ne 1+K,,—a+ 1 pct ts[L(C+C,)s” + K,,aCs +1 
Es LCs C 


So the system's characteristic equation is: 


5 K,K,(K,m +1) 
s[L(C +C,)s? + K,aCs +1] 


or 


L(C+C,)s* +K,0Ci? +[r+ BKK, K 7]s+ BK,K,, =0 


b. Substituting numerical values the characteristic equation becomes 
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15.2u(11u+C, )s* +14.52us* + 73.7375ms + 2.39125 = 0 


The Routh array is 
s? 15.2u(11u * C,) 73.7375m 
T. 14.521 2.39125 
36.347 (111 + C, ) -1.07067 u 
i -14.524 
1 2.39125 


To have all the first column positive it is required that 


C, > -114F and C, < 29.45mF . It follows that 


0< C, <29.45mF due to physical restrictions in the capacitance. 


The characteristic equation can also be expressed as 


90909s? 
1+C, 3 s s a =0 or 
s? +868428? + 4.4101x10? s - 1.5212 x10 
90909s? 


C, =0 
(s +35)(s + 5379)(s + 81428) 


There are no asymptotes. The break-in and breakaway points are calculated by first obtaining 


o? + 868426? + 4.4101x10°o +1.5212 x10" 


C, =- 3 . Then differentiating, 
9090957 
dC, | o" (30? +1736840 + 4.4101x10°) — (o? + 868426? + 4.4101x10'0 1.5212 x10” Bo? 
do 909096 ^ 


. 8684201 +7.893x10%0*  4.564x10" o^ 
909096 ° 


o — 0,0,— 9030.7,— 58.2 


The roots of the numerator are 
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Solutions to Problems 8-59 


The value of C, at -9030.7 is obtained 
909095? 
s? +868425? + 4.4101x 10? 5 - 1.5212 x 10? 


C, =3.5523x10” 


from1+ C, 


s=-9030.7 = Ü giving 


The root locus is: 
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55. 
a. Substituting values we have 
G,(s) = 0.009 1+£) ao? iG Qa — 
S / S4 0.5 s(s + 0.833) 


The systems characteristic equation is 


14 G,G, =1+4.614x10* 15 
s j s(s+0833)(s +0.5) 


Which can be rewritten as: 
4.614x10 "(s — 0.5) 


Td p I EI 
S +1.333s° +0.417s° - 2.308x10 ^s 


or 
4.614x10*(s—0.5) i 
s(s —0.0006)(s + 0.5029)(s +8306) 


There are 3 asymptotes with a real axis intersection at 


0+0.0006—0.5029—0.8306—0.5 
o, = id = -0.61 


The breakaway points are found by defining 
N(s) 2 s—-0.5 and D(s) = s* +1.333s* +0.4175* — 2.308x10 ^s . Then N'(s) 21; 


D'(s) = 4s? + As? 4 0.834s — 2.308 x10~ 
Then N(s)D'(s)— N'(s)D(s) 2 0 becomes 
3s* -- 0.6675? —1.583s? -0.4175+1.154x10*=0 


That has roots at S — 0.7417, — 0.694, — 0.2703, 0, 0003 . The only solution in the locus is - 


0.2703. 


The roots locus is: 
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Solutions to Problems 


X X 
c 
NL 
i 
1 
ATEN 
| 


| 
b. The system is unstable for all values of K, although with relatively large time constants 
for small K. It is very unlikely that the driver-train system is unstable. 


56. 
R, x— 
P R, y 1 R xG,s+1 0.04s+1 
C,s 
Z cable = Reable + Lcable S = 9.06 + 0.000055 
Hence: 
1 = 1 " 0.045 +1 
Zeable * Zr, — 0,064 0.000055 + (0.06 + 0.00005 s (0.04 s +1)+5 
0.045 -1 
F 0.04s +1 _ 20000 s + 500000 
2E-6xs” +0.00245s+5.06 s*+1225s + 2530000 
2 
meee V.) _ s^ +1225s + 2530000 


I,(s) 5? +1225s + 2530000) 0.008s + (200005 + 500000) 
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] s? «1225s + 2530000 
0.008s? + 9.8s? + 40240s + 500000 


b. The transfer function of the forward loop, KG(s): 


2 
o- Ox Kb + 12255 + 2530000) 
E,(s) 0.008s" +9.8s” + 40240s + 500000 
The transfer function of the feedback loop is given by: H (s) — 200 ‘ 
s+200 


The system’s characteristic equation is: 


| K (s? +1225s + 2530000) I 200 ) 


+ 
0.008s? + 9.85” + 40240s + 500000 Js + 200 


Or equivalently 


sf «1425s? + (5275000 + 25000 K js? + (1.068510? +3.0625x10’ K5+(1.25x10' -6.325x 10 K) 
=0 

The following MATLAB M-file was written to plot the root locus for the system and to find the 

required-above operational parameters and functions: 

numg = [1 1225 2.53E6]; 

deng = [0.008 9.8 40240 500000]; 

G - tf(numg, deng); 

numh = 200; 

denh = [1 200]; 

H = tf(numh, denh); 

rlocus(G*H); 

title('Full Root Locus for DC Bus Voltage Control System' >) 

pause 

axis ([-150, 0, -150, 150]); 

z=0.707; 


sgrid(z,0) 
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Imaginary Axis 


-0.2 - 


-0.4 - 


-0.6 - 


-0.8 - 


Solutions to Problems 8-63 


title('Root Locus Zoomed-in around Dominant Poles with a 0.707 
Damping Line') 

[K1,p]=r10cfind(G*H); 

pause 

K = Ki; 

T=feedback(K*G,H); %T is the closed-loop TF of the system 
T=minreal(T); 

step(750*T); 

grid 


title('Step Response of DC Bus Voltage') 


The first figure shown below is the full root locus for that system. 


0.2 - 


Full Root Locus for DC Bus Voltage Control System 
[ I [ I 


— Tes) 


[ | [ | | | I 
-1000 -800 -600 -400 -200 0 200 400 600 
Real Axis 
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Zooming into the locus by setting the x-axis (real-axis) limits to -150 to O and the y-axis (imaginary- 
axis) limits to -150 to 150, we get the following Root locus with the line corresponding to a damping 
ratio, — 0.707. That plot was used to find the gain, K, at which the system has complex-conjugate 
closed-loop dominant poles with a damping ratio = 0.707. 

Root Locus Zoomed-in around Dominant Poles with a 0.707 Damping Line 


150 i i 
0.707 


T 


+ Dominant Poles 


100 - =] 


50 — + 


eee === 11 3021 


Imaginary Axis 
o 


-50 - a 


"150 -100 -50 0 
Real Axis 


From the locus we found that: 


i. The gain, K, at which the system would have complex-conjugate closed-loop dominant poles with a 
damping ratio = 0.707 is: K = 1.6832; 


ii. The coordinates of the corresponding point selected on the root-locus are: 


-1.085 E+002 41.090 E+0021 


iii. The corresponding values of all closed-loop poles are: 


p= 1.0 E+003 * 


-0.6040 + 2.16021 
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DC Bus Voltage, Volts 


800 


700 


600 


500 


400 


300 


200 


100 


Solutions to Problems 8-65 


-0.6040 - 2.1602i 


-0.1085 + 0.10901 


-0.1085 - 0.10901 


iv. The output voltage v (t) for a step input voltage v(t) = 750 u(t) was plotted in (c) below. 


dc-ref 


c. The output response is shown below with the required characteristics noted on the graph and listed 
below. 


Step Response of DC Bus Voltage 


| | | | 
l l l l l T 
| i i System: T i 
~ ~ (a a ! Settling Time (sec): 0.0338 | 
TT TL Tw — TÍ System T A = c A c 
[ERA EAT ETE ge ES A pBeakamplitudesZ2is i ^ - - "e e 
| Overshoot (96): 7.41 | | System: T 
MEM | At time (sec): 0.0206 | Final Value: 671 
po S B A RR | 
" System: T ! ! 
¡| Rise Time (sec): 0.00996 i i i 
i E i i 
"IM E EE A ee ab URINE eT 
| | | | 
la | | | 
| | | | 
| | | | 
| | | | 
ZEILE ME XR es MS AA ASAS x a e Si ros ee SS pe oe PPPP 
| | | | 
| | | | 
| | | | 
la | | | 
| | | | 
fale ete ete ee et gi a woe ole ae ote [ete e << ane fe om eis ale ciue af ale ole ole ee ee 
| | | | 
la | | | 
| | | | 
| | | | 
Dee eee ee lo te ee ee ee [A AAA II ae ae E 
lu | | | 
| | | | 
| | | | 
| | | | 
lu | | | 
ae ee ee ee ee ee e ee ee Ne ee l ee Se m MER lx c c 
| | | | 
| | | | 
la | | | 
| | | | 
| | | | 
0.02 0.03 0.04 0.05 0.06 


Time (sec) 


i. The actual percent overshoot = 7.41% and the corresponding peak time, T, = 0.0206 sec; 
ii. The rise time, 7, = 0.00996 sec, and the settling time, T, = 0.0338 sec; 


iii. The final steady-state value is 671 volts. 
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SOLUTIONS TO DESIGN PROBLEMS 


57. 


58. 


59. 


4 
a. For a settling time of 0.1 seconds, the real part of the dominant pole is - Or >" 40. Searching 


along the c = - 40 line for 180°, we find the point -40 + j57.25 with 20,000K = 2.046 x 109, or K = 
102,300. 


1:2. 
b. Since, for the dominant pole, tan! QS ) 2 55.0589, G 2 cos (55.0589) = 0.573. Thus, 


%0s=e '"' x100-11149. 


c. Searching the imaginary axis for 180°, we find œ = 169.03 rad/s for 20,000K = 1.43 x 1010, 
Hence, K = 715,000. Therefore, for stability, K « 715,000. 


61.73K 


Gij: = 
(s) (s+10)3 (s2 + 11.11s + 61.73) 


Oo je 


-20.00 -18.00 oo 10.00 20.00 
Real 


a. Root locus crosses the imaginary axis at +]6.755 with 61.73K equal to 134892.8. Thus for 
oscillations, K = 2185.21. 


b. From (a) the frequency of the oscillations is 6.755 rad/s. 
c. The root locus crosses the 20% overshoot line at 67117.1269 = - 2.736 + j5.34 with 61.73K = 


4 4 
23323.61. Thus, K 2 377.83 and T, = Con = 2736 = 1.462 seconds. 
i : 


a. Finding the transfer function with C3 as a parameter, 
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2 
2s (s+1) 
p Ead s Sa 
Ym(s) _ s (2s*2) | s?*4s42 
YaG) (C,+1)%+48+2 us 
1+ ———— 
s?+4s+2 


Plotting the root locus, 


. aü 


OO jw 


=4 Ud * -3.00 -2.00 -1.00 oo 


4 2 2 
EZ DA 2.— 
aa gra 7 cu 


b. Since 266, = = 0.692. Hence, C, = 3.2. 


60. 


Root Locus with 0.5 Damping Ratio Line 


0 
Real Axis 


b. The pole at 1.8 moves left and crosses the origin at a gain of 77.18. Hence, the system is stable for 


K > 77.18, where K = -508K». Hence, K» < -0.152. 

c. Search the G = 0.5 (0 = 120° ) damping ratio line for 180° and find the point, -8.044 + j13.932 
= 16.087 Z 120° with a K = -508K2 = 240.497. Thus, K» = -0.473. 

d. Search the real axis between 1.8 and -1.6 for K = 240.497 and find the point -1.01. 
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240.497K | (s+1.6) 240.497K | (s+1.6) 


Thus Gels) = S541, 01)(s+8.044+j13.932)(S+8.044-j13.932) = S(s41.01)62+16.0885+258.8066) 


Plotting the root locus and searching the jœ axis for 180° we find j15.792 with 240.497K , = 4002.6, or Ky 
= 16.643. 


Root Locus with 0.45 Damping Ratio Line 


Imag Axis 


! -30 -20 -10 0 10 20 30 
Real Axis 


Search the G = 0.45 (0 = 116.744? ) damping ratio line for 180° and find the point, -6.685 + ¡13.267 


= 14.856 Z 116.7449 with a K = 240.497K, = 621.546. Thus, K, = 2.584. 


61. 
a. Update the block diagram to show the signals that form Hgys(s). 


Pitch command 


9c) 


Pitch output 
9) 
m 


Perform block diagram reduction of the parallel paths from Twy(s). 
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Pitch command 


6c) 


Pitch output 
O(s) 
» 


Compensator dynamics 


| K(s+ 0.01) 
8 


Reduce the momentum wheel assembly to a single block. 


: Compensator 
Pitch command 


BO 


Pitch output 


K(s+ 0.01) Qs 


S 


4.514x10 *K(s 0.01) 
s'(s 0.043) 


Substitute values and find G¿(s) = . Plotting the root locus yields 
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inis Root Locus with 0.404 Damping ratio Line 


nn Me Moe Mee Mee Me 36-20 00 RID... 


Imag Axis 


-0.05 -0.04  -0.08  -0.02^ -0.01 m 0.01 0.02 0.03 004 0.05 
b. Searching the 25% overshoot line (G = 0.404; 0 = 113.89) for 180° yields 
-0.0153 + j0.0355 with a gain = 4.514E-6K = 0.0019. Thus, K = 420.9. 
c. Searching the real axis between —0.025 and —0.043 for a gain of 0.0019. we find the third pole at - 
0.0125. Simulate the system. There is no pole-zero cancellation. A simulation shows approximately 
95% overshoot. Thus, even though the compensator yields zero steady-state error, a system redesign 


for transient response is necessary using methods discussed in Chapter 9. 
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62. 


Imag Axis 


0.2 


Imag Axis 
o 


-0.2 
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Configuration A 
T 


-1500 


-1000 -500 0 500 1000 
Real Axis 


Configuration B 


-1500 


1 
-1000 -500 0 
Real Axis 
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63. 


Configuration C 
T T 


Imag Axis 


L L 1 1 3 1 1 1 1 L 
-2000 -1500  -1000 -500 0 500 1000 1500 2000 2500 
Real Axis 


b. 

Configuration A: System is always unstable. 

Configuration B: root locus crosses jæ axis at ¡2897 with a gain of 3.22 x 10°. Thus, for stability, K 
«322x10*. 

Configuration C: root locus crosses jæ axis at 1531 with a gain of 9.56 x 10°. System is unstable at 


high gains. Thus, for stability, 9.56 x 10? » K. 


a. Using MATLAB and the Symbolic Math Toolbox, the open-loop expression that yields a root 


a 2. 
locus as a function of N* is 


0.2284x 107? (s? + 3.772e-05s + 66.27) (s? + 49.995 + 8789) 
G(s) = 


s(s+45.12) (s? + 4.8935 + 8.77704) 
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Root Locus 
300 i ' | l 
7 x 
200 + i 
x 
jx" 
. " TN u punnan i 
| TTS ieee Y RN 
: D oo Mm H E E HEE KRKO = 
: —s 
"t es -— 
: NM 
— 100 85 
Xx 
x 
my 
-200 + l 
x 
-300 : i ' | i 
-50 -40 -30 -20 -10 7 
Real Axis 
Root Locus 
20r ' i | | 
2 
> 
[^31 
G 
£ 
C 
m 
E 


Real Axis 


Program: 

syms s N KLSS KHSS KG JR JG tel s 
numGdt-3.92*N^2*KLSS*KHSS*KG*s; 
denGdt-(N^2*KHSS* ( JRFS^24KLSS) * (JG*s^2*[tel*s*1]*KG*s)-JR*s^2*KLSS*[(JG*s^2 
+KHSS)*(tel*s+1)+KG*s]); 
Gdt-numGdt/denGdat; 

'Gdt in General Terms' 
pretty(Gdt) 

'Values to Substitute' 
KLSS=12.6e6 

KHSS=301e3 

KG=668 

JR=190120 

JG=3.8 

tel=20e-3 
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numGdt-3.92*N^2*KLSS*KHSS*KG*s; 
numGdt=vpa(numGdt, 4); 
denGdt-(N^2*KHSS* (JR*SA2+KLSS)*(JG*sA2*[tel*s+1]+KG*s)+JR*sA2*KLSS* [(JG*SA2 
+KHSS)*(tel*s+1)+KG*s]); 
denGdt-vpa(denGdt, 4); 

'Gdt with Values Substituted' 
Gdt=numGdt /denGat ; 

pretty(Gdt) 

Gdt=expand(Gdt); 

Gdt=vpa(Gdt, 4); 

'edt Different Form 1' 
pretty(Gdt); 

denGdt-collect (denGdt,N^2); 

'edt Different Form 2' 
Gdt-collect(Gdt,N^2); 

pretty(Gdt) 
[numGdt, denGdt ]=numden(Gdt) ; 
numGdt=numGdt/0.4349e10; 
denGdt=denGdt/0.4349e10; 
denGdt=expand(denGdt ) ; 
denGdt-collect (denGdt,N^2); 
Gdt=vpa(numGdt/denGat, 4); 

'edt Different Form 3' 
pretty(Gdt) 

'Putting into Form for RL as a Function of N^2 using previous results' 
numGH=[1 49.99 8855 3313 582400]; 
denGH-[41.87 2094 0.3684e7 0.1658e9 0]; 
denGH-denGH/denGH(1) 

GH=t f (numGH, denGH) 

GHzpk=zpk(GH) 

"Zeros of GH' 
rootsnumGH=roots(numGH) 

"Poles of GH' 
rootsdenGH=roots(denGH) 
K-0:1:10000; 

rlocus(GH,K) 

sgrid(0.5,0) 

pause 

axis([-10,0,-20,20]) 
[K,P]=rlocfind(GH) 


Computer response: 
ans = 


Gdt in General Terms 
98 2 / 2 2 2 
-- N KLSS KHSS KG s / (N KHSS (JR s + KLSS) (JG s (tel s + 1) + KG s) 
25 / 


2 2 
+ JR s KLSS ((JG s + KHSS) (tel s + 1) + KG s)) 


ans = 


Values to Substitute 


KLSS - 


12600000 
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301000 


JR = 


190120 


3.8000 


tel 


0.0200 


ans = 


Gdt with Values Substituted 


16 2 / 


.9931 10 N s / (301000. 


2 2 


N (190100. s + .1260 10 ) (3.800 s 


13 2 


8 


+ .2396 10 s ((3.800 s 


ans = 


Gdt Different Form 1 


16 2 / 


.9931 10 N s / (.4349 10 


/ 


14 2 2 
+ .1441 10 N s + 


17 3 


+ .1602 10 S + .7212 10 


ans = 


Gdt Different Form 2 


16 2 / 


.9931 10 N s / ((.4349 10 


10 2 5 


.2533 10 


10 


2 
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(.02000 s + 1.) + 668. s) 


+ 301000.) (.02000 s + 1.) + 668. s)) 


12 2 4 14 2 3 


.2174 10 N s + .3851 10 N S 


12 5 13 4 


+ .1821 10 S + .9105 10 S 


12 4 14 3 


.2174 10 S + .3851 10 S 
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/ 


14 2 16 2 18 2 12 5 
+ .1441 10 S + .2533 10 s) N + .7212 10 S + .1821 10 S 


13 4 17 3 
+ .9105 10 S + .1602 10 s ) 


ans = 
Gdt Different Form 3 
7 2 / 
.2284 10 N s / ( 
/ 


5 4 3 2 2 
(1.000 s + 49.99 s + 8855. s + 3313. s + 582400. s) N 


9 2 5 4 7 3 
+ .1658 10 s + 41.87 s + 2094. s + .3684 10 s) 


ans = 


Putting into Form for RL as a Function of N^2 using previous results 


denGH - 
1.0e+006 * 
Columns 1 through 4 
0.0000 0.0001 0.0880 3.9599 
Column 5 
0 


Transfer function: 
S^4 + 49.99 SA3 + 8855 S^2 + 3313 s + 582400 


S^4 + 50.01 s^3 + 8.799e004 s^2 + 3.96e006 s 


Zero/pole/gain: 
(S^2 + 66.27) (SA2 + 49.99s + 8789) 


S (s+45.12) (s^2 + 4.893s + 8.777e004) 


ans = 


Zeros of GH 


rootsnumGH - 
-24.9950 +90.3548i 


-24.9950 -90.3548i 
-0.0000 + 8.1404i 
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-0.0000 - 8.1404i 


ans = 


Poles of GH 


rootsdenGH = 
1.0e+002 * 
0 
-0.0245 + 2.9624i 
-0.0245 - 2.9624i 
-0.4512 
Select a point in the graphics window 


selected point - 


-3.8230 + 6.5435i 


K = 


51.5672 


P= 
-21.1798 -97.6282i 
-21.1798 -97.6282i 


-3.8154 + 6.53381 
-8.8154 - 6.5338i 


b. From the computer response, K = 0.2284x10"N? = 49.6. Therefore, N is approximately 5/1000. 


64. 


l m 37 ba 
a. There are two asymptotes with 0, = —,— and real axis intersection 


0+0-10-(-1) i o. r 
"n E = —4,5. To find the breakaway and break-in points, write 
o^ (c +10) AE TE 
= 7 . The derivative of this expression is 

3.333x10*(0 +1) 
dK  (oc+1)GBo*+200)-(0* +1007) o(20° +130 +20) 

= 4 5 = i 7 [he denominators 
do 3.3333x10*(0 +1) 3.3333x10*(0 +1) 


roots for this expression are O = 0,— 2.5,— 4 


The values of K at -2.5 and -4 are calculated from 


3.333 x 10*(s +1) 


1+K 5 
s^(s +10) 


s=-2.5— 0 giving K = 9.375x10* and 
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4 
4 g 3388x10* (8) 


1 
s^(s +10) 


.47 0 giving K = 9.6x10 * 


The root locus is: 


b. The line corresponding to £ = 0.7 must be at an angle O = cos ! 0.7 = 45.57” so the line 


must lie along the points 5 = a + jb = a — jatan@ = a(1— j1.0202). The angle condition for 


the root locus must be satisfied. Namely 
3.333 x10" (s +1) xd 3.333x10^(1-- a — j1.0202) 
s?(s+10) 157001029 a?(1- j1.0202)? (10 + a — j1.0202) 


fe tan o E y qa 
a 


= — ta 


A numerical search gives d = —1.136. So the root locus and the line intersect when 


s = —1.136(1—- j1.0202) = -1.136+ ¡1.1589 . Then the value of K can be found 
3.333x10*(s +1) 


=0 giving K=6.05x10* 
s*(s +10) PM 


from1+K 


s=-1.136+ j1.1589 


65. 


d 48500 


a. The open loop transfer function can be expressed as G(s) = 3 : 
S s + 2.89 


Acceleration Error Constant is given by 
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48500(K K 
K, = Lims*G(s) = Lim 48900 Kes + Kr) 
s>0 


—16872K, . For a parabolic input 
s>0 s+ 2.89 


1 1 
es — —— — — — = 0.02 . This gives K, = 0.003 
K, 16782K, 


Md 48500 _ 


2 s+2.89 


b. The characteristic equation is 1+ | 
S 


s^ +2.895* + K ps + 0.003 = 0 We start by finding the range of K , for closed loop stability. 


The Routh array is 
s? 1 K, 
s? 2.89 0.003 
2.89K , — 0.003 
S 
2.89 
1 0.003 


So for closed loop stability Kp > 0.001 


To draw the root locus we write the characteristic equation 
sik =Oorl+K, — =0 
s? + 2.89s? + 0.003 (s + 2.89)(s? —0.0004s + 0.001037) 


l m 37 ae . 
There are two asymptotes with 0, = —,— and real axis intersection 


— 2.89 — 2(0.0002) — 
O, = BE E he = —1.4452 . To find the break-in and breakaway points we write 


: 3-1 
o^ +2.890* 0.003 ; 
K,- . We obtain 
O 
dK, __ol80? +5.780)- (o° + 2.890? +0.003) __ 20° + 2.890? -0.003 
- = e 
do o? c 


roots of the numerator are 0 = 0.0319, — 0.0326, — 1.4443. We obtain the values of K, at - 


0.0326 and -1,443 from 
S 
K, 3 2 
s” +2.89s° + 0.003 
S 


P s? 4 2.89s? +0.003 


00326 = O giving K, = 0.1852 and 


1+K 


«a4 = O giving K, = 2.0901 
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The root locus is: 


c. The value of K , when the system has a closed loop pole at -1 is obtained from 


S 
1-K,- «-1 = O resulting in Kp = 1.893. With this value of gain the 
s? + 2.89s* + 0.003 


characteristic equation becomes S? + 2.89s? +1.893s + 0.003 = 0. This equation has roots at 
s = —0.0016,- 1,— 1.884. 
66. 
a. 
>> s=tf('s'); 
>> Ga=10.26/(s12+11.31*s+127.9); 
>> F=6.667e-5*s%2/(s42+0.2287*s+8 17.3); 
>> Gmzs/(s^245.181*s422.18); 


>> G=Ga*F*Gm; 
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>> sisotool 


b. The system will be closed loop stable for 0 « K «3*10^5 


c. The system cannot be overdamped because there will always be two undamped poles very close to 
the jo axis. 


67. 


a.The characteristic equation is given by: 
4 

S 

I RT -——— 

(s +s+1) 


or 


(1+ K)s* + 2s? - 3s? +25+1=0 
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The Routh table is 
s^ 1-K 3 1 
s? 2 2 
E 2-K 1 
s 2(1-K) 
2-K 
1 1 


Clearly for closed loop stability K «1. 


b. There is no locus on the real axis, and no asymptotes. The root locus starts at the loci of the 


complex poles and ends at the zeros in the origin: 


Root Locus 
1.5 T T 
1} v 4 
XK 
0.5 + =| 
> 
2 
x 
T 
> 
S Deo RL — 
£ 
D 
oO 
£ 
» 
-0.5 - - 
x 
a - 4 
-1.5 | | | | | | I [ 
-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 
Real Axis 


Copyright O 2011 by John Wiley & Sons, Inc. 


8-83 Chapter 8: Root Locus Techniques 


68. 


E ———— E 
E SISO Design for SISO Design Task (2) I =- EN 


File Edit View Designs Analysis Tools Window Help — 


xo 23 0/M 


Root Locus Editor for Open Loop 1 (OL1) 


-250 -200 -150 -100 -50 
Real Axis 


Loop gain changed to 35.1 
Right-click on plots for more design options. 


= 0.36 


[MM A EEEE 


b. It can readily found that for closed loop stability 0<K<0.0059 
c. The fastest response will be obtained when the closest poles to the jo axis are both real and 


identical. This will occur when K=0.00136 
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d. When K=0.00136 the dominant poles are situated at -0.57. The settling time 
4 
T, & —— — 7.02sec 
0.57 


e. The actual settling time is 9.7 sec as shown in the figure below. 


Step Response 


1 = T = = = = a e” = E a = T = 


Amplitude 


0.2 - al 


0.1 - - 


69. 
96 Parameters 
J1=10;B1=1;k=100;Jm=2;Bm=0.5;a=0.25;%a is the location of the zero 
96numerator and denominator of the open loop transfer function 
numo=k*[1 a]; 
deno-[Jl*Jm (JI*Bm-*Jm*Bl) (k*(Jl+Jm)+Bl*Bm) k*(Bl+Bm) 0]; 
syso-tf(numo,deno); 


96Pole-Zero map for the open loop transfer function 
pzmap(syso); 

96Root Locus 

rlocus(syso);axis([-1 O -0.3 0.3]); 

zgrid(0.707,[]); 96grid for zeta=0.707 for approx. 596 overshoot 
[KD,poles]-rlocfind(syso); 

96Choose the appropriate location of the poles in the window and multiply the factor by the open 
loop 

%transfer function 

syso=KD*syso; 

96Close the loop 

sysc=feedback(syso,1); 
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figure; 
96Obtain the response 
step(sysc) 


Root Locus 


i I 


0.707 
0.25 | | 


0.2 - 4 


Imaginary Axis 
e 
T 
4 


| | L I i | 


-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 


Real Axis 


Select a point in the graphics window 


selected_point = 


-0.1031 + 0.09781 


Copyright © 2011 by John Wiley & Sons, Inc. 


8-86 Chapter 8: Root Locus Techniques 


Step Response 


60 


1.4 i 
System: sysc 
Peak amplitude: 1.05 
12r Overshoot (96): 5 2 
At time (sec): 25.8 
n RR cat a E 
o 08r 4 
oO 
2 
i 
<= 06- J 
0.4 - | 
0.2 - B 
0 I | | [ | 
0 10 20 30 40 50 
Time (sec) 


Note the 5 % overshoot specified. 
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70. 


Front Panel 


100s +25 
4 3 2 
20s +75 +1200,5s + 150s 


BRRERRECEE 


24 


96.825 + 24.205 
205% + 75° + 1200.55. + 246,825 + 24,205 


Block Diagram 
Plant] Reconstruct the final Root Locus on the 
" 
» front panel of this VI 
Interactive Root Locus 
- [Interactive Root Locus] 

DEN PLANT " x 

» SISO v 

z [Closed Loop Poles | 
E z 

NUM PD CONTROLLER TF and TF * E [Solution For Interative Root Locus - 

> E you can also use State-Space 
DEN PD CRORE E and Zero-Pole-Gain Model 

: [mr E 

R ocus Find E = d 
: [TF E L m E 
D CONTROLLER : : » 
closed loop model 
za] 
^ 
Step Response Graph 
+ 


ew numerator 
adjusted with the 


hosen gain from the RL 


Details of the Case Structure 
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Example code For customer Solution For Interative Root Locus - 
customization you can also use State-Space 


and Zero-Pole-Gain Model 


71. 
The following MATLAB M-file was written to plot the root locus for the system and to find the 


required-above operational parameters and functions: 


numg = poly ([-0.071-6.25i -0.071+6.25i]); 


deng = poly ([-0.047 -2 -0.262+5.1i -0.262-5.1i]); 

G = tf(numg, deng); 

rlocus(G); 

pos=(16); 

z=-1log(pos/100)/sqrt(pir2+(1log(pos/100) )42); 

sgrid(z,0) 

title(['Root Locus with ', num2str(pos), ' Percent Overshoot Line 
for Synchronous Machine with Te = 0.5 sec']) 

[K1, pJ=rlocfind(G); 

pause 

K=0.936*K1; 

T=feedback(K*G, 1); %T is the closed-loop TF of the system 
T=minreal(T); 

step(T); 


grid 
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Imaginary Axis 


20 


-20 
-3 
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Root Locus with 16 Percent Overshoot Line for Synchronous Machine with Te = 0.5 sec 


— 0.504 


[- 0.504 


| 
-2.5 -2 “1.5 -1 -0.5 
Real Axis 


Root Locus with 16% Overshoot Line for Synchronous Machine 


a. The gain at which the system becomes marginally stable is: 


K 2 7.1045 


b.The closed-loop poles, p, and transfer function, T(s), corresponding to a 16% overshoot 
are: 


p- -0.2300 + 4.9446i 
-0.2300 - 4.9446i 
-1.0555 + 1.8634i 


-1.0555 - 1.8634i 


2.633 s^2 + 0.3739 s + 102.9 
T(S)m. A A uec 


s^4 + 2.571 s^3 + 29.88 s^2 + 53.81 s + 105.3 
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c. The coordinates of the point selected on the root-locus were: -1.0557 + 1.8634i and the 
corresponding unit-step response, with ó (t) in p.u, was found. 

d.MATLAB was used to plot that unit-step response and to note on that curve the 
required characteristics: 


Step Response 


1.4 


System: T | l ! 
Peak amplitude: 1.13 | | | 
Overshoot (96): 15.3 | | | 
12 5-4] At time (sec): 1.[468 |------+t---------+---------- ---------- 
Es RS d i System: T i 
i i Settling Time (sec): 5.17 i 
1 | NS | | | | 
BS PS OL SSS SS SSS SS Se 
—- i l | | System: T 
i i Final Value: 0.977 
o 08++--- , System: T a a dond | a 
Y Rise Time (sec): 0.703 l l i 
& | | | | | 
E | | | | | 
Ld ce a MI IINE Co p cree porre LEN 
0.4 -4-F- pq js ecco eese A p========- 
üB a oe el ec e denen psy purum 
0 | | | | | 
0 2 4 6 8 10 12 
Time (sec) 
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YnrYcat 
Spring 
displacement 


' 


Input 


"* 4 K 1 Fup 
1000 


0.7883(s 53.85) 
15.47s 9283)(s? 8.119s 376.3) 


Input Controller Actuator Pantograph 
transducer dynamics 
Sensor 
Y rYcat 
Spring 
displacement 
Desired E ' 
fore t K 1 up 0.7883(s 53.85 
100 1000 (s? 15.47s 9283)(s* 8.119s 376.3) 
Controller Actuator Pantograph 
dynamics 
Gi - IO Kaul) 0.7883(s 53.85) 
2 2 
F.(s) (s; 15.47s 9283)s? 8.119s 376.3) 


Ge(s)=(K/100)*(1/1000)*G(s)*82.3e3 


0.6488K (s+53.85) 


G.(s) = 
(s? + 8.119s + 376.3) (s^2 + 15.47s + 9283) 


= 
xs 
< 
D 
y 
E 
-60 H 4 
-80 FP 4 
—  —1 
-1 00 L L L L 1 E 
-100 -80 -60 -40 -20 0 


Real Axis 


Copyright O 2011 by John Wiley & Sons, Inc. 


8-92 Chapter 8: Root Locus Techniques 


b. 38% overshoot yields G = 0.294. The € = 0.294 line intersects the root locus at —9 + j27.16. Here, 
K. = 7.179 x 10*. Thus K = K,/0.6488, or K = 1.107 x 10°. 

c. T, = A/Re = 4/9 = 0.44 s; T, = 1/Im = 1/27.16 = 0.116 s 

d. Nondominant closed-loop poles are located at —3.4 + j93.94. Thus poles are closer to the imaginary 
axis than the dominant poles. Second order approximation not valid. 


e 
Program: 

syms s 

numg=(s+53.85); 
deng=(s12+15.47*s+9283)*(s12+8.119*s+376.3); 
numg=sym2poly(numg) ; 

deng=sym2poly(deng); 

G-tf(numg, deng) 

K=7.179e4 

Ke=0.6488*K 

T=feedback(Ke*G, 1) 

step(T) 


Computer response: 
Transfer function: 


S + 53.85 


S^4 + 23.59 s^3 + 9785 s^2 + 8.119e004 s 


+ 8.493e006 


71790 


4.6577e+004 


Transfer function: 
4.658e004 s + 2.508e006 


S44 + 23.59 S43 + 9785 s^2 + 1.278e005 s 


+ 6.001e006 
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Step Response 


Amplitude 


n 1 1 1 1 1 fi 1 L 
0 0.1 0.2 0.3 04 05 05 07 0.8 


Time (sec) 


0.66 0.42 
T,=0.12 s, T, = 0.6 s, WOS = —— —— — 57.1%. 
0.42 


73. 
a. The open loop transfer function is 
K(520s +10.3844) 
s? + 2.6817s* +0.11s + 0.0126 
7 —520K (s + 0.02) 
(s +0.02 + j0.0661)(s + 0.02 — j0.0661)(s + 2.6419) 


KG(s)P(s) = 


There are two asymptotes with a real axis intersection given by 


+ 2.6419 - 2(-0.02) - (0.02) 
d 3-1 


— 1.33 and angles O, = = For k 20, 0, =0and 


for k 1, 0, «zr. 


To obtain the breakaway points let 


| 1 + 2.68170* + 0.110 + 0.0126 
G(o)H(o) 5200 +10.3844 


And calculate and solve 
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dK (5206 +10.3844)(30° + 5.36346 + 0.11) — 520(^ + 2.68176" + 0.116 + 0.0126) 
do (5206 +10.3844)' 
10406? +14260° +55.70 5.41 | T 

(5200 -- 10.3844)? 


Giving o = —1.33,— 0.0879, 0.0446 with only the latter in the root locus. The value of K at 


o = 0.0446 is given by: 


3 2 
xu + 2.68170° + 0.110 + 0.0126 — 6.82 x10 4 
5200 010.3844 


0=0.0446 
It was already found in Problem 6.? That the system is closed loop stable for K < 2.04x10 *. 


The root locus is: 


b. Now the open loop transfer function is: 
KG(s)P(s) == EE - 10.3844) 
S' +2.6817s° +0.11s + 0.0126 
y 520K(s + 0.02) 
(s +0.02+ j0.0661)(s + 0.02 — j0.0661)(s + 2.6419) 


There are two asymptotes with a real axis intersection as in part a. but with angles 


2k +1 
0, NA Rees piro = and for k =1 SU. EE 


The breakaway point calculation is similar to the one in part a. giving 


o = —1.33,— 0.0879, 0.0446 with the first two points in the root locus. 
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The value of K at o = —1.33 is given by: 


? + 2.68176? +0.11 .012 
g 2.8: + 2681707 +0.110 + 0.0126 = 0.0033 
5200 + 10.3844 -— € 
The value of K at o = —0.0879 is given by: 
3 2 
ka o` + 2.681704 - 0.11o + 0.0126 =6.5x10* 


5200 +10.3844 


o=—0.0879 


We use Routh-Hurwitz to show that the system is closed loop stable for all K > 0. The 


characteristic equation is: 


520s +10.3844 = 
s? +2.6817s* +0.11s + 0.0126 


or 


s? + 2.6817s? + 0.11s + 0.0126 + K(520s +10.3844) = 0 


or 


s? +2.6817s* +(0.11+520K)s + (0.0126 +10.3844K) =0 


The Routh Array is: 
s? 1 0.11+520K 
s? 2.6817 0.0126 +10.3844K 
0.2824 +1384.1K 
P 2.6817 
1 0.0126 +10.3844K 


It can easily be verified that all the entries in the first column are positive for all K » 0. 


The root locus is: 


Copyright O 2011 by John Wiley & Sons, Inc. 


8-96 Chapter 8: Root Locus Techniques 


74. 
a. With the speed controller configured as a proportional controller [K,..— 0 and G ¿(9) = 
K, the open-loop transfer function is: G (s)G, (s) 01K psal +0.6) 


s(s +0.5173) +5(s + 0.6)(s + 0.01908) 


Expanding the denominator of this transfer function, gives: 


Dg (s) = 6s? +3.613 s + 0.05724. 


Solving for the roots shows that there are two open-loop poles: — 0.5858 and — 0.0163. Thus, the 
open-loop transfer function may be re-written as: 


0.11Kpsc(S+0.6 
G..(5)G,(s) 2 — esc E K,(s+0.6) 1 
6s’ +3.613 5+0.05724 (s +0.5858)(s + 0.0163) 


Kp, x0.11 


In this equation: K,= 
6 


(2) 


The following MATLAB M-file was written to plot the root locus for the system and to find the 


value of the proportional gain, K,, at the breakaway or break-in points. 
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numg - [1 0.6]; 


deng - poly ([-0.0163 -0.5858]); 


G - tf(numg, deng); 

rlocus(G); 

pos=(0); 

z--log(pos/100)/sqrt(pi^2-(10g(pos/100))^2); 

sgrid(z,0) 

title(['Root Locus with ', num2str(pos) , ' Percent Overshoot 
Line']) 

[K1,p]=rlocfind(G); 

pause 

T=feedback(K1*G, 1); %T is the closed-loop TF of the system 
T=minreal(T); 

step(T); 

axis ([0, 8, 0, 1]); 


grid 


The root locus shown below was obtained. Using MATLAB tools, the gain at the break-in point was 
found to be larger and, hence, would yield a faster closed-loop unit-step response. The following 


repeated real poles were found, which indicated that the step response is critically damped: p= - 


0.6910, - 0.6910. These poles corresponded to: K, = 0.78 (which corresponds to E^ 42.54). The 


closed-loop transfer function, T(s), was found to be: 


0.78 s + 0.468 


s? + 1.382 s + 0.4775 
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Imaginary Axis 


Therefore, it was used to find the closed-loop transfer function of the system, to plot its unit-step 


response, c(t), shown below, and to find the rise-time, T,, and settling time, T;. 


Root Locus with 0 Percent Overshoot Line 


0.1 


0.1 | T T 

0.992 0.982 0.966 0.93 0.86 0.6 | 

0.08 - | | 
0.997 

0.06 - i | 

ooa System: G | g 
0.999 Gain: 0.78 ; 
Pole: -0.691 i 

0.02 - Danna 1 ] q 
Overshoot (%): 0 i 

" oz a aS 0.4 0.3 0.2 0.1 / 

+ ME 

-0.02 - | = 
0.999 | 

-0.04 - ! 4 

-0.06 - = 
0.997 | 

-0.08 - | 4 
0.992 | | 0.982 | 0.966 | 0.93 0.86 | 0.6 | 

-0.1 
-0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 
Real Axis 
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System: T 
Step Response Final Value: 0 98 
ER eere E AN E EAD TRUNG] Dupont a aora 
- - - I- - =1 E P> = 0 [— = a - = 4 = = 
_ System: T 
E -LLL LLE Settling Time (sec): 4.69 ^ | | 
| System: T | 
A ata eee esca E rro. REN NENNEN NT RD 
| | | | | | | 
1 2 3 4 5 6 7 8 


Time (sec) 


As could be seen from the graph, these times are: 


T, = 2.69 sec and T, = 4.69 sec 


b. When integral action was added (with KK»... 


EA K p, (s-- 0.4) 
S 


= 0.4), the transfer function of the speed 


controller became: Goo (s) = Kp Tt and the open-loop transfer 


function obtained is: 


oed 0.11 K,,c (s - 0.6)(s +0.4) K,(s-- 0.6) (s - 0.4) 
S S 
ad s(6s? +3.6135+0.05724)  s(s+0.5858)(s +0.0163) 


Where K Ls or K 


1 


6K 
=—+ = 54,5455 K, 
0.11 


Psc 


The following MATLAB M-file was written to plot the root locus for the system and to find the 


gain, K,, which could result in a closed-loop unit-step response with 10% overshoot. 
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numg - poly ([-0.4 -0.6]); 


deng = poly ([0 -0.0163 -0.5858]); 


G - tf(numg, deng); 

rlocus(G); 

pos-(10); 

z--log(pos/100)/sqrt(pi^2-(1log(pos/100))^2); 

axis ([-1, 0, -0.5, 0.5]); 

sgrid(z,0) 

title(['Root Locus with ', num2str(pos) , ' Percent Overshoot 
Line']) 

[K1,p]=rlocfind(G); 

pause 

T=feedback(K1*G, 1); %T is the closed-loop TF of the system 
T=minreal(T); 

step(T); 

axis ([0, 20, 0, 1.5]); 


grid 


The root locus shown below was obtained. Using MATLAB tools, the gain at the point selected on 


the locus (- 0.275 4 j 0.376) was found to be K, = 0.526 (which corresponds to Kc = 28.7). The 
corresponding closed-loop transfer function, 7(s), is: 


0.526 s? +0.526 s + 0.1262 


Ti) T — 
s” -1.1285s* +0.5355s - 0.1262 


T(s) has the closed-loop poles: p = — 0.580, — 0.275 + j 0.376 and zeros at — 0.4 & — 0.6. Thus, the 


complex conjugate poles are not dominant, and hence, the output response, c(t), obtained using 
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MATLAB, does not match that of a second-order underdamped system. Note also that the settling 


time, T, = 15 sec, , the rise time, T, = 2 sec, the peak time, T, = 5.03 sec, and the overshoot is 24.5% 


(higher than the 10% corresponding to the dominant poles). 


Root Locus with 10 Percent Overshoot Line 


T 


I T [ T I 
0.591 


System: G 
Gain: 0.527 4 
Pole: -0.275 + 0.376i 
Damping: 0.591 

Overshoot (96): 9.98 "| 
Frequency (rad/sec): 0.466 


Imaginary Axis 


| | | | | | | | l 


-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 
Real Axis 
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Step Response 
1.5 
| 


| System: T | | i l i 

! Peak amplitude: 1.24 l l l | 

\ l Overshoot (%): 24.5 l l l \ I 

At time (sec): 5.03 | | 

; i i | | | | System: T 

l I Final Value: 1 

m EN. L L | JL | un = 
1B ih 20 Si mnm A ee a eii == 
System: T 


Settling Time (sec): 15 


Output, c(t), volts 


o 
a 


Time (sec) 


It should be mentioned that since we applied 1 volt-unit-step inputs (as compared to 4 volts in the 
Hybrid vehicle progressive problem in Chapter 5) in both parts (a) and (b) above, we should not be 
surprised that the final (steady-state) value of output voltage of the speed transducer was 1 volt, 


which corresponds to a change in car speed of only 5 km/hr. 
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NINE 


Design via Root Locus 


SOLUTIONS TO CASE STUDIES CHALLENGES 


Antenna Control: Lag-Lead Compensation 


76.39K 
a. Uncompensated: From the Chapter 8 Case Study Challenge, G(s) = 5(s+150)(s+1.32) = 


7194.23 don 1 . B 499... 
5(s+150)(s+1.32) with the dominant poles at - 0.5 + j6.9. Hence, £ = cos (tan 05 ) = 0.0723, or 


4 4 
%OS = 79.63% and T; = Eon 05 8 seconds. Also, Ky = 


7194.23 


150x132 ~ 26-33. 


79.63 
b. Lead-Compensated: Reducing the percent overshoot by a factor of 4 yields, %OS = A > 


8 
19.91%, or € = 0.457. Reducing the settling time by a factor of 2 yields, Ts = 35 4. Improving Ky 


by 2 yields Ky = 72.66. Using T, 


4 
Ton 4, Cp = 1, from which oj = 2.188 rad/s. Thus, the 
n 
design point equals -[0y + j 0 Y 1-62 = -1 + j1.946. Using the system's original poles and 
assuming a lead compensator zero at -1.5, the summation of the system's poles and the lead 


compensator zero to the design point is -123.017° . Thus, the compensator pole must contribute 


1.946 
123.0179-180? = -56.98°. Using the geometry below, Wed tan 56.98%, or pc = 2.26. 
m 


Adding this pole to the system poles and the compensator zero yields 76.39K = 741.88 at -1+j1.946. 


Hence the lead-compensated open-loop transfer function is Gr ead-comp(S) = 
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741.88(s+1.5) 
s(s + 150)(s + 1.32)(s + 2.26) ` 


poles at greater than -150 and at -1.55. The response should be simulated since there may not be 


Searching the real axis segments of the root locus yields higher-order 


pole/zero cancellation. The lead-compensated step response is shown below. 


aE a 000 ei Fa a 
RES RR e 
ft | Tt tT | | tT 
ae ae a 10 


Cita 


o 2.2 4.4 6.6 8.8 11 


Time (Seconds 


Lead compensated 


Since the settling time and percent overshoot meet the transient requirements, proceed with the lag 


741.88 x 1.5 r 
compensator. The lead-compensated system has Ky = 150x132x226 ^ 2.487. Since we want Ky 


- 72.66, an i (72:66 _ T€ _s+0.002922 : 
— 72.66, an improvement o 2.487 = 29.22 is required. Select G(S)Lag = $+0.0001 to improve the 


steady-state error by 29.22. A simulation of the lag-lead compensated system, 


—. 741.88(s+1.5)(8+0.002922) — . 
GLag-lead-complS) = 5(5+150)(s+1.32)(s+2.26)(s+0.0001) 15 Shown below. 


Time (Seconds) 


Lag-lead compensated 
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Answers to Review Questions 9-3 


UFSS Vehicle: Lead and Feedback Compensation 


0.25K»(s*0.437) 
Minor loop: Open-loop transfer function G(s)H(s) = (5*2) (541.29) (540.193) ; Closed-loop transfer 


0.25K, (s - 0.437) 


3 . Searching along the 126.87? line (¢ = 0.6), find the 
s(s +...) 


function: Ty, (s) = 


dominant second-order poles at -1.554 + j2.072 with 0.25K» = 4.7. Thus K? = 18.8. Searching the 
real axis segment of the root locus for a gain of 4.7 yields a 3rd pole at -0.379. 


Major loop: The unity feedback, open-loop transfer function found by using the minor-loop closed- 


: -0,25K1(5+0.437) . ds 
loop poles is Gyr (s) = 5(5*0.379)(s*1.55442.072)(s-1.554-j2.072) . Searching along the 120? line 


(€ = 0.5), find the dominant second-order poles at -1.069+j1.85 with 0.25K 4 = 4.55. Thus K4 = 18.2. 


Searching the real axis segment of the root locus for a gain of 4.55 yields a 3rd pole at -0.53 and a 4th 
pole at -0.815. 


ANSWERS TO REVIEW QUESTIONS 


1. Chapter 8: Design via gain adjustment. Chapter 9: Design via cascaded or feedback filters 

2. A. Permits design for transient responses not on original root locus and unattainable through simple gain 
adjustments. B. Transient response and steady-state error specifications can be met separately and 
independently without the need for tradeoffs 

3. PI or lag compensation 

4. PD or lead compensation 

5. PID or lag-lead compensation 

6. A pole is placed on or near the origin to increase or nearly increase the system type, and the zero is 
placed near the pole in order not to change the transient response. 


7. The zero is placed closer to the imaginary axis than the pole. The total contribution of the pole and zero 


along with the previous poles and zeros must yield 1800 at the design point. Placing the zero closer to the 
imaginary axis tends to speed up a slow response. 

8. A PD controller yields a single zero, while a lead network yields a zero and a pole. The zero is closer to 
the imaginary axis. 

9. Further out along the same radial line drawn from the origin to the uncompensated poles 

10. The PI controller places a pole right at the origin, thus increasing the system type and driving the error 
to zero. A lag network places the pole only close to the origin yielding improvement but no zero error. 

11. The transient response is approximately the same as the uncompensated system, except after the 


original settling time has passed. A slow movement toward the new final value is noticed. 
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12. 25 times; the improvement equals the ratio of the zero location to the pole location. 
13. No; the feedback compensator's zero is not a zero of the closed-loop system. 
14. A. Response of inner loops can be separately designed; B. Faster responses possible; C. Amplification 


may not be necessary since signal goes from high amplitude to low. 


SOLUTIONS TO PROBLEMS 


1. 
Uncompensated system: Search along the ¢= 0.5 line and find the operating point is at -1.5356 + 


ET EL 4 
j2.6598 with K = 73.09. Hence, %OS = e ^ +€ x100 = 16.396; T; = no 2.6 seconds; Kp 


_ 73.09 


=2.44. A higher-order pole is located at -10.9285. 


Compensated: Add a pole at the origin and a zero at -0.1 to form a PI controller. Search along the ¢= 


0.5 line and find the operating point is at -1.5072 + j2.6106 with K = 72.23. Hence, the estimated 


performance specifications for the compensated system are: %0S = e * *'* x100 = 16.3%; Ts = 


= 2.65 seconds; Kp = 00. Higher-order poles are located at -0.0728 and -10.9125. The 


1.5072 
compensated system should be simulated to ensure effective pole/zero cancellation. 
2. 
s +0.01 
a. Insert a cascade compensator, such as G, (s) = ———— . 
S 
b. 
Program: 
K=1 


G1-zpk([],[0,-3,-6],K) %G1=1/s(s+3)(s+6) 

Gc-zpk([-0.01], [0], 1) 966c-(s*0.01)/s 

G=G1*Gc 

rlocus(G) 

T=feedback(G,1) 

T1=tf(1,[1,0]) %Form 1/s to integrate step input 
T2-T*T1 

t=0:0.1:200; 

step(T1,T2,t) %Show input ramp and ramp response 


Computer response: 
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Amplitude 


200 


180 


160 


140 


120 


100 


Solutions to Problems 9-5 


Zero/pole/gain: 


S (s+3) (s+6) 


Zero/pole/gain: 
(s+0.01) 


(s+0.01) 


S^2 (s+3) (s+6) 


Zero/pole/gain: 
(s+0.01) 


(s+6.054) (s+2.889) (s+0.04384) (s+0.01304) 


Transfer function: 
1 


S 


Zero/pole/gain: 
(s+0.01) 


S (s+6.054) (s+2.889) (s+0.04384) (s+0.01304) 


Step Response 


T T T 


20 40 60 80 100 120 140 160 180 
Time (sec) 
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a. Searching along the 126.16? line (10% overshoot, £ = 0.59), find the operating point at 


-1.8731 + j2.5633 with K = 41.1905. Hence, K, = = = 0.9807 


s+ 0.40787 


b. A 4.0787 x improvement will yield Kp = 4. Use a lag compensator, G,(S) = 01 
s+U. 


Uncompensated 
0.7 T T 


0.6 - 4 
ee i e eie I a sega sc 


0.4 - 4 


Amplitude 


0.3/7 1 


02r 4 


Time (sec) 


Compensated 
0.8 T 


0.7 + 7 


0.6 F E 


0.5 F 4 


Amplitude 


0.3.| J 


0.1 H + 


Time (sec) 
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Solutions to Problems 9-7 


a. Searching along the 126.16? line (10% overshoot, ¢= 0.59), find the operating point at 


-1.1207 + j1.5336 with K = 27.9948. Hence, Ky = — =1.3331. 


X7 


s + 0.3.0006 


b. A 3.0006 x improvement will yield Ky = 4. Use a lag compensator, G¿(s) = 04 
s+U. 


C. 


Program: 

K-17.5 

G-zpk([], [6, -3, -5],K) 

Gc-zpk([-0.3429], [-0.1], 1) 

Ge=G*Gc; 

Ti=feedback(G, 1); 

T2=feedback(Ge, 1); 

T3=tf(1,[1,0]); %Form 1/s to integrate step input 
T4=T1*T3; 

T5=T2*T3; 

t=0:0.1:20; 

step(T3,T4,T5,t) %Show input ramp and ramp responses 


Computer response: 
K = 


27.9948 


Zero/pole/gain: 
27.9948 


S (S*3) (s+7) 


Zero/pole/gain: 
(s+0.3001) 
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Step Response 


25 1 T 
20 - A 
15+ 4 
5 
= 
- 
E 
< 
10 + 4 
5H 4 
0 Pa d 1 1 I 1 1 I | 1 I 
0 2 4 6 8 10 12 14 16 18 20 
Time (sec) 
5. 
a. Uncompensated: Searching along the 126.16? line (10% overshoot, 6 = 0.59), find the operating 
: : 88.069 : 
point at -2.6255 + j3.5929 with K = 88.069. Hence, K, = 3*5*7 — 0.8388. An improvement of 
20 S + 0.238449 
= 23.8449 is required. Let G, (s) = ————— ——— . Compensated: Searching along the 
0.8388 S +0.01 


126.16? line (10% overshoot, G = 0.59), find the operating point at - 2.5859+j3.5388 with 


* 
K = 88.7909. Hence, K. = A eer — 20.1639. 
i 3*5*7*0.01 
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Solutions to Problems 


Uncompensated 
T T 


Amplitude 


1 f 1 1 
0 0.5 1 1.5 2 2.5 
Time (sec) 


Compensated 
T 


Amplitude 


0 1 1 L 1 L 
0 10 20 30 40 50 60 


Time (sec) 


c. From (b), about 28 seconds 


Uncompensated: Searching along the 135? line (G = 0.707), find the operating point at 
4.6045 


4 
-2.32 * j2.32 with K = 4.6045. Hence, Kp- = 0,153; T; = 232 = 1.724 seconds; Tp= 


— — = 1.354 seconds; %OS = e 4^ 4** x100 = 4.33%; 


oy = 12.32? + 2.32 = 3.28 rad/s; higher-order pole at -5.366. 
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Compensated: To reduce the settling time by a factor of 2, the closed-loop poles should be — 4.64 + 
j4.64. The summation of angles to this point is 119° . Hence, the contribution of the compensating 
zero should be 180? -119% =61° . Using the geometry shown below, 

4.64 


z, 4.64 


C 


= tan (619). Or, ze = 7.21. 


ju 


34.46 


s-plane 


After adding the compensator zero, the gain at -4.64+j4.64 is K = 4.77. Hence, 


— 4.77 X8X7.21 _ .88. pacte = 0.86 second; T,= -Z 20.677 second; 
PO 2x8x5 4.64 ” 464 


%OS =e 5^ *** x100 243396; @, = 14.64? + 4.64? = 6.56 rad/s; higher-order pole at 
-5.49. The problem with the design is that there is steady-state error, and no effective pole/zero 


cancellation. The design should be simulated to be sure the transient requirements are met. 


Program: 

clf 

'Uncompensated System' 

numg-[1 6]; 

deng-poly([-2 -3 -5]); 

'G(s)' 

G-tf(numg, deng); 

Gzpk=zpk(G) 

rlocus(G,0:1:100) 

Z=0.707; 

pos=exp(-pi*z/sqrt(1-z42) )*100; 

sgrid(z,0) 

title(['Uncompensated Root Locus with ' , num2str(z), ' Damping Ratio 
Line']) 

[K,p]-rlocfind(G); %Allows input by selecting point on graphic 
'Closed-loop poles - ' 

p 

i-input('Give pole number that is operating point DF 
'Summary of estimated specifications' 
operatingpoint=p(i) 

gain=K 

estimated_settling_time=4/abs(real(p(i))) 
estimated_peak_time=pi/abs(imag(p(i))) 
estimated_percent_overshoot=pos 
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Solutions to Problems 


estimated damping ratio-z 

estimated natural frequency-sqrt(real(p(i))^2-imag(p(i))^2) 
Kp-dcgain(K*G) 

'T(s)' 

T=feedback(K*G,1) 

'Press any key to continue and obtain the step response' 
pause 

step(T) 

title(['Step Response for Uncompensated System with ' , num2str(z),... 
' Damping Ratio']) 

'Press any key to go to PD compensation' 


pause 
'Compensated system' 

done=1; 

while done>0 

a=input('Enter a Test PD Compensator, (Sta). a = =) 
numc=[1 a]; 

'Gc(s)' 


GGc-tf (conv(numg, numc), deng); 

GGczpk=zpk(GGc) 

wn=4/[(estimated_settling_time/2)*z]; 

rlocus(GGc) 

sgrid(z,wn) 

title(['PD Compensated Root Locus with ' , num2str(z),... 

' Damping Ratio Line', 'PD Zero at ', num2str(a), ', and Required Wn']) 
done-input('Are you done? (y=0,n=1) '); 

end 

[K,p]=rlocfind(GGc); %Allows input by selecting point on graphic 
'Closed-loop poles - ' 

p 

i-input('Give pole number that is operating point ^2 

'Summary of estimated specifications' 

operatingpoint-p(i) 

gain=K 

estimated_settling_time=4/abs(real(p(i))) 

estimated peak time-pi/abs(imag(p(i))) 
estimated percent overshoot-pos 

estimated damping ratio-z 

estimated natural frequency-sqrt(real(p(i))^2-imag(p(i))^2) 
Kp-dcgain(K*GGc) 

'T(s)' 

T=feedback(K*GGc, 1) 

"Press any key to continue and obtain the step response' 

pause 

step(T) 

title(['Step Response for Compensated System with ' , num2str(z),... 
' Damping Ratio']) 


Computer response: 
ans = 


Uncompensated System 


ans = 
G(s) 
Zero/pole/gain: 


(s*6) 


(s+5) (s*3) (s+2) 
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Select a point in the graphics window 
selected point - 


-2.3104 + 2.2826i 


ans = 


Closed-loop poles - 


p = 
-5.3603 
-2.3199 + 2.2835i 
-2.3199 - 2.2835i 
Give pole number that is operating point 2 


ans = 


Summary of estimated specifications 


operatingpoint - 


-2.3199 + 2.28351 


gain = 


4.4662 


estimated_settling_time = 


1.7242 


estimated_peak_time = 


1.3758 


estimated_percent_overshoot = 


4.3255 


estimated_damping_ratio = 


0.7070 


estimated_natural_frequency = 


3.2552 
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0.8932 


ans = 


T(s) 


Transfer function: 
4.466 s + 26.8 


S^3 + 10 s^2 + 35.47 S + 56.8 


ans = 


Solutions to Problems 9-13 


Press any key to continue and obtain the step response 


ans = 


Press any key to go to PD compensation 


ans = 


Compensated system 


Enter a Test PD Compensator, (s-*a). 


a = 


ans = 

Gc(s) 

Zero/pole/gain: 
(s*6)^2 


(s+5) (s*3) (s+2) 


Are you done? (y=0,n=1) 1 


Enter a Test PD Compensator, (s+a). 


7.1000 


ans = 


Gc(s) 


Zero/pole/gain: 
(s+7.1) (s+6) 


(s+5) (s+3) (s+2) 
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Are you done? (y=0,n=1) 0 
Select a point in the graphics window 


selected point - 


-4.6607 + 4.5423i 


ans = 


Closed-loop poles - 


p = 
-4.6381 + 4.5755i 
-4.6381 - 4.5755i 
-5.4735 
Give pole number that is operating point 1 


ans = 


Summary of estimated specifications 


operatingpoint = 


-4.6381 + 4.5755i 


gain = 


4.7496 


estimated_settling_time = 


0.8624 


estimated_peak_time = 


0.6866 


estimated_percent_overshoot = 


4.3255 


estimated_damping_ratio = 


0.7070 


estimated_natural_frequency = 


6.5151 
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Solutions to Problems 9-15 


6.7444 


ans = 


T(s) 


Transfer function: 
4.75 S^2 + 62.22 S + 202.3 


S^3 + 14.75 s^2 + 93.22 s + 232.3 


ans = 


Press any key to continue and obtain the step response 


Uncompensated Root Locus with 0.707 Damping Ratio Line 


Imaginary &xis 


-10 


i 
C 
' 
o 
i 
RB 
' 
' 


Real Axis 
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Step Response for Uncompensated System with 0.707 Damping Ratio 
0.5 


0.45 
0.4 
0.35 
0.3 


0.25 


Amplitude 


0.2 


ü 0.5 1 1.5 2 25 
Time (sec) 


PD Compensated Root Locus with 0.707 Damping Ratio LinePD Zero at 6, and Required Vyn 


Imaginary Axis 


Real Axis 
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Solutions to Problems 9-17 


PD Compensated Root Locus with 0.707 Damping Ratio LinePD Zero at 7.1, and Required Vn 
6 - 


Imaginary Axis 


-14 -12 -10 -8 -6 -4 -2 0 


Real Axis 


Step Response for Compensated System with 0.707 Damping Ratio 


Amplitude 


0 0.2 0.4 0.6 0.8 1 1.2 


Time (sec) 


The uncompensated system performance is summarized in Table P9.8 below. To improve settling 


time by 4, the dominant poles need to be at -12.7808 + j24.9444. Summing the angles from the open- 
loop poles to the design point yields 72.65079. Thus, the zero must contribute 180% - 72.6507 = 
107.34939. Using the geometry below, 
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es 
e 
-Ze 


-12.7808 


24.9444 
12.7808 — z, 
gain at the design point yields K = 256.819. Summarizing results: 


= tan(180 — 107.3493) . Thus, zę = 4.9879. Adding the zero and evaluating the 
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Solutions to Problems 9-19 


Table P9.8 


Plant and ; K(s+4.9879) 
compensator xs 10s + 20) xs Mos + 20) 


[am | 79 — 
AAA 
o | a — 


Oe [oem | sm» 
[m [omm | ceu 
cme [ams NC NN 


-4.9879 


Comments Second-order Simulate to be 
approx. OK sure of pole/zero 
cancellation 


%OS 
100 

9608 
100 ) 


- In( 


4 
a. Con = T; =2.5; C= = 0.404. Thus, 0 = 6.188 rad/s and the operating point 


x? + In2 ( 


is - 2.5 + j5.67. 
b. Summation of angles including the compensating zero is -120.7274°. Therefore, the compensator 


pole must contribute 120.7274° - 180° = -59.2726°. 
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5.67 a 
c. Using the geometry shown below, EE = tan 59.2726" . Thus, Pe = 5.87. 


Cc 


ju 


5.67 


s-plane 


d. Adding the compensator pole and using -2.5 + j5.67 as the test point, K = 225.7929. 

e. Searching the real axis segments for K = 225.7929, we find higher-order poles at -11.5886, and 
--1.3624. 

f. Pole at -11.5886 is 4.64 times further from the imaginary axis than the dominant poles. Pole at 


--1.3624 may not cancel the zero at -1. Questionable second-order approximation. System should be 


simulated. 
g. 
0.7 
System: Closed Loop rto y 
VO: rtoy 
Peak amplitude: 0.563 
0.6 L Overshoot (96): 49.9 NH 
At time (sec): 0.609 
= = nHn el 
| 
o 
S 05- 4 
= 
< 
System: Closed Loop rto y 
I/O: r toy 
0.4 Settling Time (sec) 2.21 
Ere e Doi ope Up EE NETS Uc UE 
0.3 + 4 
0.2 - 4 
0.1 - 4 
0 l l l l l 
0 0.5 1 1:5 2 2.5 3 


Time (sec) 
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Solutions to Problems 9-21 


A simulation of the system shows a percent overshoot of 49.996 and a settling time of 2.21 seconds. 


Thus, the specifications were not met because pole-zero cancellation was not achieved. A redesign is 


required. 
10. 
%OS 
4 “In Goo? 
a. Con =F =2.4; C= = 0.5. Thus, cg = 4.799 rad/s and the operating point is 
Ts %OS 
T2 + In? Coq) 


-2.4 + j4.16. 


b. Summation of angles including the compensating zero is -131.369. Therefore, the compensator 


4.16 
pole must contribute 180° - 131.36? = -48.64°. Using the geometry shown below, ico 
C Ts O 
tan 48.640, Thus, Pe = 6.06. 
ju 


j4.16 


z-plane 


c. Adding the compensator pole and using -2.4 + j4.16 as the test point, K = 29.117. 
d. Searching the real axis segments for K - 29.117, we find a higher-order pole at -1.263. 
e. Pole at -1.263 is near the zero at -1. Simulate to ensure accuracy of results. 


29417 
Ka-^606 


.8 
Crta 


ü .4 .8 1.2 1.6 
Time (Seconds) 


Lead Compensated 


From the plot, Ts = 1.4 seconds; Tp* 0.68 seconds; %OS = 35%. 
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11. 


a. 
pr = = — —ÁÁ = 
El Figure 1: SISO Design for SISO Design Task g — B |. |= jm: 
File Edit View Insert Tools Desktop Window Help 
DO6Gde|:[8899%€4-[2aj/05 ja O 
Root Locus Editor for Open Loop 1 (OL1) 
20 T T T T T T 
15+ 
10} 
5r 
2 
O —1H----B-e- 
E 
-5r 
-10 P 
15} " 
99  — — 1 | 
-30 -25 -20 15 -10 -5 0 5 
Real Axis 


b. and c. Searching along the £ = 0.8 line (143.139), find the operating point at 
—3.2 + j2.38 with K 745.9. 


4 
d. Since Go = T? the real part of the compensated dominant pole is -4. The imaginary part is 
S 


4 tan (1809-143.139) = 3. Using the uncompensated system's poles and zeros along with the 


compensator zero at - 4.5, the summation of angles to the design point, -4 + j3 is -137.55°. Thus, the 


contribution of the compensator pole must be 137.55 - 180° = -42.45°. Using the following geometry, 


= tan 42.45%, or pc = 7.28. 
P. = 
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12. 


Solutions to Problems 


s-plane 


Adding the compensator pole and using — 4 + j3 as the test point, K = 105.46. 


e. Compensated: Searching the real axis segments for K = 105.46, we find higher-order poles at 


9-23 


12.32, and approximately at —4.71 + 1.38. Since there is no pole/zero cancellation with the zeros at -6 


and —4.5, the system should be simulated to check the settling time. 


f. 
c 
E] LTI Viewer for SISO Design Task l l-o mm 
File Edit Window Help 
D &|&^5 | 
Step Response 
03r Settling Time (sec): 1.11 IPeak amplitude: 0.348 4 
i 'Overshoot (96): 2.01 
, At time (sec): 1.08 
FI " 
FI 
FI 
- 4 
E Hg 
e E 
Ed ' 4 
FI 
FI 
FI '| 
FI 
| | | E 
FI 
T L LL fi L 1 
| 0.8 1 12 14 1.6 18 
" Time (sec) 
EET Y] Real-Time Update | 


The graph shows about 296 overshoot and a 1.1 second settling time compared to a desired 1.5296 


overshoot and a settling time of 1 second. 


Program: 

clf 

numg=[1 6]; 

deng-poly([-3 -4 -7 -9]); 
' G( E ) ' 

G-tf (numg, deng); 
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Gzpk=zpk(G) 

rlocus(G) 

Z=0.8; 

pos=exp(-pi*z/sqrt(1-z42) )*100; 

sgrid(z,0) 

title(['Uncompensated Root Locus with ' , num2str(z), ' Damping 
Ratio Line']) 

[K,p]=rlocfind(G); 

'Closed-loop poles = ' 


i=input('Give pole number that is operating point a 
"Summary of estimated specifications' 
operatingpoint=p(i) 

gain=K 

estimated_settling_time=4/abs(real(p(i))) 

estimated peak time-pi/abs(imag(p(i))) 
estimated percent overshoot-pos 

estimated damping ratio-z 

estimated natural frequency-sqrt(real(p(i))^2*imag(p(i))^2) 
Kp-K*numg (max(size(numg)))/deng(max(size(deng))) 

"s" 

T=feedback(K*G, 1) 

'Press any key to continue and obtain the step response' 
pause 

step(T) 

title(['Step Response for Uncompensated System with  ' , 
num2str(z),... 

' Damping Ratio']) 

'Press any key to go to Lead compensation' 


pause 

'Compensated system' 

b-4.5; 

"Lead Zero at -4.5 ' 

done=1; 

while done>0 

a-input('Enter a Test Lead Compensator Pole, (sta). a = sae 
"6e(s)? 

Gc=tf([1 b],[1 a]) 

GGc=G*Gc; 

[numggc, denggc ]=tfdata(GGc, 'v'); 
'G(s)Gc(s)' 


GGczpk=zpk(GGc) 

wn=4/((1)*z); 

rlocus(GGc); 

sgrid(z,wn) 

title(['Lead Compensated Root Locus with ' , num2str(z),... 

' Damping Ratio Line, Lead Pole at ', num2str(-a), ', and Required 
wn']) 

done-input('Are you done? (y=0,n=1) '); 

end 

[K,p]=rlocfind(GGc); %Allows input by selecting point on graphic 
'Closed-loop poles = ' 


i-input('Give pole number that is operating point a 
"Summary of estimated specifications' 
operatingpoint=p(i) 

gain=K 
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estimated settling time-4/abs(real(p(i))) 

estimated peak time-pi/abs(imag(p(i))) 
estimated percent overshoot-pos 

estimated damping ratio-z 

estimated natural frequency-sqrt(real(p(i))^2*imag(p(i))^2) 
Kp-dcgain(K*GGc) 

"US" 

T=feedback(K*GGc, 1) 

'Press any key to continue and obtain the step response' 
pause 

step(T) 

title(['Step Response for Compensated System with ' , 
num2str(z),... 

' Damping Ratio']) 


Computer response: 
ans = 
G(s) 
Zero/pole/gain: 
(s*6) 
(s*9) (s*7) (sta) (s+3) 
Select a point in the graphics window 


selected point - 


-3.1453 + 2.4074i 


ans = 


Closed-loop poles = 


p= 
-10.3301 
-6.3017 
-3.1841 + 2.4187i 
-3.1841 - 2.4187i 
Give pole number that is operating point 3 


ans = 


Summary of estimated specifications 


operatingpoint = 


-3.1841 + 2.4187i 


gain = 
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47.4666 


estimated settling time - 


1.2562 


estimated peak time - 


1.2989 


estimated percent overshoot - 


1.5165 


estimated damping ratio - 


0.8000 


estimated_natural_frequency = 


3.9985 


ans = 
T(s) 


Transfer function: 
47.47 s + 284.8 


S^4 + 23 sA3 + 187 s^2 + 680.5 s + 1041 


ans = 


Press any key to continue and obtain the step response 


ans = 


Press any key to go to Lead compensation 


ans = 


Compensated system 


ans = 


Lead Zero at -4.5 
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Enter a Test Lead Compensator Pole, (sta). 


ans = 


Gc(s) 


Transfer function: 
S + 4.5 


G(s)Gc(s) 


Zero/pole/gain: 
(s+6) (s+4.5) 


(s+12) (s+9) (s*7) (s+4) (s+3) 


Are you done? (y=0,n=1) 1 


Enter a Test Lead Compensator Pole, (s+a). 


ans = 


Gc(s) 


Transfer function: 
S + 4.5 


G(s)Gc(s) 


Zero/pole/gain: 
(s+6) (s+4.5) 


(s+11) (s+9) (s+7) (s+4) (s+3) 


Are you done? (y=0,n=1) 1 


Enter a Test Lead Compensator Pole, (sta). 


ans = 


Gc(s) 


Transfer function: 
S + 4.5 
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12 


11 


20 
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G(s)Gc(s) 


Zero/pole/gain: 
(s+6) (s+4.5) 


(s+20) (s+9) (s*7) (s+4) (s+3) 


Are you done? (y=0,n=1) 1 
Enter a Test Lead Compensator Pole, (sta). a = 


ans - 
Gc(s) 


Transfer function: 
S + 4.5 


G(s)Gc(s) 


Zero/pole/gain: 
(s+6) (s+4.5) 


(s+9) (s*7) (s+5) (s+4) (s+3) 


Are you done? (y=0,n=1) 1 
Enter a Test Lead Compensator Pole, (sta). a = 


ans = 
Gc(s) 


Transfer function: 
S + 4.5 


G(s)Gc(s) 


Zero/pole/gain: 
(s+6) (s+4.5) 


(s+9) (S+7)A2 (s+4) (s+3) 


Are you done? (y=0,n=1) 1 
Enter a Test Lead Compensator Pole, (sta). a = 


ans = 


Gc(s) 
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Solutions to Problems 9-29 


Transfer function: 
S + 4.5 


G(s)Gc(s) 


Zero/pole/gain: 
(s*6) (s+4.5) 


(s+9) (s*7.2) (s+7) (s+4) (s+3) 


Are you done? (y=0,n=1) 1 
Enter a Test Lead Compensator Pole, (sta). a = 7.3 


ans = 
Gc(s) 


Transfer function: 
S + 4.5 


G(s)Gc(s) 


Zero/pole/gain: 
(s+6) (s+4.5) 


(s+9) (s*7.3) (s+7) (s+4) (s+3) 


Are you done? (y=0,n=1) 0 
Select a point in the graphics window 


selected_point = 


-3,9990 + 2.9365i 


ans = 


Closed-loop poles - 


p= 


-11.7210 
-4.0254 + 2.94571 
-4.0254 - 2.9457i 
-5.7292 
-4,7990 


Give pole number that is operating point 2 
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ans = 


Summary of estimated specifications 


operatingpoint - 


-4.0254 + 2.9457i 


gain - 


92.5690 


estimated settling time - 


0.9937 


estimated_peak_time = 


1.0665 


estimated_percent_overshoot = 


1.5165 


estimated_damping_ratio = 


0.8000 


estimated_natural_frequency = 


4.9881 


ans = 
T(s) 


Transfer function: 
92.57 S^2 + 972 S + 2499 


S45 + 30.3 S44 + 354.9 s^3 + 2091 s^2 + 6349 s + 8018 


ans = 
Press any key to continue and obtain the step response 


>> 
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Amplitude 


Solutions to Problems 9-31 


Uncompensated Root Locus with 0.8 Damping Ratio Line 
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Design via Root Locus 


Lead Compensated Root Locus with 0.8 Damping Ratio Line, Lead Pole at -7.3, and Required Wn 
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Time (sec) 
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2.5 


Solutions to Problems 9-33 


13. 
a. Searching along the 117.130 line (96OS = 20%; G = 0.456), find the operating point at 
-6.39 + j12.47 with K = 9273. Searching along the real axis for K = 9273, we find a higher-order pole 


4 4 
at —47.22. Thus, T. = —— = —— — 0.626 second. 
So, 6.39 


b. For the settling time to decrease by a factor of 2, Re = -œn = -6.39 x 2 = -12.78. The imaginary 


part is Im = -12.78 tan 117.13? = 24.94. Hence, the compensated closed-loop poles are 

-12.78 + j24.94. A settling time of 0.313 second would result. 

c. Assume a compensator zero at -20. Using the uncompensated system's poles along with the 

compensator zero, the summation of angles to the design point, -12.78 + j24.94 is 159.639. Thus, the 

contribution of the compensator pole must be 159.639-180? = -20.379. Using the following geometry, 
24.94 


— — — — = tan 20.379, or pe = 79.95. 
p. - 12.78 


20.37" 


E 12778 
F, 


Adding the compensator pole and using --12.78 + j24.94 as the test point, K = 74130. 
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Step Response 
Uncompensated & Lead-Compensated System 


ME 


0.8 


0.6 


Amplitude 


0.4 


0.2 


1 
0 0.15 0.3 0.45 0.6 0.75 


Time (sec.) 


14. 
a. Searching along the 110.97? line (%OS = 30%; ¿= 0.358), find the operating point at 


-2.065 + j5.388 with K = 366.8. Searching along the real axis for K = 366.8, we find a higher-order 


fo, 2.065 
factor of 2, Re = -C@, = -2.065 x 2 = - 4.13. The imaginary part is — 4.13 tan 110.97? = 10.77. Hence, 
the compensated dominant poles are — 4.13 + j10.77. The compensator zero is at -7. Using the 


uncompensated system's poles along with the compensator zero, the summation of angles to the 


design point, — 4.13 + j10.77 is 162.069. Thus, the contribution of the compensator pole must be — 


10.77 
162.06? - 180° = -17.94°. Using the following geometry, PEE = tan 17.940, or p¿= 37.4. 
p . 


-F -4.13 


Adding the compensator pole and using — 4.13 + ¡10.77 as the test point, K = 5443. 


Copyright © 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 9-35 


b. Searching the real axis segments for K = 5443 yields higher-order poles at approximately -8.12 and 
—42.02. The pole at -42.02 can be neglected since it is more than five times further from the 
imaginary axis than the dominant pair. The pole at —8.12 may not be canceling the zero at -7. Hence, 
simulate to be sure the requirements are met. 


C. 

Program: 

'Uncompensated System G1(s)' 
numg1=1; 

dengi-poly([-15 (-3+2*j) (-3-2*3)]); 
G1-tf(numgi,deng1) 

G1zpk=zpk(G1) 

K1=366.8 

'T1(s)' 

Ti=feedback(K1*G1,1); 

Tizpk=zpk(T1) 

"Compensator Gc(s)' 

numc=[1 7]; 

denc=[1 37.4]; 

Gc-tf (numc, denc) 

'Compensated System G2(s) = G1(s)Gc(s)' 
K2=5443 

G2=G1*Gc; 

G2zpk=zpk(G2) 

'T2(s)' 

T2=feedback(K2*G2,1); 

T2zpk=zpk(T2) 

step(T1,T2) 

title(['Uncompensated and Lead Compensated Systems']) 
Computer response: 

ans = 


Uncompensated System G1(s) 


Transfer function: 


S^3 + 21 s^2 + 103 s + 195 


Zero/pole/gain: 


(s+15) (s42 + 6s + 13) 


K1 = 


366.8000 


ans = 
T1(s) 


Zero/pole/gain: 
366.8 


(s+16.87) (s^2 + 4.132s + 33.31) 
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ans = 
Compensator Gc(s) 
Transfer function: 


S +7 


Compensated System G2(s) = G1(s)Gc(s) 


K2 = 


5443 


Zero/pole/gain: 
(s+7) 


(s+37.4) (s+15) (s^2 + 6s + 13) 


ans = 


T2(s) 


Zero/pole/gain: 
5443 (s+7) 


(st42.02) (s+8.118) (s^2 + 8.2615 + 133.1) 


Uncompensated and Lead Compensated Systems 
1 4 T T T T T 


Amplitude 


0 L l L L L 


0 0.5 1 1.5 2 25 


Time (sec) 
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15. 


Solutions to Problems 9-37 


4 
a. Searching the 15% overshoot line (121.1279) for 180° yields -0.372 + j0.615. Hence, Ts = SA = 
ds 10.75 d 
0.372 = 10.75 seconds. 
4 
7 


4 
b. For 7 seconds settling time, og = T= 
S 


= 0.571. œq = 0.571 tan (180? - 121.1279) = 0.946. 
Therefore, the design point is -0.571 + j0.946. Summing the angles of the uncompensated system's 
poles as well as the compensator pole at -15 yields -213.493°. Therefore, the compensator zero must 


contribute (213.493? - 180°) = 33.4939. Using the geometry below, 


0.946 
z.-0571 "tàn (33.4939) . Hence, Zc = 2. The compensated open-loop transfer function is 
C = . 


K(s+2) 
s(s+1)(s2+10s+26)(s+15) 
= 207.512. 


. Evaluating the gain for this function at the point, -0.571 + j0.946 yields K 


C. 

Program: 

numg- 207.512*[1 2]; 
r-roots([1,10,26]); 

deng-poly( [o (d, r(1), r(2), -15]); 
'G(s)' 

G=tf (numg, deng); 

Gzpk=zpk(G) 

T=feedback(G,1); 

step(T) 

title(['Step Response for Design of Ts = 7, %0S = 15']) 


Computer response: 
ans = 


G(s) 


Zero/pole/gain: 
207.512 (s+2) 


S (s+15) (s+1) (s42 + 10s + 26) 
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16. 


Step Response for Design of Ts = 7, %05 2 15 


1.4 T T T T T T T T T 


Amplitude 


Time (sec) 


4 4 
a. From 20.5% overshoot evaluate ¢ = 0.45. Also, since $c, = ABC. (0, = 2.963. The 
S 


compensated dominant poles are located at -[0y + j@nŅ 1-62 = - 1.3333 + j2.6432. Assuming 
the compensator zero at -0.02, the contribution of open-loop poles and the compensator zero to the 
design point, - 1.3333 + j2.6432 is -175.78°. Hence, the compensator pole must contribute 


2.6432 


— —————-- tan 4.22”, or pe = 37.16 
p, - 1.3333 


175.78? - 180? = -4.229. Using the following geometry, 


Adding the pole to the system, K = 4401.52 at the design point.. 


ju 


j2.6432 


s-plane 


b. Searching along the real axis segments of the root locus for K = 4401.52, we find higher-order 


poles at -0.0202, -13.46, and -37.02. There is pole/zero cancellation at -0.02. Also, the poles at , 
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17. 


Solutions to Problems 9-39 


-13.46, and -37.02 are at least 5 times the design point's real part. Thus, the second-order 
approximation is valid. 


C. 


System: Closed Loop: r to u 

WO: rtou Step Response 

Peak amplitude: 1.21 : ' y 
Overshoot (%): 20.8 
At time (sec): 1.32 


System: Closed Loop: rto u 
WO: rtou 
— Settling Time (sec): 2.81 


Amplitude 


0.6 + 4 


0 5 10 15 20 25 


Time (sec) 


From the plot, T; = 2.81 seconds, and %OS = 20.8%. Thus, the requirements are met. 
4 4 . 
a. COn = T mE 8. Since € = 0.4, o = 20. Therefore the compensated closed-loop poles are 
S . 
located at - Cog +jopY 1-6? = -8 + j18.33. 
b. Using the system's poles along with the compensator's pole at -15, the sum of angles to the test 


point —8 + j18.33 is -293.4° , Therefore, the compensator's zero must contribute 293.4? - 180° = 


18.33 


113.4? , Using the following geometry, p.z — tan 66.69, or Zc = 0.0679. 
- Ze 
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c. Adding the compensator zero and using —8 + j18.33 as the test point, K = 7297. 


d. Making a second-order assumption, the predicted performance is as follows: 


Uncompensated: Searching along the 133.58? line (G = 0.4), find the uncompensated closed-loop 


4 -e Hcc 
pole at -5.43 + j12.45 with K = 3353. Hence, T; = rum = 0.74 seconds; %OS =e 4" x100 = 
n 


3353 
Kp= —— 
101x20 


segments of the root locus for K = 3353, we find a higher-order pole at -29.13. Since this pole is more 


25.38%; = 1.66. Checking the second-order assumption by searching the real axis 


than five times further from the imaginary axis than the dominant pair, the second order assumption is 


reasonable. 


4 
Compensated: Using the compensated dominant pole location, - 8 + j18.33, T; 2 7— =0.5 


COn 


7297x 0.0679 
—— — —- = 0.016. Checking the second- 
101x20x15 


order assumption by searching the real axis segments of the root locus for K = 7297, we find higher- 


seconds; 960S = e 4^ AEE x100- 25.3896; Kp = 


order poles at -2.086 and -36.91. The poles are not five times further from the imaginary axis nor do 


they yield pole/zero cancellation. The second-order assumption is not valid. 
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18. 


Solutions to Problems 9-41 


cct 


Time (Seconds) 
Uncompensated 


The uncompensated system exhibits a steady-state error of 0.38, a percent overshoot of 22.5%, and a 


settling time of 0.78 seconds. 


Cet 


ü .2 .4 -5 .8 1 
Time [Seconds] 


Lead Compensated 


Since there is no pole/zero cancellation the closed-loop zero near the origin produces a large steady- 
state error. The student should be asked to find a viable design solution to this problem by choosing 
the compensator zero further from the origin. For example, placing the compensator zero at -20 yields 


a compensator pole at -90.75 and a gain of 28730. This design yields a valid second-order 


approximation. 
9608 
Since %OS = 1.5%, € 5100? 0.8. Since T 4 Z d 
a. Since -1.596,6- = 0.8. Since T; 2 7— -7 second, 
(0) o " j %OS S COn 3 
T^ + In C100) 
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19. 


Op = 7.49 rad/s. Hence, the location of the closed-loop poles must be -6+j4.49. The summation of 


angles from open-loop poles to -6+j4.49 is -226.3°. Therefore, the design point is not on the root 
locus. 

b. A compensator whose angular contribution is 226.39-180? = 46.3? is required. Assume a 
compensator zero at -5 canceling the pole. Thus, the breakaway from the real axis will be at the 


required -6 if the compensator pole is at -9 as shown below. 


Adding the compensator pole and zero to the system poles, the gain at the design point is found to be 


+5 
29.16. Summarizing the results: G¿(s) = xm with K = 29.16. 


Lead compensator design: Searching along the 120° line (G = 0.5), find the operating point at 


4 4 
-1.531 + j2.652 with K = 354.5. Thus, Ts Cis 1531 2.61 seconds. For the settling time to 
n ; 


4 
decrease by 0.5 second, Ts = 2.11 seconds, or Re = -C@p = - 211 7 -1.9. The imaginary part is 


-1.9 tan 60? = 3.29. Hence, the compensated dominant poles are -1.9 + j3.29. The compensator zero 


is at -5. Using the uncompensated system's poles along with the compensator zero, the summation of 


angles to the design point, -1.9 + j3.29 is -166.09°. Thus, the contribution of the compensator pole 
3.29 

must be 166.09? - 180° = -13.91°. Using the following geometry, perio 7 tan 13.919, or pe = 
C = . 


15.18. 
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20. 


Solutions to Problems 9-43 


Adding the compensator pole and using -1.9 + j3.29 as the test point, K = 1417. 

Computer simulations yield the following: Uncompensated: T; = 3 seconds, %OS = 14.6%. 

Compensated: T, = 2.3 seconds, %OS = 15.3%. 

Lag compensator design: The lead compensated open-loop transfer function is 
1417(s+5) 


PLO) (G+ 2)(S+ A+ 65-85-1518) 


The uncompensated 


Kp = 354.5/(2 x 4 x 6 x 8) = 0.923. Hence, the uncompensated steady-state error is = 0.52. 


1+Kp 


Since we want 30 times improvement, the lag-lead compensated system must have a steady-state 


error of 0.52/30 = 0.017. The lead compensated Kp = 1417*5/(2*4*6*8*15.18) = 1.215. Hence, the 


lead-compensated error is = 0.451. Thus, the lag compensator must improve the lead- 


1 
1 
compensated error by 0.451/0.017 = 26.529 times. Thus 0.451/ (Kone ) = 26.529, where Kpllc = 
pic 


57.823 is the lead-lag compensated system's position constant. Thus, the improvement in Kp from the 


lead to the lag-lead compensated system is 57.823/1.215 = 47.59. Use a lag compensator, whose zero 


+ 0.04759 
is 47.59 times farther than its pole, or Gjag = FRETI . Thus, the lead-lag compensated open- 
S t 0. 
1417(s+5)(s + 0.04759) 


loop transfer function is Gr j,c(s) = 


(s+ 2)(s + 4)(s + 6)(s + 8)(s-- 15.18)(s+ 0.001) 


Program: 

numg=1; 

deng-poly([-2 -4 -6 -8]); 

'G(s)' 

G-tf(numg, deng); 

Gzpk=zpk(G) 

rlocus(G,0:5:500) 

z=0.5; 

pos-zexp(-pi*z/sqrt(1-z^2))*100; 

sgrid(z,0) 

title(['Uncompensated Root Locus with ' , num2str(z), ' Damping Ratio 
Line']) 

[K,p]=rlocfind(G); %Allows input by selecting point on graphic 
'Closed-loop poles - ' 


p 

i-input('Give pole number that is operating point "ys 
'Summary of estimated specifications for uncompensated system' 
operatingpoint-p(i) 

gain=K 

estimated_settling_time=4/abs(real(p(i))) 
estimated_peak_time=pi/abs(imag(p(i))) 
estimated_percent_overshoot=pos 

estimated damping ratio-z 

estimated natural frequency-sqrt(real(p(i))^2-imag(p(i))^2) 
Kpo=dcgain(K*G) 

T=feedback(K*G, 1); 
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'Press any key to continue and obtain the step response' 
pause 
step(T) 


whitebg('w') 

title(['Step Response for Uncompensated System with ' , num2str(z),... 
' Damping Ratio'], 'color', 'black') 

"Press any key to go to Lead compensation' 
pause 

"Compensated system' 

b=5; 

"Lead Zero at -b ' 

done=1; 

while done>0 

a=input('Enter a Test Lead Compensator Pole, (sta). a = "M 
numgglead=[1 b]; 

dengglead=conv([1 a],poly([-2 -4 -6 -8])); 
'G(s)Glead(s)' 
GGlead-tf(numgglead,dengglead); 
GGleadzpk-zpk(GGlead) 
wn-4/((estimated settling time-0.5)*z); 
clf 

rlocus(GGlead, 0:10:2000) 

sgrid(z,wn) 

axis([-10 0 -5 5]) 


title(['Lead Compensated Root Locus with ' , num2str(z),... 

' Damping Ratio Line, Lead Pole at ', num2str(-a), ', and Required Wn']) 
done-input('Are you done? (y=0,n=1) '); 

end 


[K,p]=rlocfind(GGlead); %Allows input by selecting point on graphic 
'Closed-loop poles - ' 


i-input('Give pole number that is operating point ts 
'Summary of estimated specifications for lead-compensated system' 
operatingpoint-p(i) 

gain=K 

estimated_settling_time=4/abs(real(p(i))) 
estimated_peak_time=pi/abs(imag(p(i))) 
estimated_percent_overshoot=pos 

estimated damping ratio-z 

estimated natural frequency-sqrt(real(p(i))^2-imag(p(i))^2) 
Kplead-dcgain(K*GGlead) 

T=feedback(K*GGlead, 1); 

'Press any key to continue and obtain the step response' 
pause 

step(T) 


whitebg('w') 
title(['Step Response for Lead Compensated System with ' , num2str(z),... 
' Damping Ratio'], 'color', 'black') 

"Press any key to continue and design lag compensation' 
pause 

"Improvement in steady-state error with lead compensator is' 
error_improvement=(1+Kplead)/(1+Kpo) 
additional_error_improvement=30/error_improvement 
Kpnn=additional_error_improvement*(1+Kplead)-1 

pc=0.001 

zc=pc*(Kpnn/Kplead) 

numggleadlag=conv(numgglead, [1 zc]); 
denggleadlag=conv(dengglead, [1 pc]); 

'G(s)Glead(s)Glag(s)' 
GGleadGlag-tf(numggleadlag,denggleadlag); 
GGleadGlagzpk=zpk(GGleadGlag) 
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Solutions to Problems 9-45 


rlocus(GGleadGlag, 0:10:2000) 

z=0.5; 

pos-zexp(-pi*z/sqrt(1-z^2))*100; 

sgrid(z,0) 

title(['Lag-Lead Compensated Root Locus with ' , num2str(z), 

' Damping Ratio Line and Lag Pole at ',num2str(-pc)]) 
[K,p]=rlocfind(GGleadGlag); %Allows input by selecting point on graphic 
'Closed-loop poles - ' 


i-input('Give pole number that is operating point 5)s 

'Summary of estimated specifications for lag-lead compensated system' 
operatingpoint-p(i) 

gain=K 

estimated_settling_time=4/abs(real(p(i))) 
estimated_peak_time=pi/abs(imag(p(i))) 
estimated_percent_overshoot=pos 

estimated damping ratio-z 

estimated natural frequency-sqrt(real(p(i))^2-imag(p(i))^2) 
Kpleadlag-dcgain(K*GGleadGlag) 

T=feedback(K*GGleadGlag, 1); 

'Press any key to continue and obtain the step response' 

pause 

step(T) 

whitebg('w') 

title(['Step Response for Lag-Lead Compensated System with  ', 
num2str(z),... 

' Damping Ratio and Lag Pole at ',num2str(-pc)],'color', 'black') 


Computer response: 


ans = 


G(s) 


Zero/pole/gain: 


(s*8) (s*6) (s+4) (s+2) 
Select a point in the graphics window 
selected point - 


-1.5036 + 2.6553i 


ans = 


Closed-loop poles - 
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p = 


-8.4807 + 2.6674i 
-8.4807 2.6674i 
-1.5193 + 2.6674i 
-1.5193 - 2.6674i 


Give pole number that is operating point 3 


ans = 


Summary of estimated specifications for uncompensated system 


operatingpoint = 


-1.5193 + 2.6674i 


gain = 


360.8014 


estimated_settling_time = 


2.6328 


estimated_peak_time = 


1.1778 


estimated_percent_overshoot = 


16.3034 


estimated damping ratio - 


0.5000 
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Solutions to Problems 9-47 


estimated_natural_frequency = 


3.0698 


Kpo = 


0.9396 


ans 


Press any key to continue and obtain the step response 


ans = 


ans = 


ans = 


Lead Zero at -b 


Enter a Test Lead Compensator Pole, (sta). a = 10 


ans = 


G(s)Glead(s) 


Zero/pole/gain: 


(s*5) 


(s+10) (s+8) (s*6) (s+4) (s+2) 
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Are you done? (y=0,n=1) 1 


Enter a Test Lead Compensator Pole, (sta). a = 15 
ans = 
G(s)Glead(s) 
Zero/pole/gain: 
(s+5) 


(s+15) (s+8) (s*6) (s+4) (s+2) 


Are you done? (y=0,n=1) 0 


Select a point in the graphics window 


selected_point = 


-1.9076 + 3.2453i 


ans = 


Closed-loop poles - 


p- 
-13.0497 + 1.9313i 
-13.0497 - 1.9313i 
-5.0654 
-1.9176 + 3.2514i 
-1.9176 - 3.2514i 
Give pole number that is operating point 4 


ans = 


Summary of estimated specifications for lead-compensated system 
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Solutions to Problems 9-49 


operatingpoint - 


-1.9176 + 3.2514i 


gain - 


1.3601e+003 


estimated_settling_time = 


2.0860 


estimated_peak_time = 


0.9662 


estimated_percent_overshoot = 


16.3034 


estimated_damping_ratio = 


0.5000 


estimated_natural_frequency = 


3.7747 
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Press any key to continue and obtain the step response 


ans = 


ans = 


Improvement in steady-state error with lead compensator is 


error improvement - 


1.1243 


additional error improvement - 


26.6842 


Kpnn - 


57.1876 


pc = 


0.0010 


ZC 


0.0484 


G(s)Glead(s)Glag(s) 
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Solutions to Problems 9-51 


Zero/pole/gain: 
(s+5) (s+0.04844) 


(s+15) (s+8) (s+6) (s+4) (s+2) (s+0.001) 
Select a point in the graphics window 


selected_point = 


-1.8306 + 3.2919i 


ans = 


Closed-loop poles - 


p = 
-13.0938 + 2.0650i 
-13.0938 - 2.0650i 
-5.0623 
-1.8617 + 3.3112i 
-1.8617 - 3.3112i 
-0.0277 
Give pole number that is operating point 4 


ans = 


Summary of estimated specifications for lag-lead compensated system 


operatingpoint = 


-1.8617 + 3.3112i 


gain = 


1.4428e+003 
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estimated settling time - 


2.1486 


estimated peak time - 


0.9488 


estimated_percent_overshoot = 


16.3034 


estimated_damping_ratio = 


0.5000 


estimated_natural_frequency = 


3.7987 


Kpleadlag = 


60.6673 


ans = 


Press any key to continue and obtain the step response 
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Solutions to Problems 9-53 


Step Response for Uncompensated System with 0.5 Damping Ratio 


0.7 


0.6 


0.5 


0.4 


Amplitude 


0.3 
0.2 


0.1 


ü 0.5 1 1.5 2 25 3 35 4 
Time (sec) 


Lead Compensated Root Locus with 0.5 Damping Ratio Line, Lead Pole at -10, and Required Ain 
5 


x 


375: 


WERE X -X- - K- HICOK 


Imaginary Axis 


-10 -8 -8 -7 -6 -5 -4 -3 -2 -1 0 
Real Axis 
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Lead Compensated Root Locus with 0.5 Damping Ratio Line, Lead Pole at -15, and Required Vn 


Imaginary &xis 


-10 -8 -8 -7 -6 -5 -4 -3 -2 -1 0 
Real Axis 


Step Response for Lead Compensated System with 0.5 Damping Ratio 
0.7 


0.6 


0.5 


0.4 


Amplitude 


0.3 


0.2 


0.1 


ü 0.5 1 1.5 2 25 3 
Time (sec) 
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Solutions to Problems 


Lag-Lead Compensated Root Locus with 0.5 Damping Ratio Line and Lag Pole at -0.001 
4 : 


No 


Imaginary Axis 
e 


4 
-15 -10 -5 ü 
Real Axis 


Step Response for Lag-Lead Compensated System with 0.5 Damping Ratio and Lag Pole at -0.001 


Amplitude 


1 


0.8 


0.8 


0.7 


0.6 


0.5 


0.4 


0.3 


0.2 


0.1 


ü 20 40 60 30 100 120 140 160 180 200 
Time (sec) 
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21. 


a. For the settling time to be 2.86 seconds with 4.3296 overshoot, the real part of the compensated 
4 4 
dominant poles must be T. 7286 = 1.4. Hence the compensated dominant poles are -1.4 + j1.4. 
S . 


Assume the compensator zero to be at -1 canceling the system pole at -1. The summation of angles to 


the design point at -1.4 + j1.4 is -176.199. Thus the contribution of the compensator pole is 


176.190 - 180? = 3.819. Using the geometry below, = tan 3.819, or pe = 22.42. 


1.4 
pc- 1.4 
ju 


114 


z-plane 


Adding the compensator pole and using -1.4 + j1.4 as the test point, K = 88.68. 


b. Uncompensated: Search the 135? line (4.3296 overshoot) and find the uncompensated dominant 


4 4 
Con — 0.419 


3 


pole at - 0.419 + j0.419 with K = 1.11. Thus Ky = = 0.37. Hence, Ts 9.55 


88.68 
seconds and %OS = 4.32%. Compensated: Ky = 2242x3 7 1.32 (Note: steady-state error 


4 
improvement is greater than 2). Ts = Ep tie 2.86 seconds and %OS = 4.32%. 


ET 
COn 
c. Uncompensated: K = 1.11; Compensated: K = 88.68. 

d. Uncompensated: Searching the real axis segments for K = 1.11 yields a higher-order pole at -3.16 
which is more than five times the real part of the uncompensated dominant poles. Thus the second- 
order approximation for the uncompensated system is valid. 

Compensated: Searching the real axis segments for K = 88.68 yields a higher-order pole at -22.62 
which is more than five times the real part of the compensated dominant poles' real part. Thus the 


second order approximation is valid. 
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Amplitude 


Amplitude 


Solutions to Problems 9-57 


Step Response 
Uncompensated 


10 


o 
a 


Time (sec.) 


Ramp Response 


Uncompensated 
80 


70 


60 


50 


40 


30 


20 


10 


10 20 30 40 50 60 70 80 


Time (sec.) 


o 
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Step Response 
Compensated 


o 
o 
2 
a 
E 
« 
0 0.5 1 1.5 2 2:5 3 3.5 
Time (sec.) 
Ramp Response 
Compensated 
o 
o 
2 
a 
E 
< 


0 10 20 30 40 50 60 70 80 
Time (sec.) 
22. 

a. Searching the 30% overshoot line (£ = 0.358; 110.979) for 180° yields -1.464 + j3.818 with a gain, 
K = 218.6. 

n TT 218.6 
b. Tp» — = — —— = 0.823 second. Ky = = 3.975 

Od 3.818 (501) 


c. Lead design: From the requirements, the percent overshoot is 15% and the peak time is 0.4115 
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Solutions to Problems 9-59 


-In(%/100) 

second. Thus, 6 = e = 0.517; mq = m = 7.634 = ony 1-22 . Hence, @p = 8.919. The 
a) n2+In2(%/100) p 

design point is located at -Co + jogN 1-62 = -4.61 + j7.634. Assume a lead compensator zero at -5. 


Summing the angles of the uncompensated system's poles as well as the compensator zero at -5 yields 


—171.29. Therefore, the compensator pole must contribute (171.29 - 1809) = -8.89. Using the 


geometry below, 
jo 
s-plane 
j7.634 
8.89 
| aes 
-Pe -4.61 
7.634 
"ERT = tan (8.89) . Hence, pc = 53.92. The compensated open-loop transfer function is 
p.—^ 
K 


———— —— — — . Evaluating the gain for this function at the point, -4.61 + j7.634 yields 
s(s +11)(s + 53.92) 


K = 4430. 
218.6 
Lag design: The uncompensated K, = SAD = 3.975. The required Ky is 30*3.975 = 119.25. 
4430 
The lead compensated Ky = ————— —— = 7.469. Thus, we need an improvement over the lead 
(11)(53.92) 


compensated system of 119.25/7.469 = 15.97. Thus, use a lag compensator 


5+0.01597 — . m" 4430(s -- 0.01597) 
Glag(s) = —— 7 ——— . The final open-loop function is —————— ———— ——. 
s + 0.001 s(s  11)(s + 53.92)(s + 0.001) 


a. Searching along the 10% overshoot line (4 = 0.591) the operating point is found to be 


—1.85 + j2.53 with K = 21.27. A third pole is at 10.29. Thus, the estimated performance before 


21.27 
compensation is: 10% overshoot, T, = —— = 2.16 seconds, and K,=——~ = 0.266. 
1.85 (8)(10) 
b. Lead design: Place compensator zero at —3. The desired operating point is found from the desired 
4 4 
specifications. 0, = — = — = 4 and 0, = — = ——— = 6.768. Thus, 
T. £ 0.591 


Im = o, 41- e = 6.76841- 0.591 = 5.46 . Hence the design point is —4 +j5.46. The angular 
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contribution of the system poles and compensator zero at the design point is —166.96°. Thus, the 


compensator pole must contribute —180? + 166.96? = -13.04°. Using the geometry below, 


-Pe 


5.46 
p.-4 


= tan (13.049) . Hence, pe = 27.57. The compensated open-loop transfer function is 


K(s +3) 
(s? +4s +8Xs +10)(s + 27.57) 


. Evaluating the gain for this function at the point 


-4 + j5.46 yields K = 1092 with higher-order poles at -4.055 and —29.52. 


Lag design: For the lead-compensated system, K, = 1.485. Thus, we need an improvement of 


i 0.06734 
— — — 6.734 times. Hence, G,, (s) = oes 
4 (s+0.01) 


1.485 
1092(s + 3)(s + 0.06734) 
(s? + As - 8)(s +10)(s + 27.57)(s + 0.01) ` 


. Finally, the equivalent forward-path 


transfer function is G, (S) = 


Step Response 


Lag-Lead Compensated 
T T T T T 


Amplitude 


0 20 40 60 80 100 120 


Time (sec.) 
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Solutions to Problems 9-61 


Step Response 
Lag-Lead Compensated 


Amplitude 


0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8 2 


Time (sec.) 


a. Uncompensated: Search the 135? line (4.32% overshoot) for 180% and find the dominant pole at 
-3 + j3 with K = 10. 

Lag Compensated: Search the 135? line (4.3296 overshoot) for 180? and find the dominant pole at - 
2.88 + j2.88 with K = 9.95. 


10 
b. Uncompensated: Ky = 2x4 ^ 1.25 


9.95 x 0.5 
Lag compensated: Kp = PT TT = 6.22 


c. %OS = 4.32% both cases; 


4 4 4 
Uncompensated T; = Lon =3 1.33 seconds; Compensated Ty = 288 ^ 1.39 seconds 
n ; 


d. Uncompensated: Exact second-order system; approximation OK 
Compensated: Search real axis segments of the root locus and find a higher-order pole at -0.3. System 


should be simulated to see if there is effective pole/zero cancellation with zero at - 0.5. 


Copyright O 2011 by John Wiley & Sons, Inc. 


9-62 Chapter 9: Design via Root Locus 


tit) 


Time Cseconds] 
Uncompensated 


8 
Tine (Seconds) 
Lag Compensated 


The compensated system's response takes a while to approach the final value. 

f. We will design a lead compensator to speed up the system by a factor of 5. The lead-compensated 
dominant poles will thus be placed at —15 + j15. Assume a compensator zero at - 4 that cancels the 
open-loop pole at - 4. Using the system's poles and the compensator's zero, the sum of angles to the 
design point, -15+j15 is 131.69°. Thus, the angular contribution of the compensator pole must be 


131.69? - 180° = - 48.31°. Using the geometry below, pe = 28.36. 
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Solutions to Problems 9-63 


K(s+0.5)(s+4 
Using the compensated open-loop transfer function, Ge(s) = an ABU ner and using 


the design point —15 + j15, K = 404.1.The time response of the lag-lead compensated system is shown 


below. 


cit 


TimetSecondz] 
Lag-Lead Compensated 


25. 


TU 
Since Ty = 1.047, the imaginary part of the compensated closed-loop poles will be 1047 = 3. 


= 4. Hence, the design 


I I 
Since "n = tan (cos"1£), the magnitude of the real part will be ed DERE y 


st0.1 
point is — 4 + j3. Assume an PI controller, G¢(s) = ~; -to reduce the steady-state error to zero. 
Using the system's poles and the pole and zero of the ideal integral compensator, the summation of 


angles to the design point is -225.79. Hence, the ideal derivative compensator must contribute 225.70- 


180? = 45.7? . Using the geometry below, zc = 6.93. 


ju 


(s+6.93)(s+0.1) . 
: : . Using all poles and zeros of the system and PID 


The PID controller is thus s 


controller, the gain at the design point is K = 3.08. Searching the real axis segment, a higher-order 


pole is found at - 0.085. A simulation of the system shows the requirements are met. 
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26. 


2 2 
O, === 
č 0.4037 


the design point is 2 +j4.5324. Now, add a pole at the origin to increase system type and drive error 


— 4.954 . Thus, Im = c, J1— Z? = 4.95441— 0.4037? = 4.5324 . Hence 


to zero for step inputs. 
Now design a PD controller. The angular contribution to the design point of the system poles and pole 


at the origin is 101.9". Thus, the compensator zero must contribute 180° — 101.9? =78.1°. Using the 


geometry below, 
jo 
s-plane 
j4.5324 
EE 
= F o 
c 
4.5324 0 . . 
= tan(78.1 ) . Hence, z¿ = 2.955. The compensated open-loop transfer function with PD 
Zi 
K(s-- 2.955) 
compensation is . Adding the compensator zero to the system and 
s(s+4)(s + 6)(s +10) 


evaluating the gain for this at the point —2 + j4.5324 yields K = 294.51 with a higher-order pole at 
-2.66 and -13.34. 


(s 4- 0.01) 
PI design: Use G,,(S) = ^—————- . Hence, the equivalent open-loop transfer function is 
S 
K(s  2.955)(s + 0.01 
G,(s) = ae Xs ) with K = 294.75. 
s°(s +4)(s + 6)(s +10) 
b. 


Program (Step Response): 
numg=[-2.995 -0.01]; 
deng=[0 © -4 -6 -10]; 
K=294.75; 
G=zpk(numg, deng, K) 
T=feedback(G, 1); 
step(T) 


Computer response: 
Zero/pole/gain: 
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294.75 (s*2.995) (s+0.01) 


S^2 (s+4) (s+6) (s+10) 


14 System: T Step Response 


Solutions to Problems 9-65 


T T 


Peak amplitude: 1.2 
Overshoot (96): 19.6 


Amplitude 


1 4 1 


System: T 
Settling Time (sec): 1.77 


15 


Time (sec) 


Program (Ramp Response): 
numg=[-2.995 -0.01]; 
deng=[0 © -4 -6 -10]; 
K=294.75; 
G=zpk(numg, deng, K) 
T=feedback(G, 1); 
Ta=tf([1], [1 0]); 
step(T*Ta) 


Computer response: 
Zero/pole/gain: 
294.75 (s+2.995) (s+0.01) 


S^2 (s+4) (s+6) (s+10) 
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Step Response 


1000 


900 


800 


e 
700 


600 


500 


Amplitude 


400 


100 


0 1 L 1 L L 1 1 1 1 
0 100 200 300 400 500 600 700 800 900 1000 


Time (sec) 


27. 
Program: 
numg=[ ] 
deng-[-4 -6 -10] 
'G(s) ' 
G-zpk(numg, deng, 1) 
pos-input('Type desired percent overshoot '); 
z=-log(pos/100)/sqrt(pi42+[log(pos/100) ]%2); 
Ts-input('Type desired settling time '); 
zci-input(... 
'Type desired position of integral controller zero (absolute value) '); 
wn=4/(Ts*z); 
desired polez(-z*wn)*(wn*sqrt(1-z^2)*i) 
angle at desired pole-(180/pi)*angle(evalfr(G,desired pole)) 
PD angle-180-angle at desired pole; 
zcpd-((imag(desired pole)/tan(PD angle*pi/180))-real(desired pole)); 
'PD Compensator' 
numcpd=[1 zcpd]; 
dencpd=[0 1]; 
'Gcpd(s)' 
Gcpd=tf (numcpd, dencpd) 
Gcpi=zpk([-zci], [0],1) 
Ge=G*Gcpd*Gcpi 
rlocus(Ge) 
sgrid(z,0) 
title(['PID Compensated Root Locus with ' ,... 
num2str(pos), '% Damping Ratio Line']) 
[K, p]=rlocfind(Ge) ; 
'Closed-loop poles = ' 


p 
f-input('Give pole number that is operating point ') 


'Summary of estimated specifications for selected point' 
'on PID compensated root locus' 


operatingpoint-p(f) 
gain=K 
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estimated settling time-4/abs(real(p(f))) 
estimated peak time-pi/abs(imag(p(f))) 
estimated percent overshoot-pos 

estimated damping ratio-z 


estimated natural frequency-sqrt(real(p(f))^2-imag(p(f))^2) 

T=feedback(K*Ge, 1); 

step(T) 

title(['Step Response for PID Compensated System with ' ,... 
num2str(pos),'% Damping Ratio Line']) 

pause 

one_over_s=tf(1,[1 0]); 

Tr=T*one_over_s; 

t=0:0.01:10; 

step(one_over_s,Tr) 

title('Ramp Response for PID Compensated System') 


Computer response: 


numg = 
[] 
deng = 
0 -4 -6 -10 
ans - 
G(s) 
Zero/pole/gain: 


S (s+4) (s+6) (s+10) 

Type desired percent overshoot 25 

Type desired settling time 2 

Type desired position of integral controller zero (absolute value) 0.01 


desired_pole = 


-2.0000 + 4.5324i 


angle at desired pole - 


101.8963 


ans = 


PD Compensator 


ans = 
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Gcpd(s) 


Transfer function: 
S + 2.955 


Zero/pole/gain: 
(s+0.01) 


Zero/pole/gain: 
(s+2.955) (s+0.01) 


S^2 (s+4) (s+6) (s+10) 
Select a point in the graphics window 


selected_point = 


-1,9931 + 4.5383i 


ans = 


Closed-loop poles - 


p = 
-13.3485 
-1.9920 + 4.5377i 
-1.9920 - 4.5377i 
-2.6575 
-0.0100 
Give pole number that is operating point 2 


ans = 


Summary of estimated specifications for selected point 


ans = 


on PID compensated root locus 


operatingpoint = 


-1.9920 + 4.5377i 


gain = 


295.6542 


estimated_settling_time = 
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2.0081 


estimated peak time - 


0.6923 


estimated_percent_overshoot = 


25 


estimated_damping_ratio = 


0.4037 


estimated_natural_frequency = 


4.9557 


Imaginary Axis 


10 


-10 


PID Compensated Root Locus with 25% Damping Ratio Line 


Solutions to Problems 9-69 


0.404 


0.404 
L 2 


0 -15 -10 


Real Axis 
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28. 


29. 


Step Response for PID Compensated System with 25% Damping Ratio Line 


1.4 T T T T T 
a mem) me n eem 4 


System T , 
Peak amplitude: 1.19 | 


, System: T 
| | Settling Time (sec): 1.76 


Amplitude 


Time (sec) 


Ramp Response for PID Compensated System 


1000 T T T T T T T T T 


900 


800 


700 


600 


Amplitude 


400 


100 


0 
0 100 200 300 400 500 600 700 800 900 1000 


Time (sec) 


Open-loop poles are at -2, - 0.134, and -1.87. An open-loop zero is at -3. Searching the 121.13? line 
(G = 0.517), find the closed-loop dominant poles at -0.747 + j1.237 with K = 1.58. Searching the real 
axis segments locates a higher-order pole at -2.51. Since the open-loop zero is a zero of H(s), it is not 


a closed-loop zero. Thus, there are no closed-loop zeros. 


a. The damping ratio for 1596 overshoot is 0.517. The desired operating point is found from the 


4 1.333 1.333 
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Solutions to Problems 9-71 


Im = 9,41 - £^ = 2.57841- 0.517* = 2.207. Hence the design point is 1.333 + j2.207. The 


angular contribution of the system poles and compensator zero at the design point is 100.8”. Thus, the 


compensator zero must contribute 180? — 100.8? = 79.2°. Using the geometry below, 


2.207 
z, 1.333 


= tan (79.29) . Hence, z¿ = 1.754. The compensated open-loop transfer function with PD 


K(s+1.754) 
compensation is =———— . Evaluating the gain for this function at the point 


s(s + 2)(s + 4) (s +6) 
—1.333 + j2.207 yields K = 47.28 with higher-order poles at 51.617 and —7.718. Following 


1 
Figure 9.49(c) in the text, K = 1.754 . Therefore, K p= 0.5701 . Also, using the notation of 
f 


Figure 9.49(c), K,K , = 47.28, from which K, = 82.93. 


b. 

Program: 

K1-82.93; 

numg-K1; 

deng-poly([O -2 -4 -6]); 
'G(s)' 

G=tf (numg, deng); 
Gzpk=zpk(G) 

Kf=0.5701 

numh=Kf*[1 1.754]; 
denh=1 

MS) 

H-tf(numh, denh); 
Hzpk=zpk(H) 

"(Ss)" 

T=feedback(G, H); 
T=minreal(T) 

step(T) 

title('Step Response for Feedback Compensated System') 


Computer response: 
ans = 


G(s) 
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Zero/pole/gain: 
82.93 


ans - 
H(S) 


Zero/pole/gain: 
0.5701 (s+1.754) 


ans = 
T(s) 


Transfer function: 
82.93 


S^4 + 12 S^3 + 44 S^2 + 95.28 s + 82.93 


Step Response for Feedback Compensated System 


Amplitude 


0.4 


1.5 2 25 


Time (sec) 
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30. 


Solutions to Problems 9-73 


a. Od = Go = A/Ts = 4/1 = 4. 5% overshoot -> G = 0.69. Since “œn = 4, On = 5.8. 
Og = 0 Y 1-62 = 4.195. Thus, the design point is —1 + j4.195. The sum of angles from the minor- 


loop's open-loop poles to the design point is -263.634°. Thus, the minor-loop's open-loop zero must 


4.195 
contribute 83.634% to yield 180% at the design point. Hence, z -4 pn 83.6349, or Zc = a = 4.468 
m 


from the geometry below. 


-Z -4 
C 
Adding the zero and calculating the gain at the design point yields K4 = 38.33. Therefore, the minor- 


. 38.33(s*4.468) 


loop open-loop transfer function is K1G(s)H(s) = s(st4)s*9)  * The equivalent minor-loop closed- 


K1G(s) 38.33 


loop transfer function is Gyyj(s) = 1*KiG()H(s) - $311382474.3354171.258 . A simulation of the 


step response of the minor loop is shown below. 


Computer response: 


Minor-loop Closed-Loop Response 
0.25 


Amplitude 
O 
ps 


0.05 


0 05 = - 1 1.5 
Time (secs) 
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38.33K 
s? 4 13s? + 74.33s 171.258. 


Drawing the root locus using Ge(s) and searching along the 10% overshoot line (G = 0.591) for 180° 


b. The major-loop open-loop transfer function is G.(s) = 


yields the point -3.349 + j4.572 with a gain 38.33K = 31.131, or K = 0.812. 


c. 

Program: 

numg-31.131; 

deng-[1 13 74.33 171.258]; 

'G(s)' 

G-tf(numg, deng) 

T=feedback(G, 1); 

step(T) 

title('Major-loop Closed-Loop Response') 


Computer response: 
G(s) 


Transfer function: 
31.13 


s^3 + 13 S^2 + 74.33 S + 171.3 


Major-loop Closed-Loop Response 
0.18 T T 


Amplitude 


Time (sec) 


31.131(s*0.1) 


d. Adding the PI compensator, Ge(s) = 5(5341352474.3354171.258) ; 
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Solutions to Problems 9-75 


Program: 

numge=31.131*[1 0.1]; 

denge=[1 13 74.33 171.258 0]; 

'Ge(s)' 

Ge=tf (numge, denge) 

T=feedback(Ge, 1); 

t=0:0.1:10; 

step(T,t) 

title('Major-loop Closed-Loop Response with PI Compensator' ) 
pause 

step(T) 

title('Major-loop Closed-Loop Response with PI Compensator' ) 


Computer response: 
ans = 


Ge(s) 
Transfer function: 


31.13 s + 3.113 


S^4 + 13 s43 + 74.33 s^2 + 171.3 S 
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Major-loop Closed-Loop Response with Pl Compensator 


$ 
2 
a 
£ 0.15 
01 
0.05 
p! 
Time (sec) 
Major-loop Closed-Loop Response with Pl Compensator 

3 

2 

= 

& 

0 1 1 1 1 1 L 
0 50 100 150 200 250 300 350 400 
Time (sec) 
31. 
x 
SL 
R2 R2C  s«001 
a. PI controller: Using Table 9.10, R s dE a RoC = 100. Let C = 25 uF. Therefore, Rọ 


= 4 MQ. For unity gain, Ry = 4 MO. Compensate elsewhere in the loop for the compensator negative 


sign. 
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32. 


33. 


Solutions to Problems 9-77 


b. PD controller: Using Table 9.10, RACE CG) = = s+2, Hence, R1C = 0.5. Let C= 1 pF. 


Therefore, R4 = 500 KQ. For unity gain, RoC = 1, or R2 = 1 MQ. Compensate elsewhere in the loop 


for the compensator negative sign. 


1 
S+ 
R,C s+0.1 
a. Lag compensator: See Table 9.11. = ate ToC Thus, RoC = 10, and 
——— s+0.01 
(R, +R,)C 
(R4 + R2)C = 100. Letting C = 10 u F, we find R? = 1 MQ. Also R4C = 100 - RoC = 90, which 
p R +R, 
yields R4 = 9 MO. The loop gain also must be multiplied by 
2 
quat 
i RiC st2 
b. Lead compensator: See Table 9.11. = dc cum Thus, R4C = 0.5, and 
i R4C H R2C 
1 1 . 
Ric + Rec = 5. Letting C = 1 uF, Ro = 333 KO, and R1 = 500 KO. 


c. Lag-lead compensation: See Table 9.11. 


SIERO) 
R1C1 R2C2 (s+0.1)(s+1) 
A "phus, RC = 1, and 
T1 E s? + 10.01s + 0.1 
R1C1 R>C2 RoC, R4R2C1C» 
R5C» = 10. Al pot ullis aos 1 = 10.01 R3C4 70.112. Letting C4 = 
2-2 = Rot RoC * RoCq ^ c Ragan ee , or R2C4 = 0.112. Letting C1 = 


10 uF, we find R1 = 10 MO, R? = 1.12 MQ, and Co = 8.9 uF. 


st0.1 C1 Rc 
s+0.01 ^ Cp E 1 . Therefore, 


Rc) 


a. Lag compensator: See Table 9.10 and Figure 9.58. 


R1C1 = 10; RoC = 100. Letting C1 = C» = 20 uF, we find R1 = 500 KO and R? = 5 MO. 


Compensate elsewhere in the loop for the compensator negative sign. 


1 
b. Lead compensator: See Table 9.10 and Figure 9.58. EA - E ~or. Therefore, 
(SOC; ) 


R4C4 = 0.5 and R2C> = 0.2. Letting C1 = C» = 20 uF, we find R1 = 25 KO and Rp = 10 MO. 


Compensate elsewhere in the loop for the compensator negative sign. 
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c. Lag-lead compensator: See Table 9.10 and Figure 9.58. For lag portion, use (a). For lead: 


1 
=== 
s1 a Rc ) 
st10 ^ C5 S M . Therefore, R41C4 = 1 and RoC» = 0.1. Letting C4 = C» = 10 uF, we find 
R2C2? 


R1 = 100 KO and R? = 10 KO. The following circuit can be used to implement the design. 


SHE 1014 
20]4F 10]4F 
o Ti. o : 
500 Kt? 100 EQ 
Lag compensatar Lead compensator 


SOLUTIONS TO DESIGN PROBLEMS 


34. 
a. K, = Lim G(s) = 7.5184 x 10 ? The steady state error for a unit step input is 
s>0 


e, = i — 0.9925 
1+K 


P 


b. The conventional PI design cannot be carried on because all the closed loop roots are on the real 
axis. Adding a pole-zero pair close to the origin will add a dominant closed loop pole very close to 


the imaginary axis increasing significantly the system’s settling time. 
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Solutions to Problems 9-79 


Root Locus Editor (C) 


1 T T T T 
08r = 
0.6 - + 
04 + 4 
02L 4 
v 
ž 
- -»-_—— * --- on ee oe 
E 
BI zu] 
-0.4 |- 4 
06+ - 
os- 4 
; i ) | ) 
25 -2 1.5 1 0.5 0 


Real Axis zd a 


c. One possibility is to add the pole at the origin to increase the system's type, and add the 
compensator zero immediatly to the left of the rightmost open loop pole. For the plant the open loop 


zeros are: -0.00025, -0.00164. The open loop poles are: -0.000092, -0.0032 and -0.00122. Thus the 
K(s + 0.0001) 


S 


compensator will be of the form Go (s) = . This will modify the root locus as 


shown. However the gain can be adjusted to preserve the original pole locations without increasing 


much the overall system's settling time. Using Sisotool K — 0.04 was found as suitable. 
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d. The Simulink model is 
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Solutions to Problems 9-81 


0.04*[1/0.0001 1] 


S 


1 


Constant Scope 


Gc(s) 


Time offset: 0 


0.04(1+ s/0.0001) 
S 


Simulation with Go (s) = 
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35. 


Time offset: 0 


Simulation with G¿(s) =1 


With G¿(s) =1, K „ = LimG(s) =2.06 giving e, = —— 
Ss + 


E SISO Design for SISO Design .. | (E 


File Edit View Designs Analysis Tools Window Help 
NDxo+285/8 50 |N 


m 


ditor for Open Loop 1 (OL1 


" 083 072.058 DX U? 


Imag Axis 


Loop gain changed to 1 


Right-click on plots for more design options. 


Note that the damping factor ¿ = 0.8 
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po 


— 0.32. The root locus is: 


Solutions to Problems 9-83 


We start by calculating the required K ps from the steady state error requirement 


1 Zz. Ks 9 
ts —— — — = 0.lor K,, = 9. So = = = 4.369 . Arbitrarily let 
LER p, K, 2.06 
Z, — 0.035 which gives p, = 0.008. Then the loop gain is adjusted to obtain € = 0.8 , but did 
es, ant (s + 0.035) 
not change much in this design. We have Go (S) = -——————.. The root locus is: 
(s + 0.008) 


Bd siso Design for SISO Design Task (3) | > |G) = 


File Edit View Designs Analysis Tools Window Help 
[9)xos*eés|&&coM 


Root Locus Editor for Open L L 


091T-.. 083.4072. 058.04 02 
006. Pt eer ov [eu Df SN S 
: 099... 7. 
i 02 0.15 61 
E 0.99 
0.96 jt in ÁÓ 
, 091.- 083-9 072058 04 02 


) 05 


Loop gain changed to 1 
Right-click on plots for more design options 


pá _ A E Qq _ _ ___________ 5% 


The time domain simulation can be done as follows: 


>> syms s 

>> s=tf('s'); 

>> G=0.0187/(s^2+0.267*s+0.00908); 
>> Gc=(s+0.035)/(s+0.008); 

>> T1=G/(1+G); 

>> T2=G*C/(1+G*C); 


>> step(T1,T2) 
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0.9 


0.8 


0.7 


0.6 


0.5 


Amplitude 


0.4 


0.3 


0.2 


0.1 


36. 


0 10 20 30 40 50 60 70 80 


Step Response 
T T T 


| L I L ii L I 


Time (sec) 


a. The system's root locus shows that € = 0.7 is achieved when K = 1.11 , with a corresponding 


4 


T, = —— = 90.1sec . At this value of gain the system has dominant poles at 


n 


— 0.0444 + j0.0453 anda third pole at -0.265 justifying the dominant pole approximation. 
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Solutions to Problems 9-85 


Root Locus Editor (C) 


Real Axis 


b. We calculate the desired closed loop positions. The desired T; — 72.1sec so the real part of the 


poles is O = m = 0.55. Since we want to maintain £ — 0.7 , the imaginary part is found from 


A 149) 
tan 45.6” = 5 d 5 resulting in @, = 0.056. So the desired closed loop poles are 


— 0.055 + j0.0562 . The compensator has the form Go (S) = K(s + z,). A search using 
MATLAB’s sisotool gives Z, = —0.178 with K = 11.424 . The resulting root locus is 
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Root Locus Editor (C) 


Imag Axis 


Real Axis 


c. 

>> syms s 

>> s=tf('s'); 

>> Gv = 0.02/(4*s+1); 
>> G1 = 70/(50*s+1); 
>> H = 1/(12*s+1); 
>> G=Gv*Gl’ 


>> T=1.11*G/(1+1.11*G*H); 
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37. 


Solutions to Problems 9-87 


>> C=11.424*(s+0.178); 


>> T2=C*G/(1+C*G*H); 


>> step(T, T2) 


Step Response 


0.9 


0.8- 4 


07 ~ 1 System: T2 
=P Settling Time (sec): 60.2 | 


EAS terret rip IC [eI gu p tenor p me or^ mmm C ro epo oec 
System: T 
, Settling Time (sec): 86.6 


0.5} | 


Amplitude 


0.4 - 4 


0.2} 4 


0.1} 4 


Time (sec) 


Note that the steady state error is also varied through ideal PD design because this is a type 0 system. 


a. This part is identical to the one in Problem 36. 


b. As is problem II.b the desired closed loop pole positions are: — 0.055 + j0.0562 . The lead 
K(s+z,) 
(s+ p.) 


a numerical search until the 180? angle condition is satisfied on the open loop transmission giving 


compensator has the form G, (s) = . We arbitrarily choose Z, = —0.15 , and perform 


D, = —0.3955. Then the gain is adjusted in sisotool until the poles are placed at their desired 
6.6196(s + 0.15) 


positions. The resulting compensator is: G, (s) = . The resulting root locus is: 


(s +0.3955) 
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Root Locus Editor (C) 


064 05 034 046 


Imag Axis 


c. 
>> syms s 

>> s=tf('s'); 

>> Gv=0.02/(4*s+1); 

>> G1=70/(50*s+1); 

>> H=1/(12*s+1); 

>> G=Gv*G1; 

>> T=1.11*G/(1+1.11*G*H); 


>> C=6.62*(s+0.15)/(s+0.396); 
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Solutions to Problems 9-89 


>> T2=C*G/(1+C*G*H); 


>> step(T,T2) 


Amplitude 


0.9 


0.8 


0.7 


0.6 


0.5 


0.4 


0.3 


0.2 


0.1 


Step Response 


System: T2 


Settling Time (sec): 74.8 


F System: T 
Settling Time (sec): 86.6 


0 50 100 


Time (sec) 
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38. 
Kt 
RJ 


REG “KR 
oed. : 


4 1 1 
= 0.005; Jeq = 5 (15 x4» = 0.05; Deq = 1 (5 )2 = 0.01; 


gee > 
b^ 60000 1 
m X gg X 27 
Ke Ts 0.5 Om(s) 2 
Re TE TUE = 0.1. Therefore, Eqs) ~ 5(5+0.21) * 


b. The block diagram of the system is shown below. 


Cisl 


TEM NE 
sts-n.z21) 


Forming an equivalent unity feedback system, 


1000 
sis 0.2 1«0.2K ) 


1000 
Now, T(s) = . Thus, - 4/1000 12. = 0.21 + 0.2K,. Since € = 0.5, K; = 
WT) 2 (021* 02Kj)s * 1000 © US On Son puis f 


157.06. 
c. Uncompensated: K; = 0; T(s) 1009 31.62 rad/s; 6 = 3.32 x 10? 
e e — pe a MM + pa n + Emi ^ X x 
p PPS s2+0.21s +1000 °°” 


-crid 7 4 
%OS =e “15% x100 = 98.9696; Ts Lo = 38.09 seconds; 
n 
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39. 


40. 


Solutions to Problems 


T 1000 
Tp = =9.93x 10" -2 second; Ky =001 "47613. 
On 1-22 
1000 


Compensated: K, = 157.06; T(s) = = 31.62 rad/s; 6 = 0.5; 


s2 + 31.628 + 1000 °°" 
E fi 7 4 Tt 
%OS =e *^^*** x100 = 16.3%; T, = Con = 0.253 second; Tp = SNTE = 0.115 second; 
n O - 


1000 


Ky= 3162 7 31.63. 
25 
a. T(s) = Oir ; Therefore, o = 5; 26505 = 1; 6 = 0.1; 
%OS =e 5^ EE x100 - 7396; Ts= Tm = 8 seconds. 
On 
: 25K, 
b. From Figure P9.6(b), T(s) = == ———— . Thus, 


* c (1 25K,)s + 25K, 


4 
25K ; 2650, = 1 + 25Kf. For 25% overshoot, € = 0.404. For Ts = 0.2 = Lon , COn = 20. 
n 


20 
Therefore 1 + 25Kf = 260g = 40, or Kf = 1.56. Also, on == = 49.5. 


6 
H K Bus as: 98.01 
ence K1 = 5c 25 .01. 
25 1 
c. Uncompensated: G(s) = s(stl) ; Therefore, Ky = 25, and e(«) = K. = 0.04. 
V 
25K 25 x 98.01 
Compensated: G(s) = —————— ——— ; Therefore, Ky = TA = 61.26, and 
s(s+1+25K,) a 


1 
e() =x = 0.0168. 


a. The transfer functions of the subsystems are as follows: 


5T 1 T" 
Pot: Gp(s) - 0% 75 Amplifier: Ga(s) = 20 : 
final value is 0.5 second, the pole is at -2. Thus, the motor transfer function is of the form, Gm(s) = 


K 
s(s+2) * 


shown below. 


Copyright O 2011 by John Wiley & Sons, Inc. 


9-91 


; Motor and load: Since the time to rise to 6396 of the 


100 
. But, from the problem státémedt; = 2 7190 > K - 20. The block diagram of the system is 
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Fot 


Block diagram 


10K, 
3(3+2)(+20) 


Equivalent sy stem 
Using the equivalent system, search along the 117.126? line (2096 overshoot) and find the dominant 
second-order pole at - 0.89 + j1.74 with K = 10K = 77.4. Hence, K1 = 7.74. 


Lo SPA 
v^ 2x20 


1 
b.K = 1.935. Therefore, e(o») = K. = 0.517. 
V 


O, 
ET CU 


100 
c.960$ = 20%; 6 = === = 0.456; on = 4/0.892 + 1.742 = 1.95 rad/s; 
nein? Gag) 


4 TU 
Ts = tab 4.49 seconds; Tp = INE = 1.81 seconds. 


d. The block diagram of the minor loop is shown below. 
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41. 


Solutions to Problems 9-93 


2 
The transfer function of the minor loop is GML (S) = s(s+2+20Kp) . Hence, the block diagram of the 


equivalent system is 


TOR, 
s(s+20)(3+a) 


Fis] + 


%OS 
-In 99) 
where a = 2 + 20Kf. The design point is now found. Since %OS = 2096, 6 = -mo = 
T? + In? (400) 
4 
0.456. Also, since T; = ton = 2 seconds, c = 4.386 rad/s. Hence, the design point is —2 + j3.9. Using 
n 


just the open-loop poles at the origin and at -20, the summation of angles to the design point is -129.379. 


The pole at -a must then be contributing 129.379 - 180° = -50.639. Using the geometry below, a = 5.2, or 
Kf = 0.16. 
ju 


3.9 


z-plane 


Adding the pole at -5.2 and using the design point, we find 10K = 407.23, or K1 = 40.723. 


4 
Summarizing the compensated transient characteristics: € = 0.456; (y = 4.386; 9608 = 2096; T; 72 7— = 


C@n 
> ds: To = a ds: Ke = 407.23 _ 
seconds; Tp = m 0.81 seconds; Ky = 20x52 ^ 
OnV 1-6 
Block diagram 
an ec Ki 20n volts 
Preamplifier/Power amplifier: (s*40) * Pots: SOn) rad. ^ 


Torque-speed curve: 


Copyright © 2011 by John Wiley & Sons, Inc. 


9-94 Chapter 9: Design via Root Locus 


T (N-m) 
75 50v 
25 
50 150 
rev 1 min rad rev 
where 1432.35 —— xz- — x2m -- = 150 rad/sec; 477.45 — 
min ~ 60 sec rev 


sot auc 
slope of the line is - 100 


1 min 
Jub XR 
min ~ 60 sec 


Kt Tstall 100 
= 100. Thus Tsta]] = 100, and no load = 200. = == = —— = 2: Kp 
Ra €a 50 
Om(s) Ky(RaJ) 0.02 
Motor: Eis) ^ 1 KKp ^ s(s+0.505) , where J = 100, D = 50. 
SD) 
Gears: 0.1 
Drawing block diagram: 


0.02 
s(s + 0.505) 


0.004 
s(s + 0.505)(s + 40) 


Ono load 


o (rad/sec) 


x 2m — = 50 rad/sec. The 
rev 


= - 0.5. Thus, its equation is y = -0.5x + b. Substituting one of the points, find b 


NU 
soon 025 


b. Compensator design - Lead 
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Solutions to Problems 9-95 


10% overshoot and T; = 1 sec yield a design point of - 4 + j5.458. Sum of angles of uncompensated 


system poles to this point is -257.4919. If we place the lead compensator zero over the uncompensated 
system pole at -0.505, the angle at the design point is -134.8589. Thus, the lead compensator pole must 


contribute 134.858? - 180° = -45.142°. Using the geometry below 


5.458 


pc-4 = tan(45.1429), or pe = 9.431. 
e 


Using the uncompensated poles and the lead compensator, the gain at the design point is 
0.004K, = 1897.125. 
Compensator design - Lag 


1897.125 Zlag 
With lead compensation, Ky = (40)(9.431) 431) = 5.0295.029. Since we want Ky = 1000, zm - a = 
; ag > 


198.85. Use Plag = 0.001. Hence zjag = 0.1988. The lag compensated 


(6) = —1897.125(5+0.1988) 
els) = 5(5+40)(s+9.431)(s+0.001) ` 


c. Compensator schematic 


1 1 
lag: Roc ^ 0.1988. Let C = 100 uF. Then Rp = 50.3 KQ. Now, RIC ^ 0.001. 
R2 
Thus, R1 = 9.95 MO. Buffer gain = reciprocal of lag compensator's Ri + Ro . Hence buffer 
Rit R2 
ain = = 198.8. 
gal R2 


1 1 1 
lead: RC ~ 0.505. Let C = 10 uF. Then R4 = 198 kO. Now, Ric T RC ~ 9.431. 


Thus, Ro = 11.2 kQ. 
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198.8 k Q 


198k Q 


d. 

Program: 

numg- 1897.125*[1 0.1988]; 

deng-poly([0 -40 -9.431 -.001]); 

'G(s) ' 

G=tf (numg, deng); 

Gzpk=zpk(G) 

rlocus(G) 

pos=10 

z--log(pos/100)/sqrt(pi^2-[10g(pos/100)]^2) 

sgrid(z,0) 

title(['Root Locus with ' , num2str(pos), ' Percent Overshoot Line']) 
[K,p]=rlocfind(G) %Allows input by selecting point on graphic 
pause 

T=feedback(K*G, 1); 

step(T) 

title(['Step Response for Design of ' , num2str(pos), ' Percent']) 


Computer response: 
ans = 


G(s) 


Zero/pole/gain: 
1897.125 (s+0.1988) 


S (s+40) (s+9.431) (s+0.001) 
pos = 


10 


0.5912 
Select a point in the graphics window 
selected_point = 


-3.3649 + 4.8447i 


0.9090 
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Solutions to Problems 9-97 


p- 


-41.3037 
-3.9602 + 4.9225i 
-3.9602 - 4.92251 
-0.2080 


Root Locus with 10 Percent Overshoot Line 


Imaginary Axis 


Real Axis 


Copyright O 2011 by John Wiley & Sons, Inc. 


9-98 Chapter 9: Design via Root Locus 


42. 


43. 


Step Response for Design of 10 Percent 
1 4 T T T T T T T T T 


Amplitude 


Time (sec) 


Consider only the minor loop. Searching along the 143.13? line (€ = 0.8), locate the minor-loop dominant 
poles at -3.36 + j2.52 with Kf = 8.53. Searching the real axis segments for Ky = 8.53 locates a higher- 
order pole at - 0.28. Using the minor-loop poles as the open-loop poles for the entire system, search along 
the 120° line (G = 0.5) and find the dominant second-order poles at -1.39 + j2.41 with K = 27.79. 


Searching the real axis segment locates a higher-order pole at - 4.2. 


Consider only the minor loop. Searching along the 143.130 line (6 = 0.8), locate the minor-loop dominant 
poles at -7.74 + j5.8 with Kf = 36.71. Searching the real axis segments for Ky = 36.71 locates a higher- 
order pole at - 0.535. Using the minor-loop poles at -7.74 + j5.8 and - 0.535 as the open-loop poles (the 
open-loop zero at the origin is not a closed-loop zero) for the entire system, search along the 135° line (€ 
= 0.707; 4.3296 overshoot) and find the dominant second-order poles at 

- 4.38 + j4 .38 with K = 227.91. Searching the real axis segment locates a higher-order pole at -7.26. 
Uncompensated system performance: Setting Kf= 0 and searching along the 135° line (4.32% overshoot) 
yields -2.39 + j2.39 as the point on the root locus with K = 78.05. Searching the real axis segments of the 
root locus for K = 78.05 locates a higher-order pole at -11.2. The following table compares the predicted 


uncompensated characteristics with the predicted compensated characteristics. 
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44. 


Solutions to Problems 9-99 
Uncompensated Compensated 
78.05 227.91 


GOS) = Scy (se5y 10) 
Dominant poles: -2.39 + j2.39 


C = 0.707 
960S =e £44 x100 = 4.32% 


On = N 2.392+2.392 = 3.38 rad/s 


4 
Ts = Pd. 1.67 seconds 


TU 
Tp = —~ =1.31 seconds 
p . 
On V 1-62 


78.05 


1x5x10 159 


Kp = 


Higher-order pole: -11.22 
Second-order approximation OK 


axis than dominant poles. 


G Ml Sse CR EE 
O) = [341652+101.715+50 
Dominant poles: - 4.38 + j4 .38 


C = 0.707 
960S = £^ 44 x100 = 4.32% 


On = a/4.382+4.382 = 6.19 rad/s 


4 
Ts = Eu © 0.91 second 


TT 
Tp = rm = 0.72 second 
p . 
On V 1-6? 


_ 227.91 


p^^zg =456 


Higher-order pole: -7.26 


Higher-order pole not 5x further from imaginary 


Simulate to be sure of the performance. 


In Problem 46, Chapter 8 , the dominant poles, - 40 + j57.25, yielded Ts = 0.1 second and 11.14% 


overshoot. The unity feedback system consisted of a gain adjusted forward transfer function of 


20000K 


GG) = SSF00500) 800 


, where K - 102,300. To reduce the settling time by a factor of 2 to 0.05 


seconds and keep the percent overshoot the same, we double the coordinates of the dominant poles to -80 
+ j114.5. Assume a lead compensator with a zero at -100 that cancels the plant's pole at 
-100. The summation of angles of the remaining plant poles to the design point is 149.239. Thus, the 


angular contribution of the compensator pole must be 149.23? - 180° = 30,770, Using the 


114.5 
geometry below, pc - 80 = tan 30.779, or pe = 272.3. 
m 


Adding this pole to the poles at the origin, -500, and -800 yields K = 9.92 x 10? at the design point, 
-80 + j114.5. Any higher-order poles will have a real part greater than 5 times that of the dominant pair. 


Thus, the second-order approximation is OK. 
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45. 


0.35K i : 
Uncompensated: G(s)H(s) = (5*0.4)(s*0.5)(s*0.163)(s* 1.537) . Searching the 133.639? line 


(%OS = 5%), find the dominant poles at - 0.187 + j0.196 with gain, 0.35K = 2.88 x 102. Hence, the 


4 T T 


A 
Con 0.187 dde QE a 70496 = 


estimated values are: %OS = 5%; Ts 


16.03 seconds; Kp = 0.575. 


PD compensated: Design for 8 seconds peak time and 5% overshoot. 


%OS 
In (199) x ; 
= = U.62. since = = © seconds and Oy z SU, x 
=== =0.69. Since Tp == - 8 seconds and o 1-22 = 0.393 
2 2 %OS o 1-22 
+12 (Gog) n 


Gg = 0.5426. Hence, Go = 0.374. Thus, the design point is - 0.374 + j0.393. The summation of angles 


from the system's poles to the design point is -295.34°. Thus, the angular contribution of the controller 


zero must be 295.349-180? = 115.349. Using the geometry below, 


ju 


0.393 


0374-7. ~ tan (180° - 115.349), from which zę = 0.19. Adding this zero to the system's poles and using 
. -Ze 


the design point, - 0.374 + j0.393, the gain, 0.35K = 0.205. 


+0.01 
PID compensated: Assume the integral controller, G,(s) = : s 


es (0 035K(s*0.19)(s-0.01) 
function is Gprp(s)H(S) = 555 5(510 5Y(s-0.163)(s* 1.537) ` 


. The total open-loop transfer 


Check: The PID compensated system yields a very slow rise time due to the lag zero at 0.01. The rise 
time can be sped up by moving the zero further from the imaginary axis with resultant changes in the 


transient response. The plots below show the step response with the PI zero at - 0.24. 
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46. 


Solutions to Problems 9-101 


Cet 


Mow Bom m ow 


o 12 24 36 48 
Time (Sec) 


The response compares favorably with a two-pole system step response that yields 596 overshoot and a 


peak time of 8 seconds as shown below. 


a 
.8 
Eri 
bct B 
a 
4 
3 
2 
zs 

Time (Sec) 

1 

a. The open loop transfer function is G(S) — . The root locus for the 
(s + 0.08)(s + 2)(s +5) 


system is shown below. With G, (s) = 7.02 the system has a € = 0.7 damping factor for the 
dominant poles which are located at — 0.847 + j0.849 . The third pole is located at -5.4 so the 2" 
order approximation applies. The resulting T; — 5.16s with a %0S=4.2% 
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Root Locus Editor (C) 


0 àg s og 046 


Imag Axi 


-10 : 3 - = 
14 12 -10 -8 6&6 4 -2 0 2 4 


4 
b. The desired T; — —— = 2 sec, so the real part of the desired closed loop poles is EO, =2.The 


n 
imaginary part is obtained from @, = 2tan cos 70.7 = 2.04. So the desired dominant closed loop 
positions are — 2 + j2.04 . We start by doing PD design with a compensator of the form 

G. (s) =K(s+2Z.¿) . A numerical search results in Zç = 2.456, and K = 9.963 gives the desired 
pole positions. So G(s) = 9.963(s + 2.456) . The root locus is shown next where it can be seen 


that the third pole is at approximately -3.06, so the dominant pole approximation is not as accurate as in 
part a) 
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Solutions to Problems 9-103 


Root Locus Editor (C) 


E 
ai 


c 
"0 


xi 


Im: 


026 048 041 0.05 


Real Axis 


For the PI part we arbitrarily choose a zero close to the origin. After adjusting the gain to obtain the 


9.717(s 4 0.1)(s + 2.456 
desired damping factor, the resulting PID compensator is G, (s) = ( X ) , the 


third pole moving to -3.16. 


>>syms s 

>>s=tf('s'); 

>>Gc=9.717*(s+0.1)*(s+2.456)/s; 
>>G=1/(s+0.08)/(st+2)/(s+5); 
>>T=6.95*G/(1+6.95*G); % No compensation 


>>T2=Gc*G/(1+Gc*G); % PID Compensation 
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>> step(T, T2,6) % Simulate up to 6 sec 


Step Response 
14 - 


12r 4 


0.8 - j 4 


Amplitude 


0.6 L P J 
0.4 - 4 


0.2} 4 


0 l | i | l 
0 1 2 3 4 5 6 


Time (sec) 


Note that the compensated response results in the desired Settling time, however the resulting 96054896 
is larger than expected due to the third pole being close to the dominant poles. 
47. 
a. This part is identical to 46a) 
b. We start by designing the lead compensator. The desired closed loop pole positions are 


— 2+ j2.04 as in problem IV. We arbitrarily choose the position of the compensator zero at -2 


(cancelling a plant pole), and do a numerical search to get the pole position as -11.8, then adjust the gain 


957(5*2) _, 
= = ee e 


until the desired pole positions are obtained. At this stage we have Ge (s)= ] 
(s +11.2) 


resulting roots locus is: 
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Root Locus Editor (C) 


o p6 T AT TY E E td | 
^. 777 048 03477 0.24 0.45 0.0 
| - . ae a ` m A I LEN um 1 
E wu? ! 
6t 5 
1976 
4 g 2 
8.92 
2h. 
Es 0 ------ 
= 
83. 
FEE 
876 ` 
Bb | 
alas — ng hs corte eee AUS. 
ai 0.46 ^:-.0.34 024 015 007 8 
y > l al EN eee. 
-5 -4 -3 -2 -1 0 
Real Axis 


Solutions to Problems 9-105 


Now we do the lag compensator design by first choosing arbitrarily the lag compensators pole position 


as -0.01 so the systems open loop transmission is: 


95.7(s + Zag) 


G (s)= 
(s +0.01)(s + 0.08)(s +5)(s - 11.2) 


G(0) =99,so z,,, = 0.0463. The lead lag compensator is: G, (s) = 


The roots locus is: 
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. The steady state requirements demand 


95.7(s + 0.0463)(s + 2) 
(s+0.01)(s+11.2) ` 
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Root Locus Editor (C) 


odo 034-024 045 0.07 


' 

“ ` ` 
1--7-7C77^7Y 
i 


Imag Axis 


Ma 
E Sd 1 


-AA 024 015 007 8 


Real Axis 


c. 
>> syms s 

>> s=tf('s'); 

>> G=1/(s+0.08)/(s+2)/(s+5); 

>> Gc = 95.7*(s+0.0463)*(s+2)/(st+0.01)/(st+11.2); 
>> T=6.95*G/(1+6.95*G); %Uncompensated System 
>> T2=Gc*G/(1+Gc*G); %Compensated System 


>> step(T,T2,6) %Simulate for up to 6 sec 
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48. 


Solutions to Problems 9-107 


a. 


The root locus for the uncompensated system is shown next. The range for closed loop stability is 


0 < K < 0.04 . The fastest system will occur for vary small values of K with T, = 0.8sec. The 


dominant poles have a damping factor 0 « € < 0.02 


Root Locus Editor (C) 


915 


Imag &xis 


-400 


0105 0.075 0.052 00320016 | 
„Í ST N Le i | Lj 
-80 -60 -40 -20 D 


b. The notch filter is designed by arbitrarily placing two complex conjugate zeros close to the dominant 


complex pole plant pair, and then arbitrarily adding two “far away” real poles in between the two pairs 


of plant poles. The gain is adjusted to obtain & = 0.7 . The resulting 
0.0679(s* +12s + 6.25e4) 


G, (s) = —————— — ———— The resulting root locus is: 
(s + 20)(s + 70) 
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Root Locus Editor (C) 


0105 0.075 0.052 0.0320.016 
^ ‘ ^ A ‘ 500) 
4 


500 
400 


300 


200 


Imag Axis 


-200 


-300 


0405 0.075 0.052 0.0320.0! 


Real Axis 
The time domain simulation results in: %OS=5.22%, T. = 0.093sec 
>> syms s 
>> s=tf('s'); 
>> P=0.63/(1+2*0.18*s/305.4+5\2/305.442)/(1+2*0.02*s/248.2+52/248.242); 
>> G=0.0679*(s12+12*5+6.25e4)/(s+20)/((s+70); 
>> T=G*P/(1+G*P); 


>> step(T) 
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Solutions to Problems 9-109 


Step Response 
0.7 


0.5 - 4 


0.4 - 4 


Amplitude 


0.3 - 4 


0.2 - 4 


0.1 - 4 


i 
0 0.05 0.1 0.15 
Time (sec) 


c. The PI compensator is designed by adding a pole at the origin and arbitrarily placing a zero at the 
same point as that of the rightmost compensator pole. The resulting 


0.0586(s? +12s + 6.25e4) 


G.(s) = where the gain was adjusted to maintain the damping factor. 


s(s +70) 
The resulting simulation gives %0S=4.3% and T, = 0.124sec 


>> syms s 

>> s=tf('s'); 

>> P=0.63/(1+2*0.18*s/305.4+s^2/305.4^2)/(1+2*0.02*s/248.2+5s^2/248.2^2); 
>> G=0.0586*(s^2+12*s+6.25e4)/s/(s+70); 

>> T=G*P/(1+G*P); 


>> step(T,0.15) 
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Root Locus Editor (C) 


0.075 0.052 0.0320.016 


^ 


+ 7 ^n 
e tema 


Imag Axis 


0105 0075 0.082 0.052001 


-80 -60 -40 -20 D 20 
Real Axis 
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Solutions to Problems 9-111 


Step Response 
14 


12r E 


0.8 - / E 


Amplitude 


0.4 - 4 


0.2 H 4 


0 0.05 0.1 0.15 
Time (sec) 


_ 26.45(s* +1.15s + 0.33) 


a. The open loop transmission for the minor loop is Ly, = 5 . The root 
S^ +1.4.24s + 3447.91) 


locus is shown next where K=132results in the desired € = 0,5 
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Root Locus Editor (C) 


89 5211 
Pes 1,1 
Pras 
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Solutions to Problems 9-113 


b. 


With the value of K calculated in part a, the overall open loop transfer function from the main loop point 
a- 7.59e004s? +1.081e006s* + 2.617e008s 
3492 s* +5.376e004s” +1.21e007s* +1.396e007s* +1.586e007s° 


view is 


which results in an origin pole zero cancellation and an integrator at the origin. The uncompensated root 


locus is shown next: 
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Root Locus Editor (C) 


034 o2 042 


Imag Axis 


Real Axis 


With the two complex conjugate poles it is necessary to use a notch filter to obtain the required 


é = 0.7. For G, (S) design the compensator zeros are chosen close to the open loop poles and the 
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Solutions to Problems 9-115 


poles are placed arbitrarily on the real axis, then the gain is adjusted to get the required damping factor. 


To satisfy the settling time requirement, the real poles are adjusted interactively in sisotool until their 


0.738(s? +1.15s +1.34) 


real part is ~ 1. The resulting compensator is: G, (s) = . The resulting 


(s+3)(s +5) 


root locus is: 
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ign via 


Des 
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Root Locus Editor (C) 


o 


sixy Be] 


Real Axis 
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Solutions to Problems 9-117 


>> syms s 

>> s=tf('s'); 

>> G1=574.98/s/(s\2+14.24*s+3447.91); 

>> H=0.046*s*(sA2+1.15*s+0.33); 

>> Gml=132*G1/(1+132*G1*H); 

>> Gc=0.738*(SA2+1.15*5+1.34)/(S+3)/(S+5); 
>> T=Gc*Gml/(1+Gc*Gml); 


>> step(T) 


Step Response 
1.4 T T T T 


12- 4 


Amplitude 


0.4 - 4 


0.2 + 4 


0 2 4 6 8 10 12 14 16 18 20 
Time (sec) 


50. 
a. PD compensator design: Pushing the gain, 10, to the right past the summing junction, the system can 


10° : 
D TETERA This 
(s. — 4551)(s + 286) 


be represented as an equivalent unity feedback system with G ,(s) = 
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system is unstable at any gain. For 1% overshoot and Ty = 0.1, the design point is 40 + j27.29. The 


summation of angles from the poles of G,(s) to this point is -216.9039. Therefore, the compensator zero 


must contribute 216.903? - 180? = 36.9039. Using the following geometry: 


j27.29 


27.29 
z..49 ean (36.903). Thus, Ze = 76.34. Adding this zero to the poles of Ge(s), the gain at the design 
m 


point is 106K = 23377. The PD compensated response is shown below. 


Step Response for zero at -76.34 and 196 overshoot 


Amplitude 


0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 
Time (secs) 


b. PI compensator design: To reduce the steady-state error to zero, we add a PI controller of the form 


sti 
eer The PID compensated step response is shown below. 
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Solutions to Problems 9-119 


PID Compensated Step Response for zero at -76.34 and 196 overshoot 


Amplitude 


0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 
Time (secs) 


We can see the 1% overshoot at about 0.1 second as in the PD compensated system above. But the 


system now corrects to Zero error. 


51. 
a. Root locus sketch yields; 


25 


20 


15 


10 


Imag Axis 
o 


-50 -40 -30 -20 -10 0 
Real Axis 


Root locus sketch near imaginary axis yields; 
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Close-Up Root Locus to Determine Stability 


0.25 


0.2 } 


0.15 - 


0.1- 


0.05 + 


Imag Axis 
o 
y 


-0.05 - 


-0.1 F 


-0.15 - 


Real Axis 


Searching imaginary axis for 180° yields: j0.083 at a gain of 0.072K = 0.0528 and j0.188 at a gain of 
0.072K = 0.081. Also, the gain at the origin is 0.0517. Thus, the system is stable for 0.0517 < 0.072K < 
0.0528; 0.072K > 0.081. Equivalently, for 0.7181 < K < 0.7333; 0.072K > 1.125. 

b. See (a) 

c. Uncompensated system: Searching the 20% overshoot line, we find the operating point at 

-8.987 + j17.4542 = 19.71/117.126 at 0.072K = 16.94 for the uncompensated system. Simulating the 


response at this gain yields, 


Step Response for Uncompensated System 


Amplitude 


0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 
Time (secs) 
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Solutions to Problems 9-121 


For 20% overshoot and T; = 0.05 s, a design point of —80 + j156.159 is required. The sum of angles to 


the design point is -123.8979. To meet the requirements at the design point, a zero would have to 
contribute 303.8979, which is too high for a single zero. Let us first add the pole at the origin to drive 
the steady-state error to zero to reduce the angle required from the zero. Summing angles with this pole at 
the origin yields -241.023. Thus a zero contributing 61.023? is required. Using the geometry below with 


156.159 
= tan (61.023), Zc = 166.478. 
Zc - 80 


j156.159 


The gain at the design point is 0.072K = 181.55. 


Step Response for Ccompensated System 


Amplitude 


0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 


Time (secs) 


The settling time requirement has been met, but the percent overshoot has not. Repeating the design for 


1% overshoot and a Ts = 0.05 s yields a design point of —80 + j54.575. The compensator zero is found to 


be at -47.855 at a gain 0.072K - 180.107. 
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Step Response for Redesigned System 


3 
5 
< 
Time (secs) 
52. 
%OS 
ü -In 09) 
COn = T; = 2.667; C= "TT OS = 0.591. Thus, @p = 4.512 rad/s. 


2 2 
T^ + In Goo? 


Im = 0,y1- e = 4.51241- 0.591? = 3.64. Thus, and the operating point is -2.667 + j3.64. 
Summation of angles, assuming the compensating zero is at —5 (to cancel the open-loop pole at —5, is — 
170.889. Therefore, the compensator pole must contribute 180% — 170.88? = -9.129. Using the geometry 


shown below, 


ju 
13.64 
z-plane 
9,120 
= P. -2.667 
3.64 . : : 
5.—2667 = tan 9.129. Thus, P, = 25.34. Adding the compensator pole and using -2.667 + j3.64 as the 
p.— £. 


test point, 50K - 2504, or K - 50.08. Thus the compensated open-loop transfer function is 
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53. 


2504(s+ 5) 


040) GS)" + 105-50) 425.34) 


Solutions to Problems 9-123 


. Higher-order pole are at —25.12, -5, and-4.898. The 


pole at —5 is cancelled by the closed-loop zero at -5. The pole at —4.898 is not far enough away from the 


dominant second-order pair. Thus, the system should be simulated to determine if the response meets the 


requirements. 


Program: 

syms s 

numg-2504; 
deng=expand(s*(s12+10*s+50)*(s+25.34)); 
deng-sym2poly(deng); 

G-tf(numg, deng); 

Gzpk=zpk(G) 

T=feedback(G,1); 

step(T) 


Computer response: 
Zero/pole/gain: 
2504 


S (S*25.34) (s^2 + 10s + 50) 


Step Response 


1.4 T T T T T 


Amplitude 


0 fi L fi 1 1 
0 0.2 0.4 0.6 0.8 1 


Time (sec) 


a. We have that K, = G(0) = 3(1.9078) = 5.7234. The steady state error for a unit step 


1 
input is e, — ——— — 0.15 
1+K 


p 
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E es 


1 
b. The required e = 0.075, which corresponds to a K, = =12.33. Following the 


SS 


Zo A 12.33 
procedure of Section 9.2, let — = —— = 
p EK, 5.7234 


= 2.2 . Arbitrarily let p, = 0.01, so 


3(s + 0.022) 
(s+0.01) 
c. We decided to use SIMULINK for this simulation. The block diagram is given by: 


Z, = 0.022. The resulting compensator is G.(S) = 


0078 *[1/0.43 


1 p ~~ d 


19.6 1],[1/0.5 
Constant Gain Transfer Fen 
» 
> 
Scope 
ve s+0.022 3078 *[1/0.43 
1 — p p3 
s+0.01 19.6 1],[1/0.5 y 
Constant 1 Gainl Transfer Fon 2 Transfer Fen 1 


The resulting simulation shows the improvement in steady state error without affecting much the 


transient response. 


- [nl x} 
8656|02 A ABB OAR 


54. 


1. As can be seen from the entries in the first column of Table P9.54 below, we need to improve the 
steady-state error of this system as well as its transient response. 
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Solutions to Problems 9-125 


2. We design first the PD controller to meet transient response specifications. This includes the 
; y a K 
controller’s zero location and gain: Gpp(s) = K; + Kas =K; seal ls K3(s+Z,)- 
K3 
We start by finding the desired operating point (dominant pole), corresponding to transient response 
specifications: 


- In(960.S./100) — In 0.04321 


mL — 0.707 corresponds to an overshoot of 4.32196, 
Ja? +1n?(00.5./100) 72 +1n2(0.04321) 


which <4.4%. 


The peak time of the PID-controlled system, T,, should be less than that of the uncompensated system by ~20%; 


e.g.; T; = 0.8 x 0.0207 = 0.01656 


Oj = Don. LL -189.7 rad/sec 
Tp  0.8x0.0207 


Og = 189.7 
yi=6? 41-0707 


The natural frequency should be: @, = = 268.2 rad/sec. 


Hence, the desired operating point is: — ç@, + je =—189.7+ j 189.7. 
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Imaginary Axis 


Pole-Zero Map 
2200 x | 
0.22 0.16 0.1 0.045 à -G*H 
2000 - cy 
D 
1800 = 0.32 1.75e+003 > 
1600 - 4 
1.5e+003 
o 
1400 - | 
1.25e+003 
1200- ` 4 
mop 1e-003 | 
800 — 0.6 750 7 
600 - 4 
500 
Design point: 
400 | 9-82 | 
250 
200 - 4 
A An 9 | E xa — 
| A EOS l 


-600 -500 -400 -300 -200 -100 0 
Real Axis 


Next we design the PD controller. Using the geometry of the triangle shown in red in Figure above we calculate the 


compensating zero's location. 


To use the root locus utility, we find the open-loop poles and zeros of the plant, e.g., the roots of the numerator and 
denominator of G,(s), which are: — 12.5, — 606.3 + j 2155.8, and — 612.5 + j 1467.9, respectively. As the 
coordinates of the desired dominant poles were entered, the sum of angles from the uncompensated system's poles 


and zeros to the desired compensated dominant pole was found to be — 217.84. Thus, the contribution required 


o o o 189.7 
from the PD compensator zero is - 180 + 217.84 = 37.84 . Hence: Zo =189.7 + — — — — = 433.9 and the 


tan 37.84? 


poles of the systems are determined by the equation 1 + Gs) G,(s)H(s) = 0, where 


25000 K,(s? +1225 s + 2.53x10*)(s + 433.9) 


G.(s)G ,(s)H(s) = —————Àà4———— ———— ——À—————— 
(IG (SHS) (s? +1225s* +503x10* s+625x10°)(s + 200) 


is the open-loop function. 
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Solutions to Problems 9-127 


The following MATLAB M-file was written to simulate the system and plot its step response (shown below) to 
check whether all requirements may be met using a PD controller. 


numg - 125*[1 1225 2.53E6]; 

deng - [1 1225 503E4 625E5]; 

Gp - tf(numg, deng); %Gp is the transfer function (TF) of the plant 
numh = 200; 

denh = [1 200]; 

H - tf(numh, denh); %H is the TF of the feedback low-pass filter 
Zc - 433.9; 

numgc - [1 Zc]; 

dengc - 1; 

Gc - tf(numgc, dengc); %Gc is the TF of the PD Controller 
rlocus(Gp*Gc*H); 

axis ([-250, 0, -250, 250]); 

z-0.707; 

sgrid(z,0) 

title('Root Locus Zoomed-in around Dominant Poles with a 0.707 Damping Line') 
[K1, p]=rlocfind(Gp*Gc*H); 

pause 

K = K1; 

T=feedback((K*Gc*Gp),H); %T is the closed-loop TF of the system 
step(750*T); 

axis ([0, 0.04, ©, 1300]); 

grid 


title(['Step Response of PD-cont. Bus Voltage for zc = - ', num2str(Zc)]); 
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System: PD-Cont. 
Peak amplitude: 1.23e+003 
Overshoot (96): 69.6 


Step Response of PD-cont. 


Bus Voltage for Zc = - 433.9 


| Attime (sec): O f | | | 
4 : 1 i 1 i PD-Cont. 
1200) - ------ A oy eee | T ats qol SA losxtelr ol e e SS ¡a 
f i f I f f 
f f I i f f 
f i I f f f 
f i f f f f 
f i i i f f 
f f f f f f 
1000 He ------4-------- A deci Pp ¡AAA pt ey A pasat A 
f i f f f f 
f f f f f f 
f f f i f f 
f f I i f f 
mi l \ . l 
2 |. System: PD-Cont. i 
9 8 E a iT Settling Time (sec): 0.0159  — ^" 
= 
> [ I 1 ry a eee r i d 
E: l ] l ] I ] l 
- f f i f i f f 
g 600 L -\-J----- de aha AAA AP A APA Lui Louie 
A | | la : | | | 
a f f i f i f f 
o f f f f f f f 
f f i f i f f 
Q f f po i i l ] 
400-------- Pos SSS ¡PS SD O PES PIDA] 
f f i f f f f 
f f f f i i f 
f f p! f i i i 
i i i i i i i 
i f f f f f f 
I f i i i I l 
200 i-em po xv vro pelos per ing AA a i i oe if | 
i f f f i f f 
f f f f f f f 
f f i i i f f 
f f p f i I f 
f f f f f f f 
0 | i l | | | I 
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 
Time (sec) 


As could be seen from the above graph, the settling time, T;, has been reduced significantly, but the overshoot is 
extremely high. Therefore, other values of the PD controller's zero were tested to get a satisfactory transient 
response or, at least, the best possible one, with the idea that the transient may be improved further by adjusting the 
zero that will be added later in the following step (associated with the PI controller), since reducing the steady-state 


error to zero, requires the addition of an integral mode. 


The two graphs obtained for the PD controller's zero at Ze = - 800 and at — 2000 are shown below. It could be seen 


from these graphs that the response of the PD-controlled system with Z. = - 800 is faster and its peak time, T, = 


0.0142 sec, satisfies that requirement. 


Therefore, the results obtained for Z. = - 800 were added to Table P9.54 below as entries, which characterize the 


PD-compensated system. 
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Step Response of PD-cont. 


Solutions to Problems 9-129 


DC Bus Voltage for Zc = - 800 


900 — — System: PD-cont T l l T 
! Peakampitude 768 | | | | 
|. Overshoot (96): 10.2 i i i i i 
800 eiie | At time (sec): 0.0142 ^ ---- O A SOS E = 
i [| i i System: PD-cont 
| ' l i ] Settling Time (sec): 0.0279 
700 52 + Se SiS == ESE E Se AD O Se A E A SS A AA == 2 
| a | i System: PD-cont 
| | | | Final Value: 695 
PE: o ae E AA A MA a o o Mt A 7 | 
B N 
© | | | | | | 
2 | | | | | | 
wm 500-----4 LLLI a E ge "E de a a RR a 4 
o | | | | | | | 
E | | | | | | | 
o | | | | | | | 
ae eae E Loomer — seee sea l—— — — - 
5 I | I | I I | 
a | | | | | | | 
o | | I | I I | 
A soolF V ------ AA ecl AA AS AS A E Born 4 
| | | | | | | 
| | | | | | | 
| | f | | | | | 
| | | | | | | 
2005 -————— RS (=== == A jas === Ho ==kho===--- h=o====- + 
| | | | | | | 
N | 
um L------- -------- EE n e : 
| | f | | | | | 
| | | | | | | 
| | | | | | | 
0 | | | | | I [ 
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 
Time (sec) 
Step Response of PD-cont. Bus Voltage for Zc = -2000 
900 | 
i System: PD-Cont. | | i i 
i Peak amplitude: 735 i l i i i 
800| === ae rene Overshoot (%): 8.15 ---------- peeeescbeeceeejeee—— e 4 
A time (sec): ouea System: PD-Cont. 
E E a i ~ = ] i Settling Time (sec): 0.0318 
E c ee A t cM CS ANC SC RAUS 
| | | i System: PD-Cont. 
E Foot Ft Final Value: 680 
T | | | | 
z= I I I I I 
o | | | I | 
2 I I I I I 
o De ees emus licen em tu bc eret e eem Mts a 4 
a | | | | | 
S 1 I | l l 
© | I | I I 
> ] ] ] ] ] 
[7] cc @ Noc pz HET EET A 
3 I I | I I 
a I I | I I 
9 
a DRE p Tp 0 070m | 
| | | | | 
| | | | | 
| | | | | 
[cc ==> pepe (===> 
| | | | | 
| | | | | 
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| i | l | | | 
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5. 


response. To minimize that effect we place a zero( Gp; (s) 2 Ki + 


Adding the PI controller will introduce a pole at the origin, which will have a negative effect on the transient 


Ky _Kis+K) _ Kil +Zpr) ) T= Ral 


S S 


close to that pole. The poles of the system are determined by the equation 1+ G, (s)G,, (s) H (s) = 0, where 
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25000K (s? +1225 s + 2.53x10^)(s -- 800)(s * Z,, ) 
s(s? -1225s? +503x10* s+625x10°)(s+200) ` 


G,(s)G,(S)H(S) = 
The following MATLAB M-file was written to add the integral mode. It was run a few times with various values of 
the PI controller's zero, Zp; (between zero and the closest open-loop pole at -12.5) to check whether all 


requirements are met using a PID controller. 


numg = 125*[1 1225 2.53E6]; 

deng = [1 1225 503E4 625E5]; 

Gp = tf(numg, deng); %Gp is the transfer function (TF) of the plant 
numh = 200; 


denh = [1 200]; 


H - tf(numh, denh); %H is the TF of the feedback low-pass filter 
Zc - 800; 
Zi = 4; 


numgc = poly ([-Zi, -Zc]); 

dengc - [1 0]; 

Gc = tf(numgc, dengc); %Gc is the TF of the PID Controller 
rlocus(Gp*Gc*H); 

axis ([-200, 0, -200, 200]); 

z-0.707; 

sgrid (z,0) 

title('Root Locus Zoomed-in around Dominant Poles with a 0.707 Damping Line') 
[K1, p]=rlocfind(Gp*Gc*H); 

pause 

K = K1; 

T=feedback((K*Gc*Gp),H); %T is the closed-loop TF of the system 


step(750*T); 
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Solutions to Problems 9-131 


axis ([0, 0.4, 0, 850]); 
grid 
title(['Step Response of PID-cont. of DC Bus for Zc - -',num2str(Zc),' and Zi 


s e *.numestr(zi);]); 


PID Root Locus Zoomed-in around Dominant Poles with a 0.707 Damping Line 
200 T T T T T T T T T 
0.707 


System: PID-Cont 

105 Gain: 0.00298 7 
Pole: -125 + 125i 

Damping: 0.707 

50 - Overshoot (96): 4.33 -| 
Frequency (rad/sec): 177 


Imaginary Axis 
o 


-100 + 4 


-150 A 4 


0.707 
-200 L | | i | l l l l 
-200 -180 -160 -140 -120 -100 -80 -60 -40 -20 0 


Real Axis 


6. Asaresult, the following transfer function of the PID controller was found: 


AO i sis 
+ + 
Gc(s) = 0.003x| 2 E - m. 08 
S S 


Thus, the gains, K4, K3, and K; are: K, = 0.003; K, = 2.41; and K, = 9.6. 


7. The system simulation showed that all steady-state and transient response requirements have been met (see the 
figure below and Table P9.54). 
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8. Allrequirements have been met. No need for any redesign. 
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Solutions to Problems 9-133 


Table P9.54 
Uncompensated PD-compensated PID-compensated 
i ] . ! 25000 K (s? +1225 s + 2.53 x10°)(s + 800)(s + 4 
Plant & Compensator TF, 25000 K(s^ +1225 s+2.53x10") 25000 K (s^ +1225 s - 2.53x10^)(s + 800) ss? 1225s? 1 503x104 s+ 625 x 10? )(s + 200) 
(s? +1225s* +503x10* s+625x10°)(s+200) |(s?--1225s? +503x10* s+625x10°)(s + 200) 
G.(s)G,(s)H(s) 
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Zeros at - 4, — 200, and - 800 not 
Comments Second-order Approximation OK Zeros at — 200 & - 800 not cancelled 
cancelled 
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Solutions to Problems 9-135 


55. 
a. From Chapter 8, 


0.6488K (s+53.85) 


G,(s) 23 
(s? + 8.119s + 376.3) (s? + 15.47s + 9283) 


Cascading the notch filter, 


0.6488K (s--53.85)(s? + 16s + 9200) 


Gels) gi 
(s? + 8.119s + 376.3) (s? + 15.47s + 9283)(s*60)? 


Arbitrarily design for %OS = 30% (€ = 0.358) and T, = 0.3 s. This places desired poles at 


—13.33 + j34.79. At the design point, the sum of the angles without the PD controller is 107.19. Thus, 
3 
= tan 72.81 


z, -13.33 
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From which, z, = 24.09. Putting this into the forward path, 


0.6488K (s+53.85)(s? + 16s + 9200)(s+24.09) 


Ga(s) m 


(s? + 8.119s + 376.3) (s^2 + 15.47s + 9283)(s+60)° 


Using root locus, the gain 0.6488K = 1637, or K = 2523. 


b. Add a PI controller 


TRUE (s 4- 0.1) 


Thus, 


0.6488K (s+53.85)(s? + 16s + 9200)(s+24.09)(s+0.1) 


G«(s) = 


s (s? + 8.119s + 376.3) (s^2 + 15.47s + 9283)(s+60)? 


Using root locus, the gain 0.6488K = 1740, or K = 2682. 

C. 

Program: 

syms s 
numg-z1637*(s*-53.85)*(s^2*16*s49200)*(s*24.09)*(s*0.1); 
deng=s* (S42+15.47*S+9283) *(SA2+8.119*S+376.3)*(S+60)42; 
numg=sym2poly(numg) ; 

deng-sym2poly(deng); 

G=tf (numg, deng); 

Gzpk=zpk(G) 

T=feedback(G,1); 

step(T,0:0.01:1) 

title(['With PD, Notch, and PI']) 

pause 

step(T) 

title(['With PD, Notch, and PI']) 


Computer response: 
Zero/pole/gain: 
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1637 (s+53.85) (s+24.09) (s+0.1) (s^2 + 16s + 9200) 


S (s*60)^2 (s^2 + 8.119s + 376.3) (s^2 + 15.47s + 9283) 


Amplitude 


With PD, Notch, and Pl 


n 


0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 


Time (sec) 
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With PD, Notch, and PI 


Amplitude 


0 1 1 1 r L 1 
0 10 20 30 40 50 


Time (sec) 


1 
) 
= 
| 
e 
Y 
wo 


56. 


a. The root locus for the uncompensated system was obtained in Chapter 8 . It was shown there that the system is closed loop stable for all K>0 . 


All the poles are real when K = —0.00331. 
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Solutions to Problems 9-139 


Root Locus Editor (C) 


0.08 


0.04 


0.02 


sxy Deui 


-0.02 


-0.04 


Real Axis 
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The step response simulation: 

>> syms s 

>> s=tf(‘s'); 

>> P=(520*s+10.3844)/(s43+2.6817*s42+0.11*s+0.0126); 
>> Gc = 0.00331; 

>> T=Gc*P/(1+Gc*P); 


>> step(T) 
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Solutions to Problems 9-141 


Step Response 
1 T T T T T 


Amplitude 


0 10 20 30 40 50 60 70 80 90 100 
Time (sec) 


The measured %OS=31% and T, ~ 100sec 


b. A pole is placed at the origin and a zero is arbitrarily placed at -0.1, since the system has a pole very close to the origin (z=-0.02) , it may 


0.00189(s + 0.1) 


. The root locus is shown next: 


serve as the compensator’s zero. The resulting compensator is G, (s) = 
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Root Locus Editor (C) 


sixy Deui 


Real Axis 


The step response simulation: 
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Solutions to Problems 9-143 


>> syms s 

>> s=tf£('s”); 

>> P=(520*s+10.3844)/(s43+2.6817*s42+0.11*s+0.0126); 
>> Gc=0.00189*(s+0.1)/s; 

>> T=Gc*P/(1+Gc*P); 


>> step(T,100) 
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Step Response 
1.4 T T T T 


12- 4 


Amplitude 


0.6 + 4 


0.4 L 2 


0 10 20 30 40 50 60 70 80 90 100 
Time (sec) 


%Os=7% and T, « 100sec 


57. 


a. To determine the improvements required in the transient and steady-state responses of the uncompensated system, its performance characteristics, obtained 
in part (a) of problem 8.71 are entered into Table P9.57 which is given at the end of part (b) below. To plot c(t) for r(t) = 4 u(t), volts, the MATLAB M-file 
developed for part (a) of problem 8.71 was modified as shown below: 
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numg 


deng 


[1 0.6]; 


poly ([-0.0163 -0.5858]); 


G - tf(numg, deng); 


rlocus(G); 


axis ([-0.8, 0.1, -0.1, 0.1]); 


pos=(0); 


z--log(pos/100)/sqrt(pi^2*(10g(pos/100))^2); 


sgrid(z,0) 


title(['Root Locus with ', num2str(pos) , ' Percent Overshoot Line']) 


[K1, p]=rlocfind(G); 


pause 


T=feedback(K1*G,1); 


T=minreal(T); 


step(4*T); 


xlabel ('Time') 


ylabel ('Speed Sensor Output, c(t) in volts') 


title (['Step Response of Uncompensated System at K = ', num2str(K1), 


grid 
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Solutions to Problems 9-145 


%Tu is the closed-loop TF of the uncompensated system 


to a 4 volt Input Step']) 


9-146 Chapter 9: Design via Root Locus 


The step response, c (t), of the uncompensated system to r(t) = 4 u(t) is shown below. As could be seen from the plot and the entries made into Table P9.57, 

the uncompensated system does not meet any of the steady-state requirements — the need to reduce Estep! (00) from 2% to the required 0% and to have a finite 
value for the steady-state error due a ramp input, €ramp (00) = 2%, indicate that the system should become type-1, e.g. an integral mode should be added to the 
controller. The speed of response also is not adequate — the rise time is 2.69 seconds and the settling time is 4.69 seconds whereas the compensated system is 


required to have a settling time equal to or less than four seconds. 


r(oo) — c(oc) 4 — 3.92 


! esep (©) = v x 100 = = «100 = 2% 
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Solutions to Problems 9-147 


Step Response of Uncompensated System at K = 0.78 to a 4 volt Input Step 


Speed Sensor Output, c(t) in volts 


Time (sec) 


We now design the PI-controller to obtain a steady-state error, estep (oo) = 0, for a step input, r(t) = 4 u(t) and a steady-state error for a unit-ramp input, 
€ramploo) < 2%. 
To achieve that and at the same time either improve or have a minor negative effect on the transient response of the system, we need to place the PI- 


controller's zero on-top or close to the dominant pole of the uncompensated system, located at — 0.0163. Hence, we'll start by assuming that the transfer 


Kiss WA] K, x(s+ 0.0163) 


function of the PI-controller is: Ggc (s) = Kj + A eue 
S S S 
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K,(s+0.6) 
s(s+0.5858) ' 


Thus, we obtain a type-1 system with a transfer function! of the “Plant & Compensator” given by: G(s) = which has a “position” error 


constant Kp = lim G(s) = oo and a “velocity” error constant, K, = lim sG(s) =1.024 K;. 
s>0 s>0 


— 4 — 
1+Kp 1+0 


Hence, the requirement to have a zero steady-state error for a step input, r(t) = A u(t) = 4 u(t) is satisfied, since: É step (00) = 


1 1 
The requirement that €samplco) < 2%, for a unit-ramp input will be satisfied if €yqmp (œ) = — = ————— € 0.02, e.g., if K, > 48.83. At this value of 
K, 1.024K, 
48.83s + 29.3 


K;, the open-loop transfer function of the PI-compensated system is: G(s) = 


s(s--0.5858) 


The following MATLAB file was written to check whether all requirements have been met: 


numg = [48.83 29.3]; 


deng = poly ([0 -0.5858]); 


G - tf(numg, deng); 

T = feedback(6, 1); %T is the closed-loop TF of the PI compensated system 
T = minreal(T); 

step(4*T); 


1 Enter this transfer function and the results obtained for the PI-compensated system into Table P9.57. 
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Solutions to Problems 9-149 


axis ([0, 0.2, 0, 5]); 

grid 

xlabel ('Time') 

ylabel ('Speed Sensor Output, c(t) in volts') 

title ('PI-compensated Systems Response to a 4 volt Input Step') 


pause 


numr 1; 


denr - poly (0); 


R - tf(numr, denr); 


E- R-T2; %E = Ramp error of PI compensated system 

step(T2, 'b', R,'g', E,'r'); 

axis ([0, 5, 0, 5]); 

grid 

xlabel ('Time') 

ylabel ('Output Rate, dc(t)/dt, V/s (Blue); Unit Ramp (Green); Error (Red)'); 


title ('Response of PI-compensated System to a Unit-ramp Input') 
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The step response, c(t), and the unit-ramp response, dc(t)/dt, of the PI-compensated system are shown below. As could be seen from the plots and the entries 


made into Table P.9.57, the PI-compensated system satisfies all performance requirements. Its steady-state error for a step input, r(t) = 4 u(t), is zero and the 


ramp (©) 0.02 = 2% . 


value of its steady-state error due a unit-ramp input, e 


It has also an extremely fast speed of response — the rise time is 0.045 seconds and the settling time is 0.08 seconds. Since the PI-compensated system 
satisfies all performance requirements, there is no need to add a derivative mode. Therefore, Table P.9.57, shown below has been limited to entries for the 


uncompensated and PI-compensated systems only. 


It should be noted, however, that the rise and settling times obtained seem to be unrealistic for the reasons noted above. Therefore, the Simulink model 


(which was developed originally for problem 5.81) was modified as shown above and will be run in step (c). 
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Response of Pl-compensated System to a Unit-ramp Input 
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Table P9.57 Characteristics of Uncompensated and PI-compensated Systems 


Copyright © 2011 by John Wiley & Sons, Inc. 


Table P9.57 


Uncompensated PI-compensated 
K,(s -- 0.6) K,(s 4 0.6) 
Plant & Compensator, G(s) (s 0.5858)(s + 0.016 3) s(s-- 0.5858) 
Closed-loop Transfer Function, 0.78s + 0.468 48.83s + 29.3 
s? 41.382 s - 0.4775 s? 4 49.4254 29.3 

EES) ERA A EIER EE 
Dominant Pole(s) — 0.691, — 0.691 — 48.82 
Proportional Gain, K K= Kı =0.78 K; = 48.83 
Damping Coefficient, G 1 1 

Rise Time, T, 2.69 sec 0.045 sec 
Settling Time, T; 4.69 sec 0.08 sec 

Este (00) 296 0 

Éramp (oo) oo 296 

Other Poles none — 0.6002 
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Solutions to Problems 9-153 
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Zeros — 0.6 — 0.6 
Second-order Critically-damped Second-order! Over-damped 
Comments 
System System 


c. We now run the following Simulink model, which includes a saturation element placed at the output of the motor armature, which 
was set to an upper limit of 250 A. 


1 With the second closed-loop pole very small (compared to the dominant pole) and almost equal to the system's zero, this system acts almost as a first-order 


lag. 
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lile 


Referece 
Signal 


pc de 


Solutions to Problems 9-155 


To Workspace1 


Speed vsTime 


Aerodynamic Drag 


20 


[p EO 


0.06154 


s+20 
i ivati Acceleration 
PI Speed PI Torque Armature Saturation Torque Const. Motive HEV Inertia 7 Derivative - 
Controller Controller UL = 250 A e : inear vs Time 
x Efficiency minus Referred to S d/ 
P = 61, 1=0.795 P=10,1=6 "m Motor Shaft PET 
Resistive Angul 
ngular 
Torques Speed [O] 


Armature 
Current vs Time 


LD acceleration 


To Workspace2 


To Workspace 


Back EMF 
Const, Kb1 


Friction 
Coeff., D 


Current Sensor 


Sensitivity, Kcs 
0.0443 


Current 


Speed Sensor 


Sensitivity, Kss To Workspace3 
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As a result of that simulation, the following figures were obtained: 


1. Change in Motor Armature Current in Response to a Speed Change Command; 
2. Change in Car Acceleration in Response to a Speed Change Command; 
3. 


Change in Car Speed in Response to a 4-V Reference Input Step. 


Based on these graphs, the following observations may be made: 


a. The armature current rises very fast to 250 amps; sustains at that level for 0.7 seconds, 


Change in Motor Armature Qurrent in Response to a Speed Change Command 
300 


250 


N 
© 
© 


150 


Armature Qurrent (Amps) 


a 
e 
© 


Tine (seconds) 
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Solutions to Problems 9-157 


Change in Car Acceleration in Response to a Speed Change Command 


3.5 


n 
N a 


E 
u 


Acceleration (m sed) 


0.5 


then drops down exponentially (in about 4 seconds) to 7.0 amps + 5%. 


b. Car acceleration also rises very fast to 3.833 m/s”, drops down slightly (to 3.75 m/s”) in the first 0.7 
seconds, then drops down exponentially (in about 4.3 seconds) to 0. 


c. With a saturation element (set to a limit of 250 A) placed at the output of the motor armature, the step 
response obtained for the change in car speed exhibits realistic values of the rise and settling times (1.75 
and 2.8 seconds, respectively), whereas the steady-state error in car speed remains equal to zero (the final 
car speed = 5.556 m/sec) and the steady-state error in car acceleration remains below 2% 


(P = K, =61> 48.83). 
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Change in Car Speed in Response to a 4-V Reference Input Step 


Final Value = 


5.556 m/sec 


Settling Time - 2.8 sec 


(2as/ur) paadg 129 ur asueyy 


Time (secs) 
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TEN 


Frequency Response 
Techniques 


SOLUTION TO CASE STUDY CHALLENGE 


Antenna Control: Stability Design and Transient Performance 


First find the forward transfer function, G(s). 


Pot: 
K1-7 10 = 3.18 
TU 
Preamp: 
K 
Power amp: 


100 
G1() = $5100) 


Motor and load: 


1 1 Ke 1 
J=0.05 + 5 (§)? = 0.25 ; D = 0.01 + 3 (5)? = 0.13; uz -5;Kp-l 
Therefore, 
Ke 
RP Om(s) _ Ra] |. 08 
m) 1 KA ssH3)' 
s(s+5(D + Ra )) 
Gears: 
K _50 1 
27250 5 
Therefore, 


50.88K 


G(s) = KiKGi(s)Gm(S)K2 = 56637 32)(s+100) 


Plotting the Bode plots for K = 1, 
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40 


o RETA 
co TRE 
CTA RE 


OA 
Mi To 
ma 


-50 =. 


Phase (deg) 


aq 
UN UM TN 
LU TTA DUC d 
200 ECO E Po 


1 10 100 1000 1 10 100 1000 
m w 
a. Phase is 180° at œ = 11.5 rad/s. At this frequency the gain is - 48.41 dB, or K = 263.36. Therefore, 
q y 8 


for stability, 0 < K < 263.36. 

b. If K = 3, the magnitude curve will be 9.54 dB higher and go through zero dB at œ = 0.94 rad/s. At 
this frequency, the phase response is -125.999. Thus, the phase margin is 180? - 125.99? = 54.019. 
Using Eq. (10.73), € = 0.528. Eq. (4.38) yields %OS = 14.18%. 

C. 


Program: 

numga-50.88; 

denga=poly([0 -1.32 -100]); 
"Ga(s)' 

Ga=tf (numga, denga); 
Gazpk=zpk(Ga) 

'(a)' 

bode(Ga) 

title('Bode Plot at Gain of 50.88') 
pause 

[Gm, Pm, Wcp, Wcg]=margin(Ga); 
'Gain for Stability' 

Gm 

pause 

'(b)' 

numgb=50.88*3; 

dengb=denga; 

'Gb(s)' 

Gb=tf (numgb, dengb); 
Gbzpk=zpk(Gb) 

bode(Gb) 

title('Bode Plot at Gain of 3*50.88') 
[Gm, Pm, Wcp, wcg]-margin(Gb); 
'Phase Margin' 

Pm 

for z-0:.01:1 
Pme-atan(2*z/(sqrt(-2*z^2«*sqrt(1*4*z^4))))*(180/pi); 
if Pm-Pme<=0; 

break 

end 

end 


Zz 
percentzexp(-z*pi/sqrt(1-z^2))*100 


Computer response: 
ans - 
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ca(s) 


Zero/pole/gain: 
50.88 


s (+100) (s*1.32) 
ans - 
(a) 


ans = 


Gain for Stability 


262.8585 


feb) 
5 
o 
M 


ans = 
Gb(s) 


Zero/pole/gain: 
152.64 


S (s+100) (s+1.32) 
ans = 
Phase Margin 


Pm = 


53.9644 


0.5300 
percent = 


14.0366 


Solution to Case Study Challenge 10-3 
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Bode Plot at Gain of 50.88 


$0 — IIA AA IINE TTIIMM 


Magnitude (dB) 


Phase (deg) 


Frequency (rad/sec) 


Bode Plot at Gain of 3*50.88 


Magnitude (dB) 


Phase (deg) 


- oo FE zm E 3 “4 
10 10 10 10 10 10 10 
Frequency (rad/sec) 


ANSWERS TO REVIEW QUESTIONS 


1. a. Transfer functions can be modeled easily from physical data; b. Steady-state error requirements can be 
considered easily along with the design for transient response; c. Settles ambiguities when sketching root 
locus; (d) Valuable tool for analysis and design of nonlinear systems. 

2. A sinusoidal input is applied to a system. The sinusoidal output's magnitude and phase angle is measured 
in the steady-state. The ratio of the output magnitude divided by the input magnitude is the magnitude 
response at the applied frequency. The difference between the output phase angle and the input phase angle 
is the phase response at the applied frequency. If the magnitude and phase response are plotted over a range 


of different frequencies, the result would be the frequency response for the system. 
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Answers to Review Questions 10-5 


3. Separate magnitude and phase curves; polar plot 

4. If the transfer function of the system is G(s), let s=j@. The resulting complex number's magnitude is the 
magnitude response, while the resulting complex number's angle is the phase response. 

5. Bode plots are asymptotic approximations to the frequency response displayed as separate magnitude and 
phase plots, where the magnitude and frequency are plotted in dB. 

6. Negative 6 dB/octave which is the same as 20 dB/decade 

7. Negative 24 dB/octave or 80 dB/decade 

8. Negative 12 dB/octave or 40 dB/decade 

9. Zero degrees until 0.2; a negative slope of 45%/decade from a frequency of 0.2 until 20; a constant -909 
phase from a frequency of 20 until oo 

10. Second-order systems require a correction near the natural frequency due to the peaking of the curve for 
different values of damping ratio. Without the correction the accuracy is in question. 

11. Each pole yields a maximum difference of 3.01 dB at the break frequency. Thus for a pole of 
multiplicity three, the difference would be 3x3.01 or 9.03 dB at the break frequency, - 4. 

12. Z = P- N, where Z = # of closed-loop poles in the right-half plane, P = # of open-loop poles in the right- 
half plane, and N = # of counter-clockwise encirclements of -1 made by the mapping. 

13. Whether a system is stable or not since the Nyquist criterion tells us how many rhp the system has 

14. A Nyquist diagram, typically, is a mapping, through a function, of a semicircle that encloses the right 
half plane. 

15. Part of the Nyquist diagram is a polar frequency response plot since the mapping includes the positive jw 
axis. 

16. The contour must bypass them with a small semicircle. 


17. We need only map the positive imaginary axis and then determine that the gain is less than unity when 


the phase angle is 1809. 

18. We need only map the positive imaginary axis and then determine that the gain is greater than unity 
when the phase angle is 180°. 

19. The amount of additional open-loop gain, expressed in dB and measured at 180° of phase shift, required 
to make a closed-loop system unstable. 

20. The phase margin is the amount of additional open-loop phase shift, dy, required at unity gain to make 
the closed-loop system unstable. 

21. Transient response can be obtained from (1) the closed-loop frequency response peak, (2) phase margin 
22. a. Find T(j9)7G(jo)/ [14 G(Go)H(j0)] and plot in polar form or separate magnitude and phase plots. b. 
Superimpose G(jo)H(jo) over the M and N circles and plot. c. Superimpose G(jo)H(jo) over the Nichols 


chart and plot. 
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23. For Type zero: Kp = low frequency gain; For Type 1: Ky = frequency value at the intersection of the 
initial slope with the frequency axis; For Type 2: Ką = square root of the frequency value at the intersection 
of the initial slope with the frequency axis. 


24. No change at all 
25. A straight line of negative slope, œT, where T is the time delay 


26. When the magnitude response is flat and the phase response is flat at 09. 


SOLUTIONS TO PROBLEMS 
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Lag Magnitude 


Log Magnitude 
po 
a 
mM 
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Solutions to Problems 10-7 


Phase (deg) 
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Solutions to Problems 10-9 


4. 
a. 

10 o 
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C. 
30 E 
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a. System 1 


s-plane 


GH-plane 


Re 


b. System 2 


qu s-plane 


c. System 3 


iud s-plane GH-plane 


Copyright O 2011 by John Wiley & Sons, Inc. 


Imag Axis 


Ju s-plane 


jz 


-j2 


Solutions to Problems 10-11 


Im GH-plane 


Fe 


Real Axis 
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7. 
am 
o 
E 
o 
o 
15003 100 101 102 
Frequency (rad/sec) 
D 
[7] 
o 
[^] 
o 
c 
o ad 
a 
10-1 100 101 102 
Frequency (rad/sec) 
8. 
Program: 
numg=[1 5]; 


deng=conv([1 6 100],[1 4 25]); 
G-tf(numg, deng); 

'G(s)' 

Gzpk=zpk(G) 

nyquist(G) 

axis([-3e-3,4e-3, -5e-3,5e-3]) 
w-0:0.1:100; 

[re, im]=nyquist(G,w); 

for i=1:1:length(w) 
M(i)=abs(re(i)+j*im(i)); 
A(i)-atan2(im(i),re(i))*(180/pi); 
if 180-abs(A(i))<=1; 

re(i); 

im(i); 

K-1/abs(re(i)); 

fprintf('Anw = %g',w(i)) 
fprintf(', Re = %g',re(i)) 
fprintf(', Im = %g',im(i)) 
fprintf(', M = %g',M(i)) 
fprintf(', Angle = %g',A(i)) 
fprintf(', K = %g',K) 
Gm-20*10g10(1/M(i)); 
fprintf(', Gm - %g',Gm) 

break 

end 

end 


Computer response: 
ans = 


G(s) 


Zero/pole/gain: 
(s*5) 
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Solutions to Problems 10-13 


(S^2 + 4s + 25) (s^2 + 6s + 100) 


w = 10.1, Re = -0.00213722, Im = 2.07242e-005, M = 0.00213732, Angle = 
179.444, K = 467.898, Gm = 53.4026 


ans = 
G(s) 
Zero/pole/gain: 


(S^2 + 4s + 25) (s^2 + 6s + 100) 


w = 10.1, Re = -0.00213722, Im = 2.07242e-005, M = 0.00213732, Angle = 
179.444, K = 467.898, Gm = 53.4026 


x10 Nyquist Diagram 


un 


d 
B0 ol 
Bal ] 
al | 
3L 4 
AL d 


Real Axis x10% 


a. Since the real-axis crossing is at -0.3086, P = 0, N = 0. Therefore Z = P - N = 0. System is stable. 


Derivation of real-axis crossing: 
50 50| -90° - jo(18- o") | 


G( ig) = ————— = 
Go) = IEO 81o* «(189 o) 


s-jo 
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Thus, the imaginary part = 0 at @ = V18 . Substituting this frequency into G( jc), the real part is 
evaluated to be -0.3086. 

b. P = 0, N = -2. Therefore Z = P - N = 2. System is unstable. 

c. P=0, N = 0. Therefore Z = P - N = 0. System is stable 

d. P = 0, N = -2. Therefore Z = P - N = 2. System is unstable. 


10. 
System 1: For K = 1, 


Nyquist Diagram 


002L i 4 


0.015 F 


001 F 


System: Open Loop L 
Gain Margin (dB): 53.6 

At frequency (rad/sec): 6.63 
Closed Loop Stable? Yes 
D }----------- See St - - - ~~ - = - -- ---------------------------------- 4 


Imaginary Axis 


-0.005 + : 4 
-0.01 + 
-0.015 + : 4 


Real Axis x 10^ 


The Nyquist diagram intersects the real axis at -0.0021. Thus K can be increased to 478.63 before 
there are encirclements of -1. There are no poles encircles by the contour. Thus P = 0. Hence, Z =P - 
N, Z = 0 + 0 if K «478.63; Z = 0 -(-2) if K > 478.63. Therefore stability if 0 < K < 478.63. 

System 2: For K = 1, 


Nyquist Diagram 


1 T T T =T 


System: Open Loop L 

Gain Margin (dB): 2.85 
At frequency (rad/sec): 1.56 
Closed Loop Stable? Yes 


Imaginary Axis 
3r 


0.4 F 4 

056r 4 

0 4 

“A -08 -0.6 -0.4 -0.2 0 0.2 0.4 
Real Axis 
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Solutions to Problems 10-15 


The Nyquist diagram intersects the real axis at -0.720. Thus K can be increased to 1.39 before there 


-P-N,Z 


0. Hence, Z 


0+ Oif K «1.39; Z = 0 — (-2) if K > 1.39. Therefore stability if 0 < K < 1.39. 


are encirclements of -1. There are no poles encircles by the contour. Thus P 


ET. 


System 3: ForK 


a 
E 

= 
a 
| 
in 


Stable if 0<K<1. 


11. 


Note: All results for this problem are based upon a non-asymptotic frequency response. 


1 yields the following Bode plot, 


System 1: Plotting Bode plots for K 


(ap) epnyube yy 


GM: 


o 
D 
2 
3 
5 
— 
m 
2 
o 
- 
D 
a 
u- 


2 
© 
2 
2 
Es! 
5 
e 


(Bap) aseyd 


Frequency (rad/sec) 
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K = 1000: 

For K = 1, phase response is 180? at = 6.63 rad/s. Magnitude response is -53.6 dB at this frequency. 
For K = 1000, magnitude curve is raised by 60 dB yielding + 6.4 dB at 6.63 rad/s. Thus, the gain 
margin is 

- 6.4 dB. 

Phase margin: Raising the magnitude curve by 60 dB yields 0 dB at 9.07 rad/s, where the phase curve 
is 200.39. Hence, the phase margin is 1809-200.3? = - 20.39. 

K = 100: 

For K = 1, phase response is 180° at œ = 6.63 rad/s. Magnitude response is -53.6 dB at this frequency. 
For K = 100, magnitude curve is raised by 40 dB yielding — 13.6 dB at 6.63 rad/s. Thus, the gain 
margin is 13.6 dB. 

Phase margin: Raising the magnitude curve by 40 dB yields 0 dB at 2.54 rad/s, where the phase curve 
is 107.39. Hence, the phase margin is 1809-107.39 = 72.79. 

K 7 0.1: 

For K = 1, phase response is 180° at œ = 6.63 rad/s. Magnitude response is -53.6 dB at this frequency. 
For K - 0.1, magnitude curve is lowered by 20 dB yielding — 73.6 dB at 6.63 rad/s. Thus, the gain 
margin is 73.6 dB.. 

System 2: Plotting Bode plots for K - 1 yields 
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Solutions to Problems 10-17 


(ap) apnyube yy 


2 
© 
2 
m 
2 
5 
e 


s» manna a on D n m m a 


eee ea 


«o eee iom 


c c mum A joco am an en 


sjeel aan oen 


FT ES. 


Freq: 1.26 rad/sec 


-90 E-----i-i- 


90 | ---- 


(Bap) aseyd 


ec 


quency (rad/s 


Fre 


1000: 


K= 


1, phase response is 180° at œ = 1.56 rad/s. Magnitude response is -2.85 dB at this frequency. 
1000, magnitude curve is raised by 60 dB yielding + 57.15 dB at 1.56 rad/s. Thus, the gain 


For K 
For K 


margin is 


— 57.15 dB. 


Phase margin: Raising the magnitude curve by 54 dB yields 0 dB at 500 rad/s, where the phase curve 


is -91.030, Hence, the phase margin is 1809-91.03? = 88,970, 


K = 100: 


1.56 rad/s. Magnitude response is -2.85 dB at this frequency. 


100, magnitude curve is raised by 40 dB yielding + 37.15 dB at 1.56 rad/s. Thus, the gain 


1, phase response is 180° at œ 


For K 
For K 


margin is 


— 37.15 dB. 


Phase margin: Raising the magnitude curve by 40 dB yields 0 dB at 99.8 rad/s, where the phase curve 


is -84.39. Hence, the phase margin is 1809-84.3? = 95,70, 


K=0.1: 


1.56 rad/s. Magnitude response is -2.85 dB at this frequency. 


0.1, magnitude curve is lowered by 20 dB yielding — 22.85 dB at 1.56 rad/s. Thus, the gain 


1, phase response is 180° at œ 


For K 
For K 
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margin is 

— 22.85 dB. 

Phase margin: Lowering the magnitude curve by 20 dB yields 0 dB at 0.162 rad/s, where the phase 
curve is -99.8%, Hence, the phase margin is 1809-99.86? = 80.29. 

System 3: Plotting Bode plots for K = 1 yields 


x10 Open-Loop Bode Plot for System 3: K = 1 
5 = T T TU YD T T T TTTTIT T T TTTTTIT T T TTTTTT] 
GM. 0 dB AT 8048 01 09 1410101 (oa 01011110 000 011111 
Freq: 1.41 rad/sec |): + ot 3 teen + oot oa dd d 00 eae ne ee 
Unstable loop pel ae A 5 14425114 EERE 
D tot 0 1001101 toto 0 41043101 tot 0 01014101 000 0 01101114 
= fot terete ot terete 600 00 4611111 RET 
= ' I ' © @ @ eee ' ' | een fee E E E ' ' 0. $5061 ' ' B. . $59 8.8 1 
5 A A A A A 


ase (deg) 


Ph 


Freq: 1.41 radísec ''' 


Frequency (rad/sec) 
K - 1000: 
For K = 1, phase response is 180? at o = 1.41 rad/s. Magnitude response is O dB at this frequency. 
For K = 1000, magnitude curve is raised by 60 dB yielding 60 dB at 1.41 rad/s. Thus, the gain margin 
is - 60 dB. 
Phase margin: Raising the magnitude curve by 60 dB yields no frequency where the magnitude curve 
is 0 dB. Hence, the phase margin is infinite. 
K - 100: 
For K = 1, phase response is 180? at œ = 1.41 rad/s. Magnitude response is O dB at this frequency. 
For K = 100, magnitude curve is raised by 40 dB yielding 40 dB at 1.41 rad/s. Thus, the gain margin 
is - 40 dB. 
Phase margin: Raising the magnitude curve by 40 dB yields no frequency where the magnitude curve 


is 0 dB. Hence, the phase margin is infinite. 
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12. 


Solutions to Problems 10-19 


K 7 0.1: 

For K - 1, phase response is 180? at o = 1.41 rad/s. Magnitude response is O dB at this frequency. 
For K - 0.1, magnitude curve is lowered by 20 dB yielding -20 dB at 1.41 rad/s. Thus, the gain 
margin is 20 dB. 

Phase margin: Lowering the magnitude curve by 20 dB yields no frequency where the magnitude 


curve is 0 dB. Hence, the phase margin is infinite. 


Program: 

9 Enter GES) A GRON ECKE ES RS fe 
numg-1; 

deng-poly([O0 -3 -12]); 

'G(s)' 


G=tf (numg, deng) 

w=0.01:0.1:100; 

%Enter K kkxkxkxkxkxkxkxkxkxkkkkxkkkkkkkkkkxkk 
K-input('Type gain, K '); 

bode(K*G,w) 

pause 

[M, P]=bode(K*G, w); 

%Calculate Gain Margin************** 
for i=1:1:length(P); 

if P(i)<=-180; 

fprintf('NnGain K = %g',K) 

fprintf(', Frequency(180 deg) = %g',w(i)) 
fprintf(', Magnitude - %g',M(i)) 
fprintf(', Magnitude (dB) = %g',20*10g10(M(i))) 
fprintf(', Phase = %g',P(i)) 
Gm-20*10g10(1/M(i)); 

fprintf(', Gain Margin (dB) - %g',Gm) 
break 

end 

end 

%Calculate Phase Margin************** 
for i=1:1:length(M); 

if M(i)<=1; 

fprintf('NnGain K = %g',K) 

fprintf(', Frequency (0 dB) = %g',w(i)) 
fprintf(', Magnitude - %g',M(i)) 
fprintf(', Magnitude (dB) = %g',20*10g10(M(i))) 
fprintf(', Phase = %g',P(i)) 
Pm=180+P(i);; 

fprintf(', Phase Margin = %g',Pm) 

break 

end 

end 


"Alternate program using MATLAB margin function: ' 


clear 

clf 

%Bode Plot and Find Points 

%Enter GS) TAE AA 
numg=1; 

deng=poly([0 -3 -12]); 

'G(s)' 

G=tf (numg, deng) 

w=0.01:0.1:100; 
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*kckckckck ck ck ck ck ck k ck k ck k ck k ck k k kk kk 


9 Enter K 


~ 
© 
.- * 
na x 
- — 
c 
x H 
D 
` be 
c is) 
‘d = 
is] tl 
D = 
D 
o o 
o = ~ 
> anes = 
eza o 
- = O — 
—0z- © 
Mk sao 
2x EMO 
20.500 
co sw 
HAO EEX 
llododoo 
x Qa- N 


Computer response: 


ans 


G(s) 


Transfer function: 


S^3 + 15 s^2 + 36 S 


Type gain, 


K 40 


.0738277, Magnitude 
22.6356 


0 


) 


40, Frequency(180 deg) = 6.01, Magnitude 
-22.6356, Phase = -180.076, Gain Margin (dB 
Frequency (0 dB) = 1.11, Magnitude 


Gain K 
(dB) 


0.93481, Magnitude (dB) = 


64.4107 


40, 


Gain K 


Phase Margin 


-115.589, 


Phase 


-0.585534, 


Bode Diagram 


(gp) apnyuBe w 


(Bap) aseyd 


Frequency (rad/sec) 
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Alternate program using MATLAB margin function: 


ans = 


G(s) 


Transfer function: 


S43 + 15 S^2 + 36 s 
Type gain, K 40 
Gm = 


13.5000 


65.8119 


Wcp - 


6 


Wcg 


1.0453 


ans = 


Gm(dB) 


ans = 


22.6067 
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Solutions to Problems 10-21 
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Bode Diagram 


mrad heehee ww = 2 


' 
' 
' 
T 
' 
' 
' 
' 
T 
T 
T 
T 
T 
a 
' 
T 


(gp) apnyube i 


(bap) aseyd 


Frequency (rad/sec) 


13. 


Program: 


numg-8000; 
deng 
G 


poly([-6 -20 -35]); 


tf(numg, 


ltiview 


deng) 


Computer response: 


Transfer function: 


8000 


S^3 + 61 s^2 + 1030 s + 4200 
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Solutions to Problems 10-23 


Bl un Viene mE 
| pie-part window" Help 
Dajan 


Nyquist Diagram 


System: G 
Gain Margin (dB): 17.3 
At frequency (rad/sec): 32.1 
Closed Loop Stable? Yes à 
emp oup O ————Ps. 


i 


= 
x 
«X 
E 
© 
ES 
c 
m 
E 


System: G 

Phase Margin (deg): 89.8 g 
Delay Margin (sec): 0.188 . a 
At frequency (rad/sec): 8.33 
Closed Loop Stable? Yes 
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I] LTI Viewer Pr EX | 


File Edit wires Help 
TIENE 


50 System: G 
i Food d hae i tof d 00 dg | i ; Gain Margin (dB): 17.3 ; 
At frequency (rad/sec): 321: : : :: 
Closed Loop Stable? Yes 1.2.5525: 


Magnitude (dB) 


51:5 System: G 
; | Phase Margin (deg): 89.8 js ete? da 
L! Delay Margin (sec) 0.88 — -——— + — i-i 
|: t: At frequency (rad/sec): 8.33 E 
4 ıı Closed Loop Stable? Yes 


10° 


Plot type changed. 


14. 
2 


Squaring Eq. (10.51) and setting it equal to du ) yields 
— w 
(op? - 02) + 420202 


NIA 


Simplifying, 
o 4+ 20221? - 1)92 - on? =0 


Solving for c? using the quadratic formula and simplifying yields: 


o? = e? [-Q - 1 &N4c^ - 42 « 2] 


Taking the square root and selecting the positive term, 
O = on) (1 - 262) + Jaca - 4C) +2 
15. 


a. Using Eq. (10.55), opgw = 10.06 rad/s. 
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Solutions to Problems 10-25 


b. Using Eq. (10.56), ogw = 1.613 rad/s. 


fe NES Lon | [lp , im T 
c. First find €. Since TAN and e T; NEE . Solving for G with T; =0.5 


yields G = 0.537. Using either Eq. (10.55) or (10.56) yields pw = 2.29 rad/s. 


d. Using ¢ = 0.3,@,T, = 1.762? — 0.4176° +1.039£+1=1.3217. Hence, 
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L| gx oL [ 


pope 
sa B Pa SE E) E 
SA a ERE E Lo IB d 

EEES 8 -140 


zs BEER le ele paa: +] 
L| 1 1 1 fm] 


dB 


-10 
.8 1.5 an 2.4 
b. 
see TE p pq 
al E EIFE 
T] 
mE B codex 
EM ut: ER ER se ENT EI S ERI 
Eae [pe es Pe (00 00 001007 pe S NA 
lA HE E DR LR ERR ERA ER 0T 
úl 1.2 z.4d 3.6 4.8 úl 1.2 2.4 3.6 4.8 
DI an 
C. 
1ü 
c 
4 
1 
-z 
m -5 
o -8 
=1] 
-14 
-17 
=¿0 
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Solutions to Problems 10-27 


17. 
Magnitude (db; a (c) 
25 
A e e 
20 I3 ==, 


A LA 


10 -zp ee oe ps 
xA IN DE ees 
E SE. 
ü 
-5 7 E ot zor’ a 
2s A ae LM ps 
DA Eu 1— —] a 
be "AP EF ARE le BE [ay RH 
-200 -260 -240 -220 -200 -180 -160 -140 -120 -100 -50 
Phase (degrees? 
18. 


a. The polar plot is approximately tangent to M = 5. Using Figure 10.40, the student would estimate 
7296 overshoot. However, notice that the polar plot intersects the negative real axis at a magnitude 
greater than unity. Hence, the system is actually unstable and the estimated percent overshoot is not 
correct. 

b. The polar plot is approximately tangent to M = 3. Using Figure 10.40, we estimate 58% overshoot. 
c. The polar plot is approximately tangent to M = 2.5. Using Figure 10.40, we estimate 5296 overshoot. 


19. 
Raise each curve in Problem 17 by (a) 9.54 dB, (b) 7.96 dB, and (c) 3.52 dB, respectively. 
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Magnitude (db? 
25 


MGE CIT TM Rt 
Ò a el Ó e o 
ME PCAPFREX REG eE “Late EN 
-200 -260 -240 -220 -200 -180 -160 -140 -120 -100 -50 
Phase (degrees? 


Systems (a) and (b) are both unstable since the open-loop magnitude is greater than unity when the 


open-loop phase is 180°. System (c) is tangent to approximately M = 3. Using Figure 10.40, we 
estimate 5896 overshoot. 


20. 
Program: 
9 Enter CESA PEE TIERE cR E ep oun ue 
numg-[1 5]; 
deng=[1 4 25 0]; 
'G(s)' 
G=tf (numg, deng) 
%Enter K okckck ck kockckck ck ko ko kck k k ck kk ke kkkk* 
K-input('Type gain, K '); 
'T(s)' 
T=feedback(K*G,1) 
bode(T) 
title('Closed-loop Frequency Response!) 
[M, P, w]-bode(T); 
[Mp i]-max(M); 
Mp 
MpdB=20*10g10(Mp) 
wp=w(i) 
for i=1:1:length(M); 
if M(i)<=0.707; 
fprintf('Bandwidth = %g',w(i)) 
break 
end 
end 
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Computer response: 
ans = 
G(s) 


Transfer function: 


s43 + 4 sA2 + 25 S 


Type gain, K 40 

ans = 

T(s) 

Transfer function: 
40 s + 200 


S^3 + 4 S^2 + 65 s + 200 


6.9745 
MpdB = 

16.8702 
wp = 

7.8822 


Bandwidth = 11.4655 
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Solutions to Problems 10-29 
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Closed-loop Frequency Response 


-————— 


AAA A Jee Je @' 


(gp) apnyube yy 


L22-4--L-.4-41. 


-40 L------ 


-135 |------ 


(Bap) aseyd 


Frequency (rad/sec) 


21. 


%Make a Bode plot. 


title('Open-Loop Frequency Response") 


ao 
eoo 
c 
“~O (D 
mo oO 
e - 
e sro 
= 
-Od 2^ 
ECO 
ol wo 
= OO O 
VE CpI 
e5o10 
m coo. 


%Add a title to the Bode plot. 


%Find margins and margin 


9 frequencies. 


margin(G); 


[Gm, Pm,Wcp,Wcg ] 


= © 
x 33 
— oO 
o jo] 
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L «t 
o o 
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00 
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— Oo 
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D D 
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= 
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Drs 
COUE 
ano 
L w 
O] 
~ cd 
M -D 
DUO 
= (QD mn 
C Lx 
ot o 
D N 
k LL. 
© oll 
E 00 
"t 
= “| 
"doo 
Cok 
C à cd 
= =. E 


ltiview 

Computer response: 

Transfer function: 
5 s + 30 

s^3 + 4 s^2 + 15 s 

ans 


(r/s); 


Gain margin(dB); Phase margin(deg.); © dB freq. 
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22. 


ans — 


180 deg. freq. (r/s) 


margins - 


15.5649 65.1103 2.4319 6.7088 


File Edit Window Help 


Solutions to Problems 10-31 


Dé&l*«5*|t 


Gain Margin (dB): 15.6 
At frequency (rad/sec): 6.71 
Closed Loop Stable? Yes 


ao 
= 
c 
© 
[0] 
a 
o 
o 
E 
E 
o 
a 
o 


Import completed. Systems imported: 1. 


Program: 

%Enter G(S) A FREE EROR pq o EERE EEE RES eR 
numg=5* [1 6]; 

deng=[1 4 15 0]; 
'Open-Loop System' 
'G(s)' 

G-tf(numg, deng) 

clf 

w=.10:1:10; 
nichols(G,w) 

ngrid 

title('Nichols Plot') 
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Phase Margin (deg): 65.1 
Delay Margin (sec): 0.467 


oo. 1 "^ At frequency (rad/sec): 2.43 


Closed Loop Stable? Yes 


A el 
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[M,P]=nichols(G,w); 

for i=1:1:length(M); 

if M(i)<=0.45; 

BW=w(i); 

break 

end 

end 

pause 

MpdB-input('Enter Mp in dB from Nichols Plot '); 
Mp=104 (MpdB/20) ; 
z2-roots([4, -4, (1/Mp42)]);%Since Mp-1/sqrt(4z^2(1-z^2)) 
z1=sqrt(z2); 

z=min(z1); 

Pos-zexp(-z*pi/(sqrt(1-z^2))); 
Tsz(4/(BW*z))*sqrt((1-z^2)*sqrt(4*z^4-4*z^242)); 
Tp-(pi/(BW*sqrt(1-z^2)))*sqrt((1-z^2)*sqrt(4*z^4-4*z^2*42)); 
'Closed-Loop System' 

'T( s) ' 

T-feedback(6, 1) 

bode(T) 

title('Closed-Loop Frequency Response Plots') 
fprintf('NnDamping Ratio = %g',z) 

fprintf(', Percent Overshoot - %g',Pos*100) 
fprintf(', Bandwidth = %g', BW) 

fprintf(', Mp (dB) = %g',MpdB) 

fprintf(', Mp = %g',Mp) 

fprintf(', Settling Time = %g',Ts) 

fprintf(', Peak Time = %g',Tp) 

pause 

step(T) 

title('Closed-Loop Step Response' ) 


Computer response: 


ans = 


Open-Loop System 


ans = 
G(s) 


Transfer function: 
5 s + 30 


S43 + 4 s^2 + 15 s 
Enter Mp in dB from Nichols Plot 0 


ans = 


Closed-Loop System 


ans = 


T(s) 


Transfer function: 
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1.066942» 


Solutions to Problems 10-33 


4.32139, Bandwidth - 5.1, Mp 


Peak Time 


1.35847, 


Percent Overshoot 


0.707107, 
0, Mp = 1, Settling Time 


5 s + 30 


S43 + 4 S^2 + 20 s + 30 


Damping Ratio 


(dB) 


2-23 
2-4 
"I 


c^ 


a 
B] 
e mu 
m 
in 
si: 
` 
H E 
® i 
$29 
e 
pe 
ze 
¿5 
13 
u 
el 
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FIPNSECELIJCBI-Y 
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der 


PT 


See eee 
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Solutions to Problems 10-35 


File Edit View Insert Tools Desktop Window Help 
Gas |1nj[a809e84%- [ajo eo 


L 


System 1: Using non-asymptotic frequency response plots, the zero dB crossing is at 9.7 rad/s at a 


23. 


phase of —163.2°. Therefore the phase margin is 180° — 163.2? = 16.8%. |G(j@)| is down 7 dB at 14.75 
rad/s. Therefore the bandwidth is 14.75 rad/s. Using Eq. (10.73), € = 0.15. Using Eq. (4.38), 9608 = 
62.09%. Eq. (10.55) yields T, = 2.76 s, and Eq. (10.56) yields Tp = 0.329 s. 

System 2: Using non-asymptotic frequency response plots, the zero dB crossing is at 6.44 rad/s at a 
phase of -150.739. Therefore the phase margin is 180° - 150.73? = 29.279. |G(j@)| is down 7 dB at 
10.1 rad/s. Therefore the bandwidth is 10.1 rad/s. Using Eq. (10.73), € = 0.262. Using Eq. (4.38), 
%OS = 42.62%. Eq. (10.55) yields Ts = 2.23 s, and Eq. (10.56) yields Tp = 0.476 s. 
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24. 
a. 
5 
10 
Frequency (rad/sec) 
107 10? 10! 10? 
Frequency (rad/sec) 
b. Zero dB frequency = 7.8023; Looking at the phase diagram at this frequency, the phase margin is 
8.777 degrees. Using Eq. (10.73) or Figure 10.48, G = 0.08. Thus, 96OS - 77.7. 
C. 
Step Response for K - 40 
H 
< 
5 
Time (secs) 
25. 
From the Bode plots: Gain margin = 14.96 dB; phase margin = 49.577; 0 dB frequency = 2.152 rad/s; 
180° frequency = 6.325 rad/s; bandwidth(@-7 dB point) = 3.8 rad/s. From Eq. (10.73) € = 0.48; from 
Eq. (4.38) %OS = 17.93; from Eq. (10.55) T, = 2.84 s; from Eq. (10.56) T, = 1.22 s. 
26. 


Program: 

G=zpk([-2],[0 -1 -4],100) 
%G=zpk([-3 -5],[0 -2 -4 -6],50) 
G=tf (G) 
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Solutions to Problems 10-37 


bode(G) 
title('System 1') 
%title('System 2') 
pause 
%Find Phase Margin 
[Gm, Pm, Wwcg,Wcp]=margin(G); 
w=1:.01:20; 
[M,P,w]=bode(G,w); 
%Find Bandwidth 
for k=1:1:length(M); 
if 20*10g10(M(k) )+7<=0; 
'Mag' 
20*10g10(M(k)) 
"Bw' 


wBW=w(k ) 
break 
end 
end 
%Find Damping Ratio,Percent Overshoot, Settling Time, and Peak Time 
for z= 0:.01:10 
Pt=atan(2*z/(sqrt(-2*z42+sqrt(1+4*z44) )))*(180/pi); 
if (Pm-Pt)<=0 
Z; 
Po=exp(-z*pi/sqrt(1-z^2)); 
Tsz(4/(wBW*z))*sqrt((1-2*z^2)*sqrt(A*z^A-4*z^2*2)); 
Tp-(pi/(wBW*sqrt(1-z^2)))*sqrt((1-2*z^2)*sqrt(4*z^4-4*z^2*2)); 
fprintf('Bandwidth = 96g ',wBW) 
fprintf('Phase Margin = 96g', Pm) 
fprintf(', Damping Ratio = %g',z) 
fprintf(', Percent Overshoot = %g',Po*100) 
fprintf(',Settling Time - %g',Ts) 
fprintf(', Peak Time = %g',Tp) 
break 
end 
end 
T-feedback(6,1); 
step(T) 
title('Step Response System 1') 
9 title('Step Response System 2') 


Computer response: 
Zero/pole/gain: 
100 (s*2) 


S (s+1) (s+4) 


Transfer function: 
100 s + 200 


S^3*75s^24458S 


ans 


-7.0007 
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ans 


BW 


wBW = 


14.7500 


0.15, Percent 
0.329382 


Damping Ratio 
Peak Time 


16.6617, 
= 2.76425, 


4.75 Phase Margin 
2.0871,Settling Time 


h=1 
t= 6 


Bandwidt 
Overshoo 


o 
ve) 


(gp) apnyuBbe py 


(Bap) aseyd 


Frequency (rad/sec) 
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Solutions to Problems 10-39 


Step Response System 1 


1.8 T T T T T T T 


Amplitude 


0 0.5 1 135 2 25 3 35 4 


Time (sec) 


Zero/pole/gain: 
50 (s+3) (s+5) 
s (s+2) (s+4) (s+6) 
Transfer function: 
50 s^2 + 400 s + 750 


S^4 + 12 sA3 + 44 s^2 + 48 s 


e 
2 
o 

M 


e 
2 
o 

M 


-7.0026 


ans 
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BW 


wBW = 


10.1100 


Percent Overshoot 


0.27, 


Damping Ratio 


29.2756, 


10.11 Phase Margin = 


Bandwidth 


Peak Time = 


2.1583, 


41.439,Settling Time = 


0.475337 


System 2 


(ap) apnyube y 


(bap) aseyd 


Frequency (rad/sec) 
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27. 


28. 


Solutions to Problems 10-41 


Step Response System 2 


1 T T T T T 


Amplitude 


Time (sec) 


The phase margin of the given system is 20°. Using Eq. (10.73), 6 = 0.176. Eq. (4.38) yields 57% 
overshoot. The system is Type 1 since the initial slope is - 20 dB/dec. Continuing the initial slope 


down to the 0 dB line yields Ky = 4. Thus, steady-state error for a unit step input is zero; steady state 


1 
error for a unit ramp input is =— = 0.25; steady-state error for a parabolic input is infinite. 


V 


The magnitude response is the same for all time delays and crosses zero dB at 0.5 rad/s. The following 


is a plot of the magnitude and phase responses for the given time delays: 
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a. 


=0 


Bode Diagram. Delay 


(gp) epnyubey 


og 
oA 
Dr 
AR 
Bo 
or 
2 
H 


At frequency (rad/sec): 6.66 
Closed Loop Stable? Yes 


(Bap) aseyd 


Frequency (rad/sec) 


System is stable. 


- 0, dy = 93.30; 


For T 


=04. 


Bode Diagram. Delay 


re 


Gain Margin (dB): 5.48 
Closed Loop Stable? Yes 


-50 }---- 


o 
o 


(gp) apnyuBbeyy 


System: Ge 


Phase Margin (deg): 55.1 ~ 
losed Loop Stable? Yes 


Delay Margin (sec): 0.145 
At frequency (rad/sec): 6.66 


e 


720 j=- 


(Bap) aseyd 


Frequency (rad/sec) 


55.19; System is stable. 


= 0.1, Om 


For T 
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Solutions to Problems 10-43 


Bode Diagram. Delay = 0.2 


-100 .---- 
-150 
1080 


(gp) epnyu&eyi 


n 


Phase Margin (deg): 17 
Delay Margin (sec): 0.0446 


380 L-- At frequency (rad/sec): 6.66 - 
Closed Loop Stable? Yes 


1 
a 
N 
E 


(Bap) aseyd 


i 
1 
o 


-360 L-=-- 


Frequency (rad/sec) 


System is stable. 


=02 dy = 179; 


For T 


05 


Bode Diagram. Delay 


Gain Margin (dB): -3.09 


At frequency (rad/sec): 4.12 


Closed Loop Stable? No 


System: Ge ` 


Phase Margin (deg): -97.4 


Delay Margin (sec): 0.689 
At frequency (rad/sec); 6.66 


Closed Loop Stable? No 


20 


j 
0 L----- 


-21 


(gp) apnyube yy 


i 
2 
€ 


o 
i 


(Bap) aseyd 


Frequency (rad/sec) 


System is unstable. 


, 


= -970; 


, PM 


5 


-0 


For T 
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29. 


Bode Diagram. Delay = 1. 


20 T—T—I-TTTTTT T—T—I-rTTTTT T—T—I-ETTTIT T 


e System Ge ` ™' 
Gain Margin (dB): -4.84 ' 
-20 ++ At frequency (rad/secy 2.45 --- apo? --r 4 
Closed Loop Stable? No : : i 


Magnitude (dB) 


PO E SI E RRA 


pol System: Ge 
360 r----- t Phase Margin (deg): 72.2 131 TN 777107 

| 1 Delay Margin (sec) 0.189 :'' i 
; At frequency (rad/sec): 6.66 _ 
' Closed Loop Stable? No 


Phase (deg) 


10 10" 10' 107 10 


Frequency (rad/sec) 


For T = 1, Dy = 72.20; System is unstable because the gain margin is -4.84 dB. 

b. 

For T = 0, the phase response reaches 180? at infinite frequency. Therefore the gain margin is infinite. 
The system is stable. 

For T = 0.1, the phase response is -180? at 11.4 rad/s. The magnitude response is -5.48 dB at 11.4 
rad/s. Therefore, the gain margin is 5.48 dB. The system is stable. 

For T = 0.2, the phase response is -180? at 7.55 rad/s. The magnitude response is -1.09 dB at 7.55 
rad/s. Therefore, the gain margin is 1.09 dB and the system is stable. 

For T - .5, the phase response is -180? at 4.12 rad/s. The magnitude response is *3.09 dB at 4.12 
rad/s. Therefore, the gain margin is — 3.09 dB and the system is unstable. 

For T = 1, the phase response is -180° at 2.45 rad/s. The magnitude response is +4.84 dB at 2.45 rad/s. 
Therefore, the gain margin is -4.84 dB and the system is unstable. 

c 


T=0;T=0.1;T=0.2 


d. 
T =0.5, -3.09 dB; T = 1, - 4.84 dB; 


The Bode plots for K = 1 and 0.5 second delay is: 
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Solutions to Problems 10-45 


Gain dB 


15907 109 101 102 
Frequency (rad/sec) 


, Phase deg 


Frequency (rad/sec) 


The phase is -180° at 2.12 rad/s. At this frequency, the gain is -34.76 dB. Thus the gain can be raised 
by 34.76 dB = 54.71. Hence for stability, 0«K «54.71. 


30. 
The Bode plots for K = 40 and a delay of 0.5 second is shown below. 
8 
10s; 100 10: “io 
Frequency (rad/sec) 
0 
-360 
p -720 
È 080 
-1440 EL 
10* 10? 10! 10? 
Frequency (rad/sec) 
The magnitude curve crosses zero dB at a frequency of 1.0447 rad/s. At this frequency, the phase plot 
shows a phase margin of 35.74 degrees. Using Eq. (10.73) or Figure 10.48, € = 0.33. Thus, %OS = 
33.3. 
31. 
Program: 
%Enter E A A 
numg1=1; 
dengi=poly([0 -3 -12]); 
'G1(s)' 


G1=tf (numg1, deng1) 
[numg2, deng2]=pade(0.5,5); 
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'G2(s) (delay)' 
G2-tf(numg2, deng2) 
"G(s)=G1(s)G2(s)' 
G=G1*G2 


%Enter K kckckck ck ck ck ckck ck kock ko k ck ck kc ck k k k k kk 


K-input('Type gain, K '); 

T=feedback(K*G, 1); 

step(T) 

title(['Step Response for K = ',num2str(K)]) 


Computer response: 
ans = 
G1(s) 


Transfer function: 


s^3 + 15 s^2 + 36 s 
ans = 
G2(s) (delay) 


Transfer function: 


-SA5 + 60 s^4 - 1680 s^3 + 2.688e004 s^2 - 2.419e005 s + 9.677e005 
S45 + 60 SA4 + 1680 s^3 + 2.688e004 s^2 + 2.419e005 s + 9.677e005 
ans = 

G(s)=G1(s)G2(s) 

Transfer function: 


-SA5 + 60 s^4 - 1680 S43 + 2.688e004 S42 - 2.419e005 s + 9.677e005 


S^8 + 75 SA7 + 2616 S46 + 5.424e004 S45 + 7.056e005 S44 + 5.564e006 s^3 


+ 2.322e007 s^2 + 3.484e007 s 
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Solutions to Problems 10-47 


Type gain, K 40 


Step Response for K = 40 
1.6 T T 


Amplitude 


Time (sec) 


32. 


Bode Diagrams 


Original Problem showing 1/s estimate 


Phase (deg); Magnitude (dB) 


-140 |- 


107? 101 10? 10! 10? 


Frequency (rad/sec) 
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33. 


Magnitude (dB) 


Phase (deg) 


Estimated K= 41 dB = 112. Therefore, final estimate is G(S) — 


Original-1/s Magnitude 


30 meme T ee eee on a i i eme 


103 10° 10+ 10? 
Frequency (rad/s) 


Original-1/s 


107 498 mM 10? 192 
Frequency (rad/s) 


Original-1/s(s+5.3) Magnitude 
60 F 


40 Fe 


20 Frm 


107 10° 10! 10? 
Frequency (rad/s) 


Original-1/s(s+5.3) 


-4* 
103 


Frequency (rad/s) 


112 
s(s--5.3) 


%Generate total system Bode plots - numg0,dengO - MO,PO 


numg0=12*poly([-1 -20]); 
dengO-conv([1 7],[1 4 100]); 
GO-tf (numgo, deng0O) ; 
w-0.1:0.1:100; 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 10-49 


[MO, PO]=bode(GO,w) ; 
MOZMO(:,:); 
PO-P0O(:,:); 
[20*10g10(M0),P0,w]; 
bode(G0,w) 

pause 

%Subtract (s+1) [numg1,deng1] and generate Bode plot-M2,P2 
numgi-[1i 1]; 

deng1=1; 

G1=tf (numg1, dengl1); 
[M1,P1]=bode(Gi,w) ; 
M1=M1(:,:); 
P1=P1(:,:); 

M2=20* 10g10(MO) -20*1log10(M1) ; 
P2-P0-P1; 

clf 

subplot(2,1,1) 
semilogx(w,M2) 

grid 

subplot(2,1,2) 
semilogx(w, P2) 

grid 

pause 
%Subtract1012/(s12+2*0.3*10s+1022) [numg2,deng2] and generate Bode plot- 
M4, P4 

numg2=100; 

deng2=[1 2*0.3*10 10^2]; 
G2-tf(numg2, deng2); 
[M3,P3]=bode(G2,w); 
M3zM3(:,:); 
P3=P3(:,:); 
M4=M2-20*10g10(M3); 
P4=P2-P3; 

clf 

subplot(2,1,1) 
semilogx(w,M4) 

grid 

subplot(2,1,2) 
semilogx(w,P4) 

grid 

pause 
%Subtract(8.5/23)(s+23)/(s+8.5) [numg3,deng3] and generate Bode plot-M6,P6 
numg3=(8.5/23)*[1 23]; 
deng3=[1 8.5]; 

G3=tf (numg3, deng3); 
[M5,P5]=bode(G3,w); 
M5=M5(:,:); 
P5=P5(:,:); 
M6=M4-20*10g10(M5); 
P6=P4-P5; 

clf 

subplot(211) 
semilogx(w,M6) 

grid 

subplot (212) 
semilogx(w, P6) 

grid 
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Computer responses and analysis: 


15 T T T I i t | 311 T T T T T F T T T © PL F FF 


Gain dB 


10-1 100 101 102 


Phase deg 


Frequency (rad/sec) 


Original data showing estimate of a component, (s+1) 
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Solutions to Problems 10-51 


-100....... 


-150b 


-8 r qq AA A r qq A A T r E E S 


-50 £ L ff E L £ tp 1-1 4-43 L L Ss ee ee es 
10-1 100 101 102 


Original data minus (s+1)(102/(s2+2*0.3*10s+102)) showing estimate of (8.5/23)(s+23)/(s+8.5) 
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Lo 
100 101 102 


i i II—I E E E + i r | REESE ER i i E S E + 


i 
100 101 102 


100 — 8.5s+23 
s°+6s+100 23 s+8.5 


Original data minus final estimate of G(s) = (s +1)* 


100 8.5 s+23 
Thus the final estimate is G(s) = (s +1) * 5——————— *— 2 
S +6s+100 23 s+8.5 


* K. Since the original plot starts 


from -10 dB, 20 log K 7 -10, or K = 0.32. 


34. 


The Bode plot is: 
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Solutions to Problems 10-53 


Bode Diagram 


O m u» 
i 


1 
10 


(gp) apnyube yy 


dO 


Oo 


Frequency (rad/sec) 


77 » there is no imaginary part so the phase will 


— Q^) 


=0 
2 


2 
0 


The frequency response is P( jc») 


- o (ao 


0 


O. P(jo)=0. 


be either -180° or 0°. As @ —> 0, P( jc») < Oso its phase is -180°. When @ 


a0,, P(j@) =œ. And for 


Then for @) < @ < 40, the phase is 0° When @ 


and @ > Q0), , and will 


@ > a0, P(jo) «0. P( jo) decreases in the intervals in which @ < 0, 


increase when (0, < 0 < a0. 


35. 


The Nyquist plot is: 


a. 
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Imaginary Axis 


36. 


Nyquist Diagram 


b. The gain margin is infinite as the plot never crosses the 180? line. The phase margin is undefined 
since IG( j o) <1 at all frequencies. 


c. The system is closed loop stable for all 0 < K < oo. 


The exact Bode plot and the asymptotic approximations are shown on the following figure. The 


16782 


. So when 


magnitude asymptotes are obtained by noting that when @ > 0, P(s) ~ 


Q9 — 0.1, 
|P(j0.2)| = 104.5db — 6db = 98.5db. So a line is drawn between these two points until 


P(j0.1) = 167820 = 104.5db and the slope of the line is -6db/oct. This means that 


@ = 2.89 is reached. For higher frequencies the slope is -12db/oct, so the line is continued. 

To plot the phase asymptote at very low frequencies the phase is -180? due to the integrator until 
2.89/10=0.289rad/sec. At very high frequencies from 2.89*10=28.9 rad/sec and up the phase will be 
-270? due to the plant's pole contribution. A line is drawn between 0.289 and 28.9 rad/sec with - 


135? at 2.89 rad/sec. 
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Solutions to Problems 10-55 


Bode Diagram 


(gp) apnyubeyy (Bap) aseyd 


Frequency (rad/sec) 


37. 


7 is a real quantity. The Nyquist diagram is shown 


1300 
@ +860 


next. Since the open loop transfer function has one RHP pole, P 


be closed loop unstable. 


a. The frequency response P( jc) 


1 so the system will 


P-N= 


1 and Z 
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Nyquist Diagram 


Imaginary Axis 


| i i i | | 
-2.5 -2 -1.5 -1 -0,5 0 


H -3 
Real Axis x 10 


b. In this case for K = 1 there are no encirclements of the -1 point so the system is closed loop 
unstable. However for large values of K there will be a negative encirclement of the -1 point so 
Z=P-N=0 and the system is closed loop stable. The real axis crossover occurs at -3.5X104 so the 


1 
range of stability is K > === 2851 
3.5 x10 


x 10^ Nyquist Diagram 
5 F T T = 


Imaginary Axis 
o 


Real Axis x 10^ 
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38. 


39. 


Imaginary Axis 


Solutions to Problems 10-57 


The Nyquist diagram with K = 1 is shown next. 


Nyquist Diagram 
1 T T E 


Real Axis 


As shown the system is closed loop stable, since the system has one open loop RHP pole so P=1, 


N=1 and Z-P-N-1-1-0. Increasing the gain will not affect stability. However smaller K will 
eventually make the system unstable. As seen from the figure the system becomes marginally stable 


when K = 0.1. Ths syetem then is closed loop stable for 0.1< K < œ. 


a. The Nichols Chart is shown below. 
b. It can be seen there that M ,, = 3db = 1.41. From figure 10.40 the 960823596. From the 
Nichols chart, the phase margin is ® ,, =180° —136° = 44”, and from figure 10.48 in the text 


this corresponds to a & = 0.4 damping ratio. It follows from figure 10.41a that since the open loop 


rad 15 
bandwidth is (94, = 0.93 —— , the settling time is T, & —— — 16.1sec. The system is type 1 
sec Oy 


SO C fing) = 1. 
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40 


T "T T T T T T 
I l l I l I l 
I l ] ] ] 10-d8 ] 
] l ] ] ] ] I 
3) i \ I 1 1 I ] 
ox ecce vU ce E vv TR CU gy R, ISDN EON 6.25 dB -7777777777 ie ae m 
] \ r ] ] ] 
] ] ] ] 0.5 dB. 1 ] 
] ] ] ] ] ] 
l I i l | y l | 
20b 22 ee e oT ete Rs Rae i EATON es 4 
l i PE | 408 I l AdB 
A ] ] ] ] Tos 
] ] 1 ] IE i l 
; ] i ] ] ] E ] ] 
10 EI Pic DM S IN OE OV DEL NEN RM A | [I E: RE TENET" AAA Bsp A jas fa rae H 
/ ] "nd ] ] ] ] 3 dB 
] NI i4 6/d8 Vv l 
] I7 \ ] A 1 
S J ] I ] ] vin 
E ol-—4--- Eo ee MIl-T7y.NX. Dees Ay ra Lai A eee eee la A 6-4B 
5 I 1 il š DN T 
4 ; w=0.93rad/sec \ 
8 
E ] ] 4 1 : ] ] 
3 aok tsten a hehe F ooo ea jaed-- 12 dB 
o I I I 
] ] ] 
] 1 ] 
! l | 20-dB 
Fy el a er ee y === ===.++5 == 
] 1 ] 
] ] 
] ] 
] I 
-30H --+---7------57----- ¡SN tenentem ar 4 
] ] ] 
] 1 ] 
] ] 1 
E queens du OA N a AFG pon E 
] ] ] ] ] ] 
] ] ] ] ] ] 
1 I ] ] i ] 
-50 1 L l L l i l 
-360 -315 270 -225 180 -135 -90 -45 0 
Open-Loop Phase (deg) 
C. 
>> syms s 


>> s=t£('s”); 


>> P=0.63/(1+0.36*s/305.4+s42/305.442)/(1+0.04*s/248.2+5\2/248.22); 


>> G=0.5*(s+1.63)/s/(s+0.27); 
>> L=G*P; 
>> T=L/(1+L) 


>> step(T) 


It can be seen in the following figure that we slightly overestimated the %OS, but the settling time is 


close to the predicted. 
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Solutions to Problems 10-59 


Step Response 


14 
i2p---j-- 
1 


apnyduy 


40 


25 


15 


Time (sec) 
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40. 


Open-Loop Frequency Response 


Phase (deg); Magnitude (dB) 


L 
10% 10? 10? 10? 10? 


Frequency (rad/sec) 


From the Bode plot: Gain margin = 29 52 dB; phase margin = 157.57; 0 dB frequency = 1.63 rad/s; 
180° frequency = 49.8 rad/s. 
b. System is stable since it has 180° of phase with a magnitude less than 0 dB. 
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Solutions to Problems 10-61 


41. 


Open-Loop Frequency Response 


A 
o 
TI T TT T TT 


Phase (deg); Magnitude (dB) 


10? 10 


Frequency (rad/sec) 


From the Bode plot: Gain margin = 17.1 dB; phase margin = 57.22%; 0 dB frequency = 45.29 rad/s; 
180? frequency = 169.03 rad/s; bandwidth((2-7 dB open-loop) = 85.32 rad/s. 

b. From Eq. (10.73) € = 0.58; from Eq. (4.38) 96OS = 10.68; from Eq. (10.55) T, = 0.0949 s; from Eq. 
(10.56) T, = 0.0531 s. 


C. 


Step Response 


Amplitude 


1 
0 0.05 0.1 


Time (sec.) 
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42. 


30 TII 
26 | [| LILITH 


dE 
E 


i 

i 

2 ETA 
Con AY, 

id 

i 

i 


PT LTT 

> LUM TT 
| ELT P d] 
1 


HAS AEE 


=F 


Resonance at 70 rad/s. 


43. 
. Plotting the Bode plots, 


10 
G(S) = TIO 


The gain is zero dB at 0.486 rad/s and the phase angle is -106.44. Thus, the phase margin is 180° - 
106.449 = 73.56? . Using Eq. (10.73), € = 0.9. Using Eq. (4.38), %OS = 0.15%. 
44. 


G(s) 22.5 


- (5*4)(5240.9549) . Plotting the Bode plots, 


m. LE | DTERIR LLL LEAL Y LOL 


sa LUT SN LLLA A 
= aa LLLI PAR TTT 
# zo LUT TE T DIT 
E -150 
2 -180 petu 
E aa Ll LEM [LIII 

-240 = 

-270 

A 1 10 100 
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45. 


Solutions to Problems 10-63 


The phase response is 180° at œ = 3.55 rad/s, where the gain is -1.17 dB. Thus, the gain margin is 
1.17 dB. Unity gain is at œ = 2.094 rad/s, where the phase is - 49.85% and at œ = 3.452 rad/s, where 
the phase is -173.99°. Hence the phase margin is measured at œ = 3.452 rad/s and is 180°- 173.999 = 
6.019. Using Eq. (10.73), 6 = 0.0525. Eq. (4.38) yields %OS = 84.78%. 


a. The Nichols Chart, shown below, shows that for L — 1 the system is closed loop unstable since 
the number of open loop RHP poles P-0 and the chart crosses the -180? line above the Odb line. 


Open-Loop Gain (dB) 


| | I | | 
-360 -315 -270 -225 -180 -135 -90 -45 0 
Open-Loop Phase (deg) 


b. It can be observed from the diagram that the -180? crossover occurs when 
; 1 
L(jo) =13.25db = 4.5 so the closed loop stability range isO < L < ae = 0.221. 


c. The Nichols Chart below shows that L(0) = G(0)P(0) ~ 58db , so for a unit step input 
794.33 

C final ETA 

1+ 794.33 

corresponds to a %OS=47%. The phase margin is ® „ = 180° —148.5° = 31.5" so from figure 


= 0.998. Also M , ~ 6db = 2 which from figure 10.40 in the text 


Copyright O 2011 by John Wiley & Sons, Inc. 


"dd 
-3 


ap——.—--—-4-—-—---4-- 


10-64 Chapter 10: Frequency Response Methods 


0.3. The open loop bandwidth is 


10.48 the corresponding damping factor is d 


so from figure 10.41a Mz, T, = 20 and T, ~ 8sec 


25 rad 


Opyw = 


sec 


0.5 d 
v710B 
3dB-_ 


60 


(ap) ured doo7-uado 


-270 


Open-Loop Phase (deg) 


The block diagram and simulation are: 
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Solutions to Problems 10-65 


0.005 Dy 
s+0.005 
Transfer Fcn Transport 
Delay 


140625 
s24+12.67S+26.7 
P 


Scope 


64 922 ABE Gas 


Time offset: 0 


The simulation verifies the predictions. 
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46. 
b. The Nyquist diagram is: 


Nyquist Diagram 


250 


» 


Imaginary Axis 
o 
T 
dle 
| 


| 
1 
I 
| 
| 
| l i i l l l l 
-50 0 50 100 150 200 250 300 350 400 450 


Real Axis 


A closed view of the -1 point shows below that |L( j1.74) = land arg(L( j1.74)) = —132.8° so 


the phase margin without delay is ® „ 2180 —132.8° = 47.2° = 0.824rad 
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47. 


Solutions to Problems 10-67 


Nyquist Diagram 
4 T T T T 


Imaginary Axis 


-4 ^, l | i i i l | l 
-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 


Real Axis 


c. The maximum allowable time delay is obtained by noting solving 1.74T « 0.824 or 
T « 0.47sec 


“10? 107 10° 10 
Frequency (rad/sec) 


Phase deg 


10? 10? 10? 10* 
Frequency (rad/sec) 
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48. 


The frequencies that will be reduced occur at the peaks of the magnitude plot. The frequencies at the 


peaks are 4.14 rad/s and 0.754 rad/s. 


b. Consider a system with a disturbance, Rg at the output of a system: 


R4 (9) 


; , - C(S) 1 
The transfer function relating C(s) to Rq(s) is ——- 


R,s 1+G(s) 


. Therefore, 


IS ga Dg I ga 


14Ne Dra Dg; * No Dg 


G 


C(s) = 


Thus, if the poles of G(s) match the poles of Rg (DG = Dra) there will be cancellation and the 
dynamics of the disturbance will be reduced. Thus, if the dynamics of Rg is oscillation, add poles in 


cascade with G(s) that have the same dynamics. Since the poles yield large gain at these bending 
frequencies a zero is placed near the poles so that the filter will have minimal effect on the transient 
response (similar to placing a zero near a pole for a lag compensator). This arrangement of poles and 
zeros is called a dipole. Also note that a high gain at the bending frequency yields negative feedback 


for the output to subtract from Rg. Care should be exercised through analysis and simulation to be 


sure that the system's response to an input, other than the disturbance, is not adversely affected by the 


additional poles. 


The following code will generate the Nyquist diagram: 


>> s-tf('s); 

>> P=1.163e8/(53+962.5*s512+5.958e5*s+1.16e8); 
>> G-78.575*(s*436)^2/(s-132)/(s--8030); 

>> L=G*P; 


>> nyquist(L) 
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Solutions to Problems 


Nyquist Diagram 
8 T T 


» 
6+ a 
rd i 
4L / 4 
System: L 
Phase Margin (deg): 10.5 
2L Delay Margin (sec): 0.000157 a 
2 At frequency (rad/sec): 1.17e+003 
< Closed Loop Stable? Yes 
E @@-- --------------------+--------------------- 4 
g 
E 
E ol | 
-4 L E 
-6L 4 
-8 | | | f li li I | | 
-4 2 0 2 4 6 8 10 12 14 16 


Real Axis 


As seen in the figure the system is closed loop stable. 
b. It can be seen in the figure that the phase margin is 10.5 degrees. 


c. From Figure 10.48 in the text, a 10.5 degree phase margin corresponds 
approximately to a damping factor of 0.16. This in turn means that 


%0S =100e- ST _ 60% 


d. To simulate the response of the system to a unit step, we can use: 
>> step(L/(1+L)) 
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1.6 


1.4 


1:2 


0.8 


Amplitude 


0.6 


0.4 


0.2 


Step Response 


T T T 


System: untitled1 


0.07 


Peak amplitude: 1.53 7 
' Overshoot (96): 64.2 

At time (sec): 0.00285 
| 

AS | 
proto por A AA RA SS 5 = 
| [ | | i i 
0.01 0.02 0.03 0.04 0.05 0.06 
Time (sec) 


It can be seen that the actual overshoot is 64.2%. 


49. 


a. The Nyquist plot will approximately loop as follows (for positive œ(: 


b. For K=1, it can be seen that there are no encirclements of the -1 point. 
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Solutions to Problems 10-71 


c. The system will be stable for O«K«ee, because the phase never exceeds -90 degrees, so 
there can be no encirclements of the -1 point. 


50. 
Front Panel and Block Diagram for *CDEx Nyquist Analysis.vi" (modified) 


Poles Nyquist Plot Ploto |^ 


9o 


Equation 
Gain 2 0.5- 
E 100000 - f E 
(s + 5Xs + 20) (s + 50) - = Ge 
Gainvalue  . $9 1,0) 
96525.3 - [EM 
- Frequency 
Frequency Info -1- 9.10953 
50000 — 
1.5 Real 
-0.876855 
Closed Loop Stability 2 i i ; ; L i ; i ; 1 
unstable -3 -2.5 -2 1.5 -1 -0.5 o 0.5 1 1.5 2 Imaginary 
Real Axis -8.27005 


[se] 


Closed Loop Stabilit 


= Gua] 


i 
: 


Sis we 
Gain alue 
> DBL ]| 
[Frequency Info] 
=r [rw] 
Obtain Frequenc 


[Nyquist Plot | 
B — xvGraph (strict) & p 
I] > ActCrsr > Cursor.Name 
Stop] 
[reg oe 


Front Panel and Block Diagram for Nyquist plot and frequency response data 
Front Panel 
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ENTER OPEN LOOP NUMERATOR/DENOMINATOR POLYNOMIALS 


Numerator 
àz Denominator Frequency at 180 (rad/sec) Frequency at Zero db (rad/sec) 
jo sooo Misso å ë [my 36.7669. 733551. 


Nyquist Plot 
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Block Diagram 


CD Construct Transfer Function Model vi 


Numerator 


51. 


TM hod AP 


Front Panel 


Nyquist Plot 


CD Get Frequency Response Data, vi 


Solutions to Problems 10-73 


n=size(freq): 
G=ones(1,n); 
fori=tin 
Gli=abs(real_datafi)+i*Imag_data(i)), 
f (G(i)>=1) & (Gli) <=, 001) 
indexp=ii; 
end; 
if (Imaq_data(i)>=0) & (Imag_data(i)<=0,0001) 
if real_data(i)<0 
index=i 
break; 
end; 
end; 
end; 
m=! {real_data(index); 
mmeabs(m) 
gainmarginz20"logl0(mm); 
an=andle(real_datalindexp)+*Imag_datalindexp))*180/pi; 
phasemargin=an+180; 
Freq_180=freqlindex); 
Freq_zerodb=freq(indexp}; 
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Gain Margin (db) 


10-74 


ENTER POLYNOMIALS NUMERATOR/DENOMINATOR FOR 
THE OPEN LOOP TRANSFER FUNCTION 


Chapter 10: Frequency Response Methods 


Bode Magnitude 
60 
40- 


Gain and Phase Margins 


RESULTS 
Numerator 
3 5 Bandwidth zeta 
[o — 1» LE 14.8391 0.25 
Denominator 


fà 
9: E——E——E——E—3 


ts Settling Time tp Peak Time 
1.60065 0.324594 


Ji G mm 


Note: Notice minor differences in estimating the transient domain specifications from the open loop 
frequency response with respect to the close loop parametric data. That is: PO% is 44.43% (44.35% 
from close loop data), settling time is 1.6 sec (1.7 secs from close loop data), and finally, peak time is 
0.32 secs (0.33 secs from close loop data). 


Block Diagram 


Bode Magnitude 


Bode Phase 


Numerator 


^ 
Denominator 


For zeta-0:0.01:1 

newphasemargin=atan(2*zetaj(sqrt(-2*zeta*2+sqrt(1+4*2 

el P ts Settling Time 
POz100*exp(-zeta*pijsqrt(1-2eta^2)); 
ts-(4/(Bw*zeta))*sqrt((1-2*zeta^2)4-sqrt(4*zeta^4-4*zet 
tp-(pil(Bw*sqrt(1-zeta^2)))*sqrt((1-2*zeta^2)9-sqrt(4*ze kpl 
break 

end; 

end; 


DONNA CO ID e 


CD Bandwidth. vi 


Time Response 


TF i = 5 iz | Time Response Parametric Data 
internal : 


CD Parametric Time Response. vi 
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52. 


Solutions to Problems 10-75 


The details of the MathScript node code follow: 


for zeta-0:0.01:1 

newphasemargin=atan(2*zeta/(sqrt(-2*zeta\2+sqrt(1+4*zeta‘4))))*(180/pi); 

tol=phasemargin-newphasemargin; 

if tol<=0 
PO=100*exp(-zeta*pi/sqrt(1-zetaM2)); 
ts=(4/(Bw*zeta))*sqrt((1-2*zetaM2)+sqrt(4*zetaM4-4*zetaM2+2)); 
tp=(pi/(Bw*sqrt(1-zeta2)))*sqrt((1-2*zeta\2)+sqrt(4*zeta4-4*zeta\2+2)); 
break 

end; 

end; 


The following MATLAB file was used to plot the Bode magnitude and phase plots for that system and 
to obtain the response of the system, c(t), at a pure delay of 1 second. 


numg1 = conv([4 1], [10 1]); %numerator of G1 without pure delay 
dengO = conv([25 1], [3.333 1]); %the denominator without pure 
integrator 

deng1 = conv(dengO, [1 0]); %add pure integrator to denominator 
G1 = tf(numgi, deng1); %G1 is the open-loop TF without pure 
delay 

[numd, dend]= pade(1,5); %5th-order Pade approximation of 
pure delay 

D - (tf (numd, dend)); 

G = G1*D; 

Bode(G); 

grid 

pause 

T = feedback(G, 1); %C.L. TF of the PD compensated system 

T = minreal(T); 

step(T); 

grid 


xlabel ('Time') 
ylabel ('Controlled Level, c(t) in p. u.') 
title ('Unit Step Response of Water Level in the Steam generator ') 


The Bode magnitude and phase plots for this system, obtained using fifth-order Pade approximation 
for 1 = 1 sec, are shown below with minimum stability margins displayed. 
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Bode Diagram 
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10 
Frequency (rad/sec) 


10 


10 


b. The response of the system, c(t), to a unit step input, r(t) = u(t), is shown below for x = 1 sec. The rise 


time, T, the settling time, T,, the final value of the output, percent overshoot, ?6OS, and peak time, T,, 


are displayed. 
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System: T 


Solutions to Problems 10-77 


Unit Step Response of Water Level in the Steam generator 


Peak amplitude: 1.07 
Overshoot (96): 7.5 
At time (sec): 5.48 


1 =-= 


System: T 
Settling Time (sec): 23.6 


T T [ 
l ] l 


0.8 


0.2 -..-1- 4----- 


Controlled Level, c(t) in p. u. 


0.6 —€———— — 


04 M BEEN Km eo Ee 


System: T 
Final Value: 1 


Time (sec) 


The Bode magnitude and phase plots for this system for a pure delay t = 1.5 seconds, are shown below 


with minimum stability margins displayed. 


Also shown below is the response of the system, c(t), to a unit step input, r(t) = u(t), for a pure delay t 
= 1.5 seconds. The rise time, T, the settling time, T;,, the final value of the output, percent overshoot, 


%OS, and peak time, T,, are displayed on the graph. 


Note that the percent overshoot increased from 7.596 to 27.696 as the delay time increased from 1 to 


1.5 seconds. 
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Bode Diagram 
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Solutions to Problems 10-79 


53. 


a. From Chapter 8, 


0.6488K (s+53.85) 


G«(s) m 


(s? + 8.119s + 376.3) (s^2 + 15.47s + 9283) 


Cascading the notch filter, 


0.6488K (s+53.85)(s? + 16s + 9200) 


Ga(s) = 


(s? + 8.119s + 376.3) (s^2 + 15.47s + 9283)(s+60)° 


Plotting the Bode plot, 


k=1 


o 
“? 


-100 


-150 
-200 


(gp) apnyubejy 


-50 
-100 
150 


(Bap) aseyd 


Frequency (rad/sec) 


= 00; 0 dB frequency = N/A; 180° 


96.74 dB; phase margin 


From the Bode plot: Gain margin 


30.44 rad/s. 


96.74 dB 


frequency 


b.K 


68732 


188444. The difference is due to the notch filter. 


c. In Chapter 6 K 
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54. 
a. A bode plot of the open loop transmission G, (S) P(s) shows that the open loop transfer 
rad 
function has a crossover frequency of (0, = cT . A convenient range for sampling periods is 
ay 
0.15 0.5 
3.75day 2 —— « T « — =12.5day . T=8 days fall within range. 
QO, QO, 
: 1z-1, 
b. We substitute s = ———— into G, (S) we get 
4z+1 
Bu 2x10 *(1.145z* —1.71z + 0.8489) 
d * —1.852z + 0.8519 
c. 
E2«0.042-0.0048 -S20s- 10,3844} 
€ per s42 88475240. 11540.0426 
Constant Gain 


e P 


Scopel 


-520s- 10.3844 
Da no: 150.0126 
Pa 


F 3 D» 1.14522.1 712*0.8480 [up 
MNAE 
Constanti Gaint o Zero-Order 
Hold 
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Solutions to Problems 10-81 


Scopel 


65 022 ABB 


Time offset: O 


a. 


The following MATLAB file was used to plot the Bode magnitude and phase plots for that system and 
to obtain the response of the system, c(t), to a step input, r(t) = 4 u(t). 


K = 0.78; 

numg = K*[1 0.6]; 

deng = poly ([-0.0163 -0.5858]); 
G - tf(numg, deng); 

bode (G); 

grid 

pause 

T = feedback(6, 1); %T is the closed-loop TF of the P controlled 
system 

T = minreal(T); 

step(4*T); 

grid 
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The Bode magnitude and phase plots obtained are shown below with the minimum stability margins 


title ('P-controlled Systems Response to a 4 volt Input Step') 
displayed on the phase plot. 


ylabel ('Speed Sensor Output, c(t) in volts') 


xlabel ('Time') 


Bode Diagram for the P-controlled Case 


At frequency (rad/sec): 0.787 
Closed Loop Stable? Yes 


=l +- -H -F 


Phase Margin (deg): 90.5 
Delay Margin (sec): 2.01 


E 


(ap) apnuuben 


(Bap) aseyd 


10° 


10° 


10° 


Frequency (rad/sec) 


4 u(t) is shown below. The rise time, T,, settling 


The response of the system, c(t), to a step input, r(t) 


time, T,, and the final value of the output are noted. 
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Solutions to Problems 10-83 


System: T 


P-controlled System's Response to a 4 volt Input Step Final value: 3.92 


A y 
| 
TT Tenet 
met AA L Settling Time (sec): 4.69 ______ 
System: T | [ 
Rise Time (sec): 2.69 l | 
| 
" o pu A — eee 
z | | | l 
9 f | | | | 
c | | | | 
= MUS NE NEN, Il] 
e | | | | 
o f [ | | | 
+ | | | | 
2 | ] l l 
3 "I —M— iere es 
| | | | 
o ! [ | | | 
o | | | | 
n | l | I 
z= l \ i l 
ó SIDA ic ul TED pc c0) 
ho] | | | | 
o ] ] ] ] 
o I I I 1 
e ME PEE Passes 452 ——— ananasas 
| | | | 
E | i i 
| | | | 
ee a e d IRAN SS | a al Ma te | 
| | | | 
f | | | | 
| 
L i L i 
3 4 5 6 7 
Time (sec) 


After adding the integral gain to the controller, we substituted the values of K, = 0.78 and 
K 


Ze = 22 _ 0,4 into the transfer function of the plant and compensator. Thus we obtained: 
1 
0.78 x (s + 0.4) (s + 0.6) 0.78s? + 0.78s + 0.1872 


(s) s(s+0.5858)(s+0.0163) s(s+0.5858)(s + 0.0163) 


The following MATLAB file was written to plot the Bode magnitude and phase plots for that system 
and to obtain the response of the system, c(t), to a step input, r(t) = 4 u(t). 


numg = [0.78 0.78 0.1872]; 

deng = poly ([O -0.0163 -0.5858]); 

G - tf(numg, deng); 

bode (6G); 

grid 

pause 

T = feedback(G, 1); %T is the closed-loop TF of the PI-controlled 
system 

T = minreal(T); 

step(4*T); 

grid 

xlabel ('Time') 

ylabel ('Speed Sensor Output, c(t) in volts') 

title ('PI-controlled Systems Response to a 4 volt Input Step') 


The Bode magnitude and phase plots obtained are shown below with the minimum stability margins 
displayed on the phase plot. 
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Bode Diagram for PI-Controlled HEV 
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4 u(t) is shown below. The rise time, T,, settling 


The response of the system, c(t), to a step input, r(t) 


time, T,, percent overshoot, ?6OS, peak time, T,, settling time, T,. and the final value of the output are 


noted. 


PI-controlled Systems Response to a 4 volt Input Step 
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Solutions to Problems 10-85 


C. 


The response obtained in (a), e.g. in the case of proportionally-controlled HEV, is closer to that of a 
first-order system rather than a critically-damped second order system. Note also that the Bode 


magnitude plot has a final slope of — 20 dB/dec and the phase plot has a final value of 90. 


The response obtained in (b), e.g. in the case of PI-controlled HEV, does not resemble well that of a 
second-order underdamped response. It should be noted, that one of the closed-loop poles (located at — 
0.5753) is quite close to one of the closed-loop zeros (located at — 0.6) whereas the second closed-loop 
zero (located at — 0.4) is almost equal to the real part of the complex-conjugate dominant poles (located 
at — 0.4034 + j 0.4034). 
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ELEVEN 


Design via 
Frequency Response 


SOLUTIONS TO CASE STUDIES CHALLENGES 


end 
end 


Antenna Control: Gain Design 
a. The required phase margin for 25% overshoot (€ = 0.404), found from Eq. (10.73), is 43.490, 


50.88K 
From the solution to the Case Study Challenge problem of Chapter 10, G(s) = s(5*1.32)(s*100) ` 


Using the Bode plots for K = 1 from the solution to the Case Study Challenge problem of 
Chapter 10, we find the required phase margin at œ = 1.35 rad/s, where the magnitude response 
is -14 dB. Hence, K - 5.01 (14 dB). 


b. 

Program: 

%Input system 

numg=50.88; 

deng=poly([0 -1.32 -100]); 

G-tf(numg, deng); 

%Percent Overshoot to Damping Ratio to Phase Margin 
Po-input('Type 9*0S '); 
z-(-10g(Po/100))/(sqrt(pi^2-10g(Po/100)^2)); 
Pm=atan(2*z/(sqrt(-2*z42+sqrt(1+4*z44) )))*(180/pi); 
fprintf('NnPercent Overshoot = %g',Po) 

fprintf(', Damping Ratio = %g',z) 

fprintf(', Phase Margin = %g',Pm) 

%Get Bode data 

bode(G) 

pause 

w=0.01:0.05:1000;%Step size can be increased if memory low. 
[M, P]-bode(G,w); 

MzM(:,:); 
P-P(:,:); 
Ph=-180+Pm; 

for i=1:1:length(P); 

if P(i)-Ph<=0; 

M-M(i); 

K-1/M; 

fprintf(', Frequency = %g',w(i)) 

fprintf(', Phase = %g',P(i)) 

fprintf(', Magnitude - %g',M) 

fprintf(', Magnitude (dB) = %g',20*10g10(M)) 
fprintf(', K = %g',K) 

break 


T=feedback(K*G, 1); 
step(T) 
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Computer response 
Type %0S 25 
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Antenna Control: Cascade Compensation Design 


50.88K 
a. From the solution to the previous Case Study Challenge in this chapter, G(s) = 5(S+1.32)(S+100) ` 


For K, - 20, K - 51.89. Hence, the gain compensated system is 


2640.16 


G(S) = $511.32) (s*100) 


Using Eq. (10.73), 15% overshoot (i.e. € = 0.517) requires a phase margin of 53.189. Using the Bode 
plots for K = 1 from the solution to the Case Study Challenge problem of Chapter 10, we find the 
required phase margin at œ = 0.97 rad/s where the phase is -126.82°. 

To speed up the system, we choose the compensated phase margin frequency to be 4.6 * 0.97 = 4.46 
rad/s. Choose the lag compensator break a decade below this frequency, or o = 0.446 rad/s. 


At the phase margin frequency, the phase angle is -166.0679, or a phase margin of 13.939. Using 59 
1 
leeway, we need to add 53.18% - 13.93? + 5? = 44.259. From Figure 11.8, B = 0.15, or y = P = 


6.667. Using Eq. (11.15), the lag portion of the compensator is 


" (540.446) — s*0.446 
Lag (S)=""~9 446. ^ 5+0.0669 * 


(S+6 667 


1 
Using Eqs. (11.9) and (11.15), T2 == =0.579. From Eq. (11.15), the lead portion of the 
Omax VB 


compensator is 


s+1.727 
GLead (5) = $411.51 


The final forward path transfer function is 


_ 2640.16(s+0.446)(s+1.727) 
G(s)GLag (S)GLead(S) = §(6+1.32)(s+100)(s+0.0669)(St11.51) 


b. 

Program: 

%Input system okckckck ck kockckck ko ko kck ck k k kk kk kkkk*k*kk* 
K-51.89; 

numg-50.88*K; 

deng-poly([0 -1.32 -100]); 

G=tf (numg, deng); 

Po=15; 
z=(-log(Po/100))/(sqrt(pir2+10g(Po/100)12)); 
%Determine required phase margin************** 
Pmreq-atan(2*z/(sqrt(-2*z^2*sqrt(1*4*z^4))))*(180/pi) 
phreq=Pmreq-(180)%required phase 
w-0.1:0.01:10; 

[M, P]=bode(G,w); 

for i=1:1:length(P);%search for phase angle 
if P(i)-phreq<=0; 

ph-P(i) 

w(i) 

break 

end 

end 

wpm-4.6*w(i) 
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[M,P]=bode(G,wpm);%Find phase at wpm 
Pmregc=Pmreq-(180+P)+5%Find contribution required from compensator+5 
beta=(1-sin(Pmreqc*pi/180) )/(1+sin(Pmreqc*pi/180) ) 
%Design lag compensator*************** 
zclag=wpm/10; 

pclag=zclag*beta; 

Kclag=beta; 

%Design lead compensator********** 
zclead=wpm*sqrt(beta); 

pclead=zclead/beta; 

Kclead=1/beta; 

%Create compensated forward path********* 
numgclag-Kclag*[1 zclag]; 

dengclag=[1 pclag]; 

'Gclag(s)' 

Gclag=tf(numgclag, dengclag); 
Gclagzpk=zpk(Gclag) 

numgclead=Kclead*[1 zclead]; 

dengclead=[1 pclead]; 

'Gclead(s)' 

Gclead-tf(numgclead,dengclead); 
Gcleadzpk=zpk(Gclead) 

Gc=Gclag*Gclead; 
'Ge(s)-G(s)*Gclag(s)*Gclead(s)' 

Ge=Gc*G; 

Gezpk=zpk(Ge) 

%Test lag-lead compensator***************% 
T=feedback(Ge,1); 

bode(Ge) 

title('Lag-lead Compensated' ) 

[Gm, Pm, wcp, wcg]=margin(Ge); 

"Compensated System Results' 
fprintf('NnResulting Phase Margin = %g',Pm) 
fprintf(', Resulting Phase Margin Frequency = %g',wcg) 
pause 

step(T) 

title('Lag-lead Compensated' ) 


Computer response: 
Pmreq = 


53.1718 
phreq = 


-126.8282 


-126.8660 


0.9700 
wpm = 

4.4620 
Pmreqc = 

44.2468 
beta = 


0.1780 


ans = 
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Gclag(s) 
Zero/pole/gain: 
0.17803 (s+0.4462) 
| (S+0.07944) — 
ans = 

Gclead(s) 
Zero/pole/gain: 
5.617 (s+1.883) 

^ (S+10.58) - 
ans = 
Ge(s)=G(s)*Gclag(s)*Gclead(s) 


Zero/pole/gain: 
2640.1632 (s+1.883) (s+0.4462) 


S (s+100) (s+10.58) (s+1.32) (S+0.07944) 
ans = 
Compensated System Results 


Resulting Phase Margin - 57.6157, Resulting Phase Margin Frequency = 
2.68618» 


Lag-lead Compensated 


Magnitude (dB) 


Phase (deg) 


Frequency (rad/sec) 
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Lag-lead Compensated 
1 4 T T T T T 


Amplitude 


ü L 1 1 1 1 


Time (sec) 


Answers to Review Questions 


1. Steady-state error requirements can be designed simultaneously with transient response requirements. 
2. Via the phase margin 


3. The lag compensator is a low pass filter. Thus, while the low frequency gain is increased, the high- 


frequency gain at 180 © is decreased to make the system stable. 

4. The lag network affects the phase angle at low frequencies, but not at high frequencies. For the 
compensated system, the phase plot is about the same as that of the uncompensated system around and 
above the phase margin frequency yielding the same transient response. 

5. To compensate for the slight negative angle that the lag compensator has near the phase margin 
frequency 

6. Compensated system has higher low-frequency gain than the uncompensated system designed to yield 
the same transient response; compensated and uncompensated system have the same phase margin 
frequency; the compensated system has lower gain around the phase margin frequency; the compensated 
and uncompensated system's have approximately the same phase values around the phase margin 
frequency. 

7. The lead network is a high pass filter. It raises the gain at high frequencies. The phase margin frequency 


is increased. 
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8. Not only is the magnitude curve increased at higher frequencies, but so is the phase curve. Thus the 


180° point moves up in frequency with the increase in gain. 
9. To correct for the negative phase angle of the uncompensated system 
10. When designing the lag portion of a lag-lead compensator, we do not worry about the transient design. 


The transient response will be considered when designing the lead portion of a lag-lead compensator. 


SOLUTIONS TO PROBLEMS 


1. 
a. Plot Bode plots for K = 1; angle is 180° at œ = 15.8 rad/s where the magnitude is —76.5 dB. 


Therefore a 66.5 dB ( or K = 2113) increase will yield a 10 dB gain margin. 


SISO Design for SISO Design Task 
Edit View Designs Analysis Tools Window Help 
x o CORE 


Open-Loop Bode Editor for Open Loop 1 (OL1) 


Magnitude (dB) 


(GM:765dB  : 
Freq: 15.8 rad/sec : 
Stable loop 


Phase (deg) 


Frequency (rad/sec) 


C gain changed to 1 
Right-click on plots for more desian options. 


b. Plot Bode plots for K = 1; angle is 180° at œ = 6.32 rad/s where the magnitude is —55 dB. 
Therefore a 45 dB ( or K 7 177.8) increase will yield a 10 dB gain margin. 
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SISO Design for SISO Design Task 
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Applied new configuration. Right-click on the plots for design options. 


9.45 rad/s where the magnitude is —63.8 dB. 


1; angle is 180° at w 


Therefore a 53.8 dB ( or K 


c. Plot Bode plots for K 


489.8) increase will yield a 10 dB gain margin. 
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Applied new configuration. Right-click on the plots for design options. 
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Solutions to Problems 11-9 


a. For a 40? phase margin, the phase must be -140% when the magnitude plot is zero dB. The phase is 
-140° at œ = 9.12 rad/s. At this frequency, the magnitude curve is 567.48 dB. Thus a 67.48 dB 
increase (K = 2365) will yield a 40? phase margin. 

b. For a 40? phase margin, the phase must be -140° when the magnitude plot is zero dB. The phase is 
-140° at œ = 2.76 rad/s. At this frequency, the magnitude curve is — 42.86 dB. Thus a 42.86 dB 
increase (K = 139) will yield a 40? phase margin. 

c. For a 40? phase margin, the phase must be -140? when the magnitude plot is zero dB. The phase is 
-140° at œ = 5.04 rad/s. At this frequency, the magnitude curve is — 54.4 dB. Thus a 54.4 dB increase 
(K = 525) will yield a 40% phase margin. 


20% overshoot => G = 0.456 => by = 48.15”. 

a. Looking at the phase diagram, where bm = 48.15" (i.e. 4 = -131.85°), the phase margin frequency = 
4.11 rad/s. At this frequency, the magnitude curve is -55.2 dB. Thus the magnitude curve has to be 
raised by 55.2 dB (K - 575). 

b. Looking at the phase diagram, where q y = 48.15? (i.e. $ = -131.85°), the phase margin frequency = 


7.14 rad/s. At this frequency, the magnitude curve is — 65.6 dB. Thus the magnitude curve has to be 
raised by 65.6 dB (K - 1905). 
c. Looking at the phase diagram, where yy = 48.15? (i.e. $ = -131.85?), the phase margin frequency = 


8.2 rad/s. At this frequency, the magnitude curve is — 67.3 dB. Thus the magnitude curve has to be 
raised by 67.3 dB (K - 2317). 
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=1: 


a. Bode plots for K 


Figure 1 
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53.17°. 


0.517 and dm 


2.61 rad/s where the phase is 53.17? — 180° = -126.83°. The 


or 0.0.2239. Hence K 


= 15 is equivalent to a C 


Using Eqs. (4.39) and (10.73) a percent overshoot 


The phase-margin frequency 


4.466. 


1/ 0.2239 = 


, 


magnitude = -13 dB 


b. 


Program: 


G 
K 
T 


-14],1) 


-9 


6 


[0 - 


5 


-zpk([-20 -25] 
4.466 


feedback(K*G,1); 


step(T) 


(s+20) (s+25) 


Computer response: 
Zero/pole/gain: 


s (s+6) (s+9) (s+14) 
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4.466 


Solutions to Problems 11-11 


Step Response 
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For K,, = 50, K = 350. Plot the Bode plots for this gain. 


Uncompensated 


(gp) epnuubeyy (Sap) aseyd 


L 

1 

1 

1 
rT^-"T-T-^fTallTF---7-T-^-T-^T^CTl3)T1TrF-^-7- 


B 140}----1-- 
-160 H- - - - 


Frequency (rad/sec) 


53.17%. Increasing qm by 10° we will 


0.517. Using Eq. (10.73), dm 


15%, C= 


Also, since %OS 


design for a phase margin of 63.179. The phase margin frequency is where the phase angle is 


63.17 - 1809 


3.54 rad/s. At this frequency, the magnitude is 22 dB. Start the 


116.839, or OM = 


magnitude of the compensator at - 22 dB and draw it to 1 decade below ow. 
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.001 


Then begin +20 dB/dec until zero dB is reached. Read the break frequencies as 0.028 rad/s and 0.354 


rad/s from the Bode plot and form a lag transfer function that has unity dc gain: 


s + 0.354 
s + 0.028 


=0.0791 


Ge(s) 


The compensated forward path is 
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1473. Plotting the Bode for this value of K: 


a. For Ky = 1000, K 


Bode Diagrams 


From: U(1) 


(A ‘OL 
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53.17. 


0.517 and qu 


= 15 is equivalent to a € 


Using Eqs. (4.39) and (10.73) a percent overshoot 


Using an extra 10°, the phase margin is 63.179. The phase-margin frequency = 1.21 rad/s. At this 
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Solutions to Problems 11-13 


frequency, the magnitude = 57.55 dB = 754.2. Hence the lag compensator K = 1/754.2 = 0.001326. 


Following Steps 3 and 4 of the lag compensator design procedure in Section 11.3, 


s + 0.121 
Glag(S) = 0.001326 ¿77 0001604 


b. 

Program: 

%Input system 
numg=1473*poly([-10 -11]); 
deng=poly([0 -3 -6 -9]); 
G=tf (numg, deng); 
numc=0.001326*[1 0.121]; 
denc=[1 0.0001604]; 
Gc=tf(numc, denc); 
Ge=G*Gc; 
T=feedback(Ge,1); 
step(T) 


Computer response: 


Step Response 
1 4 T T T T 


Amplitude 


ü 5 10 15 20 25 


Time (sec) 


Uncompensated system: 


Searching along the 121.1” line (15% overshoot), find the dominant pole at -2.15 + j3.56 with K = 


9 
97.7. Therefore, the uncompensated static error constant is Kyo = —— = 1.396. On the frequency 
70 
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1.64 rad/s with a phase angle of -719. 


97.7, unity gain occurs at œ 


response curves, plotted for K 


Therefore the uncompensated phase margin is 180? - 719 — 1099. 


Compensated system: 


1 
1-K,, 


— 0.4174. For a 5 times improvement 


ql 


The old steady-state error, e,,, (00) 


70 
= 0.0835, yielding, K ,, =10.98 


K 


= —. Thus 


70 


| 1 
1+K n 
768.6. Plotting the Bode plots at this gain, 


in steady-state error, €, (00) 


K= 
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Adding 59, the desired phase margin for 15% overshoot is 58.179, or a phase angle of -121.83°. This 


3.505 rad/s. At this frequency the magnitude plot is +12 dB. Start the 


phase angle occurs at œ 


magnitude of the compensator at - 12 dB and draw it to 1 decade below a@m. 
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Open-Loop Bode Editor (C) 


20 T T T——1——1—T T T T T——1——1—1—1—1 


Magnitude (dB) 


Frequency (rad/sec) 


Then, begin +20 dB/dec until zero dB is reached. Read the break frequencies as 0.08797 rad/s and 


0.3505 rad/s from the Bode plot and form a lag transfer function that has unity dc gain, 


s 0.3505 


G.(s)=0.251 22 
s+0.08797 


The compensated forward path is 


(s+0.3505) E 192.91(s +0.3505) 


G(s) — 0.251* 768.6 = y 
(s+2)(s+5)(s+7)(s+0.08797) (s+2)(s+5)(s+7)(s + 0.08797) 


||. K(4) 


For K, 2100- 
ý (2)(6)(8) 


, K = 2400. Plotting the Bode plot for this gain, 
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Uncompensated system 


Frequency (rad/s) 


We will design the system for a phase margin 10° larger than the specification. Thus øn = 55°. The 
phase margin frequency is where the phase angle is 180 + 55° = -125°. From the Bode plot this 
frequency is Oj, = 11 rad/s. At this frequency the magnitude is 23.37 dB. Start the magnitude of the 
lag compensator at —23.37 dB and draw it to 1 decade below @, = 11, or 1.1 rad/s. Then begin a 


+20 dB/dec climb until O dB is reached. Read the break frequencies as 0.0746 rad/s and 1.1 rad/s 


from the Bode plot as shown below. 
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Lag compensator 


0 


a+ TTT + HH LL LED 
E HL Pelle ES el 


Phase (degrees) 


Frequency (rad/s) 


(5) = 0.06782 St ED the 
(s-- 0.0746) 


compensated forward-path transfer function is thus the product of the plant and the compensator, or 


Ensuring unity dc gain, the transfer function of the lag is G, 


Go 162.8(s + A)(s -- 1.1) 
B (s + 2)(s  6)(s +8)(s + 0.0746) 
From Example 11.1, K = 58251 yields 9.48% overshoot or a phase margin of 59.199. Also, 


58251 
s(s+36)(s+100) 


G(s) = 
Allowing for a 10° contribution from the PI controller, we want a phase margin of 69.19°, or a phase 
angle of -180° + 69.19? = -110.81°. This phase angle occurs at œ = 9.8 rad/s where the magnitude is 
4 dB. Thus, the PI controller should contribute - 4 dB at œ = 9.8 rad/s. Selecting a break frequency a 
decade below the phase margin frequency, 


5:098 98 
G(s) = 


This function has a high-frequency gain of zero dB. Since we want a high-frequency gain of 
-4 dB (a gain of 0.631), 
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s 0.98 
S 


= 0.631 


Ge(s) 


The compensated forward path is 


36756.38(s+0.98 
s(s+36)(s+100) 


s(s+36)(s+100) = 


58251*0.631(s+0.98) 


G(s) 


10. 


=1: 


Bode plots for K 


Bode Diagrams 


From: U(1) 
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0.517 and bm 


15 is equivalent to a G = 


Using Eqs. (4.39) and (10.73) a percent overshoot 


0.3478. Hence K = 


53.179. The phase-margin frequency = 1.66 rad/s. The magnitude = -9.174 dB 


1/ 0.3478 


2.876. 


2.876. 


Bode plots for K 
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Bode Diagrams 
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Adding 10° to the phase margin yields 63.17. Thus, the required phase is 2180? + 63.17% = -116.83°, 


which occurs at a frequency of 1.21 rad/s. The magnitude = 3.366 dB - 1.473. Hence, the lag 


1/ 1.473 - =0.6787. Selecting the break a decade below the phase-margin 


compensator K 


frequency, 


s*0.121 
S 


0.6787 


G(s) 
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Computer response: 


Step Response 
1 4 T T T T 


Amplitude 


0 5 10 15 20 25 


Time (sec) 


11. 


Program: 

%PI Compensator Design via Frequency Response 
%Input system 

G=zpk([],[-5 -10],1); 

G-tf(G); 

%Percent Overshoot to Damping Ratio to Phase Margin 
Po-input('Type 9*0S '); 
Z-(-log(Po/100))/(sqrt(pi^2*10g(Po/100)^2)); 
Pm=atan(2*z/(sqrt(-2*z42+sqrt(1+4*z44) )))*(180/pi)+10; 
fprintf('NnPercent Overshoot = %g',Po) 
fprintf(', Damping Ratio = %g',z) 

fprintf(', Phase Margin = %g',Pm) 

%Get Bode data 

bode(G) 

title('Uncompensated') 

pause 

%Find frequency at desired phase margin and the gain at this frequency 
w=logspace(-1,2,10000); 

%w=.1:0.1:100; 

[M, P,w]=bode(G,w); 

Ph=-180+Pm 

for i=1:1:length(P); 

if P(i)-Ph<=0 

Mag=M(i) 

wf=w(i); 

fprintf(', Frequency = %g',wf) 

fprintf(', Phase = %g',P(i)) 

fprintf(', Magnitude = %g',Mag) 

fprintf(', Magnitude (dB) = %g',20*1lo0g10(Mag) ) 
break 

end 

end 
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%Design PI compensator 

%Break frequency is a decade below phase margin frequency 
wh=wf/10; 

%Magnitude is reciprocal of magnitude of G at the phase margin frequency 
%so net magnitude is © dB at the phase margin frequency 
Kc-1/Mag 

'PI Compensator' 

Gpi-tf(Kc*[1 wh],[1 0]) 

bode(Gpi) 

title(['PI compensator']) 

pause 

'G(s)Gpi(s)' 

Ge=series(G, Gpi); 

Ge=zpk(Ge) 

bode(Ge) 

title('PI Compensated' ) 

[Gm, Pm, Wcp,Wcg]=margin(Ge); 

"Gain margin(dB); Phase margin(deg.); © dB freq. (r/s);' 
'180 deg. freq. (r/s)' 

margins-[20*109g10(Gm),Pm,Wcg,Wcp] 

pause 

T=feedback(Ge, 1); 

step(T) 

title('PI Compensated' ) 


Computer response: 
Type %0S 25 


Percent Overshoot = 25, Damping Ratio = 0.403713, Phase Margin = 53.463 
Ph = 


-126.5370 


Mag = 
0.0037 
, Frequency = 14.5518, Phase = -126.54, Magnitude = 0.00368082, Magnitude 
(dB) = -48.6811 
Kc = 


271.6786 


ans = 
PI Compensator 


Transfer function: 
271.7 S + 395.3 


G(s)Gpi(s) 


Zero/pole/gain: 
271.6786 (s+1.455) 


S (s+10) (s+5) 
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ans 


(r/s); 


Gain margin(dB); Phase margin(deg.); © dB freq. 


ans 


(r/s) 


180 deg. freq. 


margins 


Inf 


14.5975 


47.6277 


Inf 
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PI Compensated 
14 


1.2 


0.8 


Amplitude 


0.6 
0.4 


0.2 


0 0.5 1 15 2 25 3 
Time (sec) 


12. 


K 
ForK,=4, 900 — 4, or K - 3600. Plot the Bode diagrams. 


Bode Diagram 


Magnitude (dB) 


-200 


Phase (deg) 


Frequency (rad/sec) 


The magnitude curve crosses zero dB at œ = 2.83 rad/s. with a phase angle of 152.19, which yields an 


Copyright O 2011 by John Wiley & Sons, Inc. 


13. 


Solutions to Problems 11-25 


uncompensated phase margin of 27.9%, Thus, we need an additional 12.1? plus an additional amount 


to compensate for the fact that the phase margin frequency will increase. Assume a lead network with 


a phase contribution of 22.19. Using Eqs. (11.11), and (11.12), 


The value of beta is: 0.453 
The |G(jwmax)| for the compensator is: 1.485 
or in db: 3.44 


The magnitude curve has a gain of -3.44 dB at œ = 3.625 rad/s. Therefore, choose this frequency as 
the new phase margin frequency. Using Eqs. (11.9) and (11.6), the compensator transfer function has 


the following specifications: 


T 0.41 
zero -2.44 
pole -5.38 
gain 2.21 


The compensated forward path is 


7 3600*2.21(s +2.44) , 7956(s + 2.44) 
" s(s-3)ys-15)(s-20)(s--5.38) s(s+3)(s+15)(s + 20)(s 4- 5.38) 


G(s) 


A Bode plot of G(s) shows a phase margin of 37.8”. Thus, a redesign is necessary to meet the exact 
requirement. This redesign can be done by adding a larger correction factor to the phase required 


from the lead compensator, See Control Solutions for the redesign. 


a. Gain-compensated time response: 


Gain-Compensated System 


Amplitude 
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Bode plots for K = 1000 (Kv = 10): 


Gain dB 


107 10? 10! 10? 
Frequency (rad/sec) 


Gain-Compensated System 


107 10? 10! 10? 
Frequency (rad/sec) 


The specifications for the gain compensated system are: K = 1000, percent overshoot = 10, € = 
0.591155, peak time = 0.5 s, current phase margin = 22.53620, 

To meet the requirements: required phase margin (Eq. 10.73) = 58.5931°, required phase margin with 
correction factor of 20° = 78.5931, required bandwidth (Eq. 10.56) = 9.03591, required phase 


contribution from compensator = 78.5931? - 22.5362? = 56.0569°, compensator beta (Eq. 11.11) = 
0.0931398, new phase margin frequency (Eq. 11.12) = 11.51. 


Now design the compensator: Compensator gain Kc = 1/8 = 10.7366, compensator zero (Eq. 11.12) 
= -3.51272, compensator pole = z¿/f3 = -37.7144. 


Lead-compensated Bode plots: 


Copyright © 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 11-27 


107 10° 10? 10? 10? 
Frequency (rad/sec) 


Lead-Compensated System 


Phase deg 
© 
o 


E 
00 
o 


107 10° 10? 10? 10? 
Frequency (rad/sec) 


Lead-compensated phase margin = 50.2352. 


b. 

Program: 
numg=1000; 
deng=poly([0 -5 -20]); 
G-tf(numg, deng); 
numc=[1 3.51272]; 
denc=[1 37.7144]; 
Gc-tf(numc, denc); 
Ge=G*10.7366*Gc; 
T=feedback(Ge,1); 
step(T) 


Computer response: 


Step Response 
1.4 T T T T T 


Amplitude 


0 1 1 1 L 
0 0.2 0.4 0.6 0.8 1 1.2 


Time (sec) 
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14. 
Uncompensated system: Searching the ¢ = 0.456 line (20% overshoot), find the dominant poles 
4 
Q = -6.544 + j12.771 with a gain of 178.21. Hence, T, = Ene — 0.611 second, 
n 


178.21*5 
p^ = 7.425. The Bode plot for the uncompensated system is: 
2*6"1D 
Uncompensated 
i EU uS 
O}-----+--+-- 
g 
S 20Lb-------2-- 
5 -40 -- -------2-- 
-p9 L-GM: Inf i.i 
Freq: Inf 
Stable loop | | 


-80 L | 


-T---4---r-4- 


p Food AG 
-90 [------r--3--r-r3--EEE-----I--r-- E 


Phase (deg) 


-135 - - ------2--* erate nant 
P.M. 55.8 deg n 
Freq: 11.3rad/sec |: 

q E 


1 8-1: 4 
Mic iid iia. ee p 


m AU at Pr 4 AS 
10 10 10 10 10 
Frequency (rad/sec) 


The uncompensated system has a phase margin of 55.8? and a phase margin frequency of 11.3 rad/s. 


Compensated system: For a threefold improvement in Kp, Kpn = 22.28. Therefore, K = 3*178.21 = 


534.63. For a twofold reduction in settling time, the new dominant poles are Qp = 2Q = - 13.09 + 


j25.54. The gain adjusted system is 


G)- 534.63(s +5) 
(s +2)(s +6)(s +10) 


Plotting the Bode diagrams for the gain compensated system, 
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ated 


s 


Uncompen 
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(Bap) aseyd 
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P.M.: 32.2 deg 


Frequency (rad/sec) 


21.9 rad/s. Thus, the gain compensated phase margin is 


-147.8? at œ 


At unity gain the phase is 


— 0.456 (i.e. 2096 overshoot), the required 


1809 — 147.89 = 32.20. Using Eq. (10.73) with € 


48.159. We add 15.95? plus a correction factor of 5? to the phase margin of the gain 


PM 


compensated system for a total additional phase of 20.95%, Using Eqs. (11.11), and (11.12), 


0.473 


The value of beta is: 


1.45 
3.25 


The |[G(jwmax)| for the compensator is: 


or in db: 


26.9 rad/s. Therefore, choose this frequency as 


The magnitude curve has a gain of -3.25 dB at o 


the new phase margin frequency. Using Eqs. (11.9) and (11.6), the compensator transfer function has 


the following specifications: 
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15. 


16. 


T 0.054 
Zero -18.51 
pole -39.1 
gain 2.11 


The compensated forward path is 


| 534.63*2.11(s-5)(s-18.51 ^ 1128.1(s+5Xs+18.51) 
 (s-2)(s-6)Ys-10)s-39.1)  (s-2)(s--6Y(s--10)(s-- 39.1) 


G(s) 


A simulation of the system shows percent overshoot = 23.296, settling time = 0.263, phase margin = 


48.4^, phase margin frequency = 26.7 r/s. 


|... 144000 
s(s + 36)(s +100)’ 
overshoot), Eq. (10.56) yields a required bandwidth of 46.59 rad/s. Using Eq. (10.73), the required 


If G(s) Ky = 40. Also, for a 0.1 second peak time, and € = 0.456 (20% 


phase margin is 48.15%, Let us assume that we raise the phase margin frequency to 39 rad/s. The 
phase angle of the uncompensated system at this frequency is -158.6°. To obtain the required phase 


margin, the compensator must contribute 26.759 more at 39 rad/s. Assume the following form for the 


1 
compensator: Ge(s) = K'Kp(stkp ). The angle contributed by the compensator is 


bc = tand = 26.750. Letting © = 39 rad/s, Kp = 0.0129. Hence, the compensator is 


D 


G,(s) = 0.0129 (s+77.37). The compensated forward path is 


_ 144000 * 0.0129(s + 77.37) _ 1857.6(s + 77.37) 


50) s(s+36Xs +100)  s(s+36X5+100) 


The closed-loop bandwidth is approximately 50 rad/s, which meets the requirements. 


The lag compensated forward path is 


(s+0.058) 
G(s) = 7.759 
(S) 6(s2+2s+5)(s+3)(s+0.0015) 


a. Bode plots and specifications for gain compensated system are the same as Problem 13. Required 
phase margin and required bandwidth is the same as Problem 13. Select a phase margin frequency 7 
rad/s higher than the bandwidth = 9 + 7 = 16 rad/s. The phase angle at the new phase-margin 
frequency is -201.6°. The phase contribution required from the compensator is 2180 + 201.6° + 


58.59° = 80.2" at the phase-margin frequency. Using the geometry below: 
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phase-margin 
frequency=j16 


16 1 
tan (80.2) = nd Therefore, Ze = 2.76. Thus, Ge (s) = 2.76 (s + 2.76) . 


E 
The PD compensated Bode plots: 


50 


Gain dB 


7 101 100 


Frequency (rad/sec) 


PD Compensated 


-120 F- 


Phase deg 


-150 -- 
-180 F- 


107 10° 


Frequency (rad/sec) 


Compensated phase margin is 62.942°. 


b. 

Program: 

numg=1000; 

deng=poly([0 -5 -20]); 
G-tf(numg, deng); 
numc-(1/2.76)*[1 2.76]; 
denc=1; 

Gc=tf(numc, denc); 
Ge=G*Gc; 
T=feedback(Ge,1); 
step(T) 

title('PD Compensated' ) 


101 10? 


10! 10? 
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17. 


Computer response: 


PD Compensated 


Amplitude 


Time (sec) 


Program: 
%Lead Compensator Design via Frequency Response 
%Input system 
K=input('Type K to meet steady-state error '); 
numg-K*[1 1]; 
deng=poly([o -2 -6]); 
'Open-loop system' 
'G(s)' 
G-tf(numg, deng) 
%Generate uncompensated step response 
T-feedback(6,1); 
step(T) 
title('Gain Compensated') 


%Input transient response specifications 

Po-input('Type 90S '); 
%TS=input('Type settling time "s 
Tp-input('Type peak time m 

%Determine required bandwidth 
z-(-10g(Po/100))/(sqrt(pi^2-10g(Po/100)^2)); 
96 wn-4/ (Z* Ts); 
wn-pi/(Tp*sqrt(1-z^2)); 
wBW-wn*sqrt((1-2*z^2)«*sqrt(4*z^4-4*z^2*42)); 


%Make a Bode plot and get Bode data 
%Get Bode data 
bode(G) 
title('Gain Compensated' ) 


w=0.01:0.1:100; 
[M, P]=bode(numg, deng,w); 


%Find current phase margin 
[Gm, Pm, wcp, wcg]-margin(M, P,w); 


96 Calculate required phase margin 


z-(-10g(Po/100))/(sqrt(pi^2-10g(Po/100)^2)); 
Pmreq-atan(2*z/(sqrt(-2*z^2*sqrt(1*4*z^4))))*(180/pi); 
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%Add a correction factor of 10 degrees 
Pmreqc=Pmreq+10; 


%Calculate phase required from compensator 
Pc-Pmreqc-Pm; 


%Design lead compensator 
%Find compensator beta and peak compensator magnitude 
beta=(1-sin(Pc*pi/180))/(1+sin(Pc*pi/180)); 
magpc=1/sqrt(beta); 


11-33 


%Find frequency at which uncompensated system has a magnitude of 1/magpc 


%This frequency will be the new phase margin frequency 
for i=1:1:length(M); 
if M(i)-(1/magpc)<=0; 
wmax=w(i); 
break 
end 
end 
%Calculate the lead compensator's break frequencies 
zc-wmax*sqrt(beta); 
pc-zc/beta; 
Kc-1/beta; 
numc=[1 zc]; 
denc=[1 pc]; 
'Gc(s)' 
Gc-tf (numc, denc) 
%Display data 
fprintf('NnK = %g',K) 
fprintf(' Percent Overshoot - %g',Po) 
fprintf(', Damping Ratio = %g',z) 
%fprintf(', Settling Time = %g',Ts) 
fprintf(', Peak Time = %g',Tp) 


fprintf(', Current Phase Margin = %g',Pm) 
fprintf(', Required Phase Margin = %g',Pmreq) 
fprintf(', Required Phase Margin with Correction Factor = 


F 
, 
, 
fprintf(', Required Bandwidth = 96g' ,wBW) 
, 
, 
, 


fprintf(', Required Phase Contribution from Compensator - %g',Pc) 
fprintf(', Compensator Beta - %g',beta) 
fprintf(', New phase margin frequency = %g',wmax) 


fprintf('  Compensator gain, Kc - %g',Kc) 


fprintf('  Compensator zero,= %g',-ZC) 
fprintf('  Compensator pole,- %g',-pc) 
'G(s)Gc(s)' 

Ge-G*Kc*Gc 

pause 


%Generate compensated Bode plots 
%Make a Bode plot and get Bode data 
%Get Bode data 
bode(Ge) 
title('Lead Compensated') 


w=0.01:0.1:1000; 
[M, P]=bode(Ge,w); 
%Find compensated phase margin 
[Gm, Pm, wcp, wcg]-margin(M, P,w); 
fprintf('NnCompensated Phase Margin,= %g',Pm) 
pause 

%Generate step response 
T=feedback(Ge, 1); 
step(T) 
title('Lead Compensated') 


Computer response: 
Type K to meet steady-state error 360 


ans = 
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%g',Pmreqc) 
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Open-loop system 
ans - 
G(s) 


Transfer function: 
360 s + 360 


s43 + 8 sA2 + 12 s 


Type «0S 10 
Type peak time 0.1 


ans - 
Gc(s) 


Transfer function: 
S * 11.71 


S * 71.44 


K = 360 Percent Overshoot = 10, Damping Ratio = 0.591155, Peak Time = 0.1, 
Current Phase Margin - 21.0851, Required Phase Margin - 58.5931, Required 
Phase Margin with Correction Factor - 68.5931, Required Bandwidth = 
45.1795, Required Phase Contribution from Compensator - 47.508, Compensator 
Beta = 0.151164, New phase margin frequency = 30.11 Compensator gain, Kc = 
6.61532 Compensator zero,- -11.7067  Compensator pole,= -77.4437 

ans - 


G(s)Gc(s) 


Transfer function: 
2382 s^2 + 3.026e004 s + 2.788e004 


S^4 + 85.44 S43 + 631.5 SA2 + 929.3 S 


Compensated Phase Margin,- 60.676» 
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Lead Compensated 
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18. 


Solutions to Problems 


Program: 

%PD Compensator Design via Frequency Response 
%Input system 

%Uncompensated system 

K-input('Type K to meet steady-state error '); 

numg-K*[1 1]; 

deng-poly([0 -2 -6]); 

G=tf (numg, deng); 

T=feedback(G, 1); 

step(T) 

title('Gain Compensated' ) 

'Open-loop system' 

'G(s)' 

Gzpk=zpk(G) 


%Input transient response specifications 
Po-input('Type 9*0S '); 
%TS=input('Type settling time ') 
Tp-input('Type peak time "s 


%Determine required bandwidth 
z=(-log(Po/100))/(sqrt(pir2+10g(Po/100)12)); 
%wn=4/(z*TS); 
wn-pi/(Tp*sqrt(1-z^2)); 
wBW-wn*sqrt((1-2*z^2)«*sqrt(4*z^4-4*z^2*42)); 


%Make a Bode plot and get Bode data 
%Get Bode data 
bode(G) 
title('Gain Compensated' ) 
w-0.01:0.1:100; 
[M,P]=bode(G,w); 


%Find current phase margin 
[Gm, Pm, wcp, wcg]-margin(M, P,w); 


9( Calculate required phase margin 
z-(-10g(Po/100))/(sqrt(pi^2-10g(Po/100)^2)); 
Pmreq=atan(2*z/(sqrt(-2*z42+sqrt(1+4*z44) )))*(180/pi)+20; 


%Determine a phase margin frequency 
wpm=wBW+7 ; 
%Find phase angle at new phase margin frequency and 


%calculate phase required from the compensator 
for i=1:1:length(w); 
if w(i)-wpm>=0; 
wpm-w(i); 
Pwpm=P(i); 
break 
end 
end 

%Design PD compensator 
Pc=Pmreq- (180+Pwpm) ; 
zc-wpm/tan(Pc*pi/180); 
Kc-1/zc; 
numc-Kc*[1 zc]; 
denc=1; 
'Gc(s)' 
Gc=tf(numc, denc); 
Gczpk=zpk(Gc) 

%Display data 

fprintf('\nk = %g',K) 
fprintf(' Percent Overshoot = %g',Po) 
fprintf(', Damping Ratio = %g',z) 
%fprintf(', Settling Time = %g',Ts) 
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fprintf(', Peak Time = %g',Tp) 

fprintf(', Current Phase Margin = %g',Pm) 

fprintf(', Required Phase Margin = %g',Pmreq) 

fprintf(', Required Bandwidth = %g' ,wBWw) 
, 
, 
, 


fprintf(', New phase margin frequency = %g',wpm) 
fprintf(', Phase angle at new phase margin frequency = %g',Pwpm) 
fprintf(', Required Phase Contribution from Compensator - %g',Pc) 


fprintf('  Compensator gain, Kc - %g',Kc) 
fprintf('  Compensator zero,- %g',-ZC) 


pause 
%Generate compensated Bode plots 
%Make a Bode plot and get Bode data 
%Get Bode data 
'G(s)Gc(s)' 
Ge=G*Gc; 
Gezpk=zpk(Ge) 
bode(Ge) 
title('PD Compensated' ) 
w=0.01:0.1:100; 
[M,P]=bode(Ge,w); 
%Find compensated phase margin 
[Gm, Pm, wcp, wcg]-margin(M, P,w); 
fprintf('NnCompensated Phase Margin,= %g',Pm) 
pause 
%Generate step response 
T=feedback(Ge, 1); 
step(T) 
title('PD Compensated' ) 


Computer response: 
Type K to meet steady-state error 360 


ans = 


Open-loop system 


ans = 

G(s) 

Zero/pole/gain: 
360 (s+1) 


S (s+6) (s+2) 


Type %0S 10 
Type peak time 0.1 


ans = 
Gc(s) 


Zero/pole/gain: 
0.05544 (s+18.04) 


K = 360 Percent Overshoot = 10, Damping Ratio = 0.591155, Peak Time 
Current Phase Margin - 21.0851, Required Phase Margin - 78.5931, Required 
Bandwidth = 45.1795, New phase margin frequency = 52.21, Phase angle at new 
phase margin frequency - -172.348, Required Phase Contribution from 
Compensator = 70.9409 Compensator gain, Kc = 0.0554397  Compensator zero,= 


-18.0376 
ans = 
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Zero/pole/gain: 
19.9583 (s+18.04) (s+1) 


G(s)Gc(s) 


S (s+6) (s+2) 


69.546 


Compensated Phase Margin, 


Gain Compensated 


apnyd uy 


Time (sec) 


Gain Compensated 


(gp) apnyube yy 


(Bap) aseyd 


Frequency (rad/sec) 
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PD Compensated 


Magnitude (dB) 


Phase (deg) 


Frequency (rad/sec) 


PD Compensated 
14 T T T T 


Amplitude 


1 L 1 L 
0 0.2 0.4 0.6 0.8 
Time (sec) 


19. 
. & = 0.517 for 15% overshoot using Eq. (4.39). Using Eq. (4.42), 


K = 10714 for Ky = 1000 
Op = 77.37. Using Eq. (10.54) the required bandwidth, ogw = 96.91. Using Eq. (10.73) with 5° 
additional, ®m = 58.179. Choose the new phase-margin frequency @pm= 0.8 wgw= 77.53. Plotting 


the Bode plots for K = 10714, 
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20. 


Solutions to Problems 11-41 


107 10° 10: 10? 
Frequency (rad/sec) 


Gain compensated 


Phase deg 


107 10° 10! 10? 
Frequency (rad/sec) 


At the new phase-margin frequency, the phase angle is -170.52. Thus, the contribution required from 
the lead is 58.17 - (180 -170.52) = 48.699. Using Eq. (11.11), B = 0.142. 
Lag compensator design: Zclag= ©Pm/10 = 77.53/10 = 7.753. Pelag = Zclag*B = 1.102. Kclag = 


s+7.753 
Pclag/ Zclag = 0.1421. Thus, Glag(s) = 0.1421 s+1.102 . 


Lead compensator design: Using Eqs. (11.6), (11.9), and (11.12) Zlead = 1/T = opm* P = 29.22. 


s+29.22 
Plead = Zlead /P = 205.74. Kjead = Plead /Zlead = 7.04. Thus, Glead(s) = 7.04 s+205.74 * 


Program: 
%Lag-Lead Compensator Design via Frequency Response 
%Input system 

K-input('Type K to meet steady-state error '); 

numg-K*[1 7]; 

deng=poly([0 -5 -15]); 

G-tf(numg, deng); 

'G(s)' 

Gzpk=zpk(G) 


%Input transient response specifications 
Po-input('Type %0S '); 
Ts=input('Type settling time Se 
%Tp=input('Type peak time "35s 
T=feedback(G, 1); 
step(T) 
title('Gain Compensated') 
pause 


%Determine required bandwidth 
Z-(-log(Po/100))/(sqrt(pi^2*10g(Po/100)^2)); 
wn=4/(z*Ts); 

?6wn-pi/(Tp*sqrt(1-z^2)); 
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wBW-wn*sqrt((1-2*z^2)«*sqrt(4*z^4-4*z^2*42)); 
9?6NBW- (4/ (Ts*z))*sqrt((1-2*z^2)«*sqrt(4*z^4-4*z^242)); 
?64BW- ( pà/ (Tp*sqrt(1-z^2)))*sqrt((1-2*z^2)-*sqrt(4*z^4-4*z^2*42)); 


%Determine required phase margin 
Pmreq=atan(2*z/(sqrt(-2*z42+sqrt(1+4*z4) )))*(180/pi)+5; 


%Choose new phase margin frequency 
wpm=0. 8*wBW; 


%Determine additional phase lead required at the 
%new phase margin frequency from the lead compensator 
[M,P]=bode(G, wpm); 
Pmreqc=Pmreq-(180+P) ; 
beta=(1-sin(Pmreqc*pi/180))/(1+sin(Pmregc*pi/180)); 
%Display data 
fprintf('NnPercent Overshoot - %g',Po) 
fprintf(', Settling Time = %g',Ts) 
%fprintf(', Peak Time = %g',Tp) 
fprintf(', Damping Ratio = %g',z) 
fprintf(', Required Phase Margin = %g',Pmreq) 
fprintf(', Required Bandwidth = %g',wBW) 
fprintf(', New Phase Margin Frequency = %g',wpm) 
fprintf(', Required Phase from Lead Compensator = %g',Pmreqc) 
fprintf(', Beta = %g', beta) 
bode(numg, deng) 
title('Gain compensated' ) 
pause 
%Design lag compensator 
zclag=wpm/10; 
pclag=zclag*beta; 
Kclag=beta; 
"Lag compensator' 
'Gclag' 
Gclag=tf(Kclag*[1 zclag], [1 pclag]); 
Gclagzpk=zpk(Gclag) 
%Design lead compensator 
zclead=wpm*sqrt(beta); 
pclead=zclead/beta; 
Kclead=1/beta; 
'Lead compensator' 
'Gclead' 
Gclead-tf(Kclead*[1 zclead],[1 pclead]); 
Gcleadzpk=zpk(Gclead) 
%Create compensated forward path 
"Gclag(s)Gclead(s)G(s)' 
Ge=G*Gclag*Gclead; 
Gezpk=zpk(Ge) 
%Test lag-lead compensator 
T=feedback(Ge,1); 
bode(Ge) 
title('Lag-lead Compensated' ) 
[M,P,w]=bode(Ge); 
[Gm, Pm, wcp, wcg]=margin(M,P,w); 
"Compensated System Results' 
fprintf('NnResulting Phase Margin = %g',Pm) 
fprintf(', Resulting Phase Margin Frequency = %g',wcg) 
pause 
step(T) 
title('Lag-lead Compensated' ) 


Computer response: 
Type K to meet steady-state error 10714.29 


ans = 


G(s) 
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Zero/pole/gain: 
10714.29 (s*7) 


S (s+15) (s+5) 


Type %0S 15 
Type settling time 0.1 


Percent Overshoot - 15, Settling Time - 0.1, Damping Ratio - 0.516931, 
Required Phase Margin - 58.1718, Required Bandwidth - 96.9143, New Phase 
Margin Frequency - 77.5314, Required Phase from Lead Compensator - 48.6912, 
Beta = 0.142098 

ans = 


Lag compensator 


ans = 
Gclag 


Zero/pole/gain: 
0.1421 (s+7.753) 


(s+1.102) 
ans = 


Lead compensator 


ans = 
Gclead 


Zero/pole/gain: 
7.0374 (s+29.23) 


(s+205.7) 
ans = 
Gclag(s)Gclead(s)G(s) 


Zero/pole/gain: 
10714.29 (s*29.23) (s*7.753) (s*7) 


S (s+205.7) (s+15) (s+5) (s+1.102) 


ans = 


Compensated System Results 


Resulting Phase Margin = 53.3994, Resulting Phase Margin Frequency = 
55.5874 
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Gain Compensated 
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"n*-*r*tf* 


ne== == FR 
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SPINT AS 


"FATA" 


op 


av ac ritrat 


4- 


50 --- 


(gp) epnyubey 


-135 --- 


(Bap) aseyd 


Frequency (rad/sec) 


Lag-lead Compensated 


1.4 


1.2 


e 
o 


epnyjdun; 


0.4 


0 


0.1 0.15 0.2 0.25 0.3 
Time (sec) 


0.05 


Percent overshoot exceeds requirements. Redesign if required. 


21. 


0.456 (i.e. 20% overshoot) is 2.3297 


The required bandwidth for a peak time of 2 seconds and £ 


=1, 


rad/s. Plotting the Bode diagrams for K 
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ad 
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See TT) 


ad 


TTE wey 


Freq: 3.16 rad/sec 


Stable loop 


(ap) apnyuBe yy 


(Bap) aseyd 


10 


T 


(rads 


quency 


Fre 


131.85°. This angle occurs 


48.15°, or a phase angle of -180° + 48.15° = - 


For 20% overshoot, OM 


the magnitude curve will intersect zero dB at 1.12 rad/s. Thus, the following 


13.1, 


at 1.12 rad/s. If K 


13.1 
s(s + 2)(s +5) 


function yields 20% overshoot: G(s) 


48.159 + 59 = 53.159, or a phase 


margin, we want Dy 


PI controller design: Allowing for a 59 


126.859. This angle occurs at @ = 0.97 rad/s where the magnitude curve is 


angle of -1809 + 53,150 


1.5321 dB so that the magnitude curve passes through 0 


1.5321 dB. The controller should contribute - 


dB ato 


0.97 rad/s. Choosing the break frequency one decade below the phase margin frequency of 


and adjusting the controller's gain to yield -1.5321 dB at high frequencies, the ideal 


E 


0.97 rad/s 


integral controller is 


1.198(s + 0.097 
G (8) = ( ) 


and the PI compensated forward path is 


s^(s--2)(s--5) 


15.694(s+0.097) 


G(s)G (s) = 


Gy(s) 
Plotting the Bode diagram for the PI compensated system yields 


» 
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Frequent 


1.28 rad/s. The phase at this frequency is — 141.49. Thus, we have a 


This function is zero dB at œ 


phase margin of 38.69. 


Let us increase the phase margin frequency to 4 rad/s. At this frequency the 


PID controller design: 


phase is -193.489. To obtain the required phase margin of 48.15? the phase curve must be raised an 


1 
Kp(s*kc ). The 


-K 


additional 61.639. Assume the following form for the compensator : Gepp(s) 


4 rad/s, Kp = 0.463. 


61.639. Letting © = 


—r. 10 
stan iD = 


angle contributed by the compensator is óc 


0.463K' (s+2.16). The final PID compensated forward path is 


Hence, the compensator is G¿pp (s) 


2.266K (s +0.097)(s + 2.16) 


s^(s-- 2)(s--5) 


* 0.463K (s + 2.16) 


s^(s-- 2)(s--5) 


15.694(s +0.097) 


-Gy(s)Gap (s) = 


Gpp (S) 


1 the magnitude of this function at 4 rad/s is -20.92 dB. Thus, K' must be adjusted to 


Letting K' 


11.12 (20.92 dB). 


bring the magnitude to zero dB. Hence, K' 
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Thus, 


s^ (s 2)(s--5) 


25.2(s + 0.097)(s + 2.16) 
The PID compensated Bode plot follows: 


G PID (s) 
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The PID compensated time response is shown below: 


Copyright © 2011 by John Wiley & Sons, Inc. 


22. 


Solutions to Problems 11-49 


System: Closed Loop: r to u 
VO: rtou Step Response 


1.4 Peak amplitude: 1.22 T T T 
Overshoot (95): 21.5 
At time (sec): 0.713 


Amplitude 


2 4 6 8 10 
Time (sec) 


Program: 

%Input system 

numg1=1; 

dengi=poly([0 -3 -6]); 

G1=tf (numg1, deng1); 

[numg2, deng2]=pade(0.5,5); 

G2=tf (numg2, deng2); 

'G(s)-61(s)62(s)' 

G-G1*G2; 

Gzpk=zpk(G) 

Tu=feedback(G,1); 

step(Tu) 

title('K = 1') 

%Percent Overshoot to Damping Ratio to Phase Margin 
Po-input('Type %0S A 
Z-(-log(Po/100))/(sqrt(pi^2*10g(Po/100)^2)); 
Pm-atan(2*z/(sqrt(-2*z^2*sqrt(1*4*z^4))))*(180/pi); 
fprintf('NnPercent Overshoot - %g',Po) 
fprintf(', Damping Ratio = %g',z) 
fprintf(', Phase Margin = %g',Pm) 

%Get Bode data 

bode(G) 

title('K - 1') 

pause 

w-0.1:0.01:100; 

[M, P]=bode(G,w); 

Ph=-180+Pm; 

for i=1:1:length(P); 

if P(i)-Ph<=0; 

M-M(i); 

K-1/M; 
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fprintf(', Frequency = %g',w(i)) 

fprintf(', Phase = %g',P(i)) 

fprintf(', Magnitude - %g',M) 

fprintf(', Magnitude (dB) = 96g', 20*10g10(M)) 
fprintf(', K - %g',K) 

break 

end 

end 

T=feedback(K*G, 1); 

step(T) 


title('Gain Compensated') 


Computer response: 
ans = 


G(s)=G1(s)G2(s) 
Zero/pole/gain: 
- (s-14.59) (s^2 - 26.82s + 228.4) (s^2 - 18.6s + 290.5) 
s (5+14.59) (s+6) (s*3) (s^2 + 26.825 + 228.4) (SA2 + 18.65 + 290.5) 
Type %0S 20 
Percent Overshoot = 20, Damping Ratio = 0.45595, Phase Margin = 48.1477, 


Frequency = 0.74, Phase = -132.087, Magnitude = 0.0723422, Magnitude (dB) 
= -22.8122, K - 13.8232» 


K=1 
From: U(1) 
12 


0.8 


0.6 


Amplitude 
To: Y(1) 


0.4 


0.2 


ü 20 40 Bü 80 100 


Time (sec.) 
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SOLUTIONS TO DESIGN PROBLEMS 


23. 


=1. 


a. Plot the Bode plot for K 
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0.591 and dm 


Using Eqs. (4.39) and (10.73) a percent overshoot = 10 is equivalent to a € 


The phase-margin frequency = 1.933 rad/s where the phase is 58.59? — 180° = -121.41?. The 


magnitude = 38.37 dB, or 82.85. Hence K 
b. Plot the gain-compensated Bode plot (K 


1/ 82.85 = 0.01207. 
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24. 


Solutions to Design Problems 11-53 


The bandwidth, (gw, is the frequency at which the magnitude is -7dB. From the compensated plots, 


this frequency is 3.9 rad/s. Eq. (10.55), T, = 2.01 s. Using Eq. (10.57), T, = 1.16 s. 


C. 


Step Response 


Amplitude 


1 
15 


Time (sec.) 


a. The bode plot for the open loop transmission is obtained and shown next: 


>> syms s 
>> s-tf('s); 
>> M=0.005/(s+0.005); 
>> P=140625/(s+2.67)/(s+10); 
>> set(P,'inputdelay',0.1) 
>> L=M*P 
Transfer function: 
703.1 
exp(-0.1*s) * ---------------------------------- 


s\3 + 12.68 sA2 + 26.76 s + 0.1335 


>> bode(L) 
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Bode Diagram 
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corresponds to a damping factor of & = 


53.2”. For this to occur 


26 
"m 28? +.[1+45* 


= tan” 


corresponds to a phase margin of Ọ ,, 


—126.8° at the point where 


the open loop transmission must have a phase of — 180” + 53.2° 


the open loop transmission has a magnitude of Odb. The open loop transmission attains this phase 


1.17 rad/sec, and at that frequency the open loop transmission has a magnitude of 


when @ 


0.049 . 


26.2db. So the open loop transmission must be decreased by this amount resulting in L 
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Solutions to Design Problems 11-55 
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The figure shows a %OS slightly smaller than 15%. 
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25. 


a. We calculate €,, for step inputs in the uncompensated system. K, = Lim G(s) — 19.21, so 
s—>0 


a 1 
ss — 

1+K, 
and is of 77.3°. 


= 0.05. The uncompensated phase margin can also be obtained through a bode plot 


A tenfold improvement in steady state error requires multiplying the open loop gain by 10. The 
resulting open loop transfer function frequency response is shown in the following ode plot. The 


desired phase margin for the design will be 77.3°+10°=87.3°. It can be seen there that this phase 


rad 
value is achieved when @ = 10.1——. At this point the magnitude of the open loop transmission 


sec 

: . rad 

is 25.8db. So the lag compensator must provide -25.8db at @ = 10.1 —— . 
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The compensator is designed by postulating -25.8db at high frequencies with a higher break 


frequency of 10.1/10=1.01 rad/sec. The phase lag asymptote predicts -5.8 db one decade earlier at 
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0.101 rad/sec, and approximately Odb one octave before that at 0.101/2=0.0505 rad/sec. Maintaining 
0.05(s -- 1.01) 


unity dc gain for the compensator we get: Gc(s) — 10 * (s + 0.0505) 
b. 

>> syms s 

>> s-tf('s); 

>> P=1361/(s\2+69*s+70.85); 

>> Gc=10*0.05*(s+1.01)/(s+0.0505); 

>> T=P/(1+P); 

>> Tc=Gc*P/(1+Gc*P); 


>> step(T,Tc,0.7) 


Step Response 


0.9 - 4 


0.8 - 4 


0.7 - 4 


0.6 - 4 


0.5 H a 


Amplitude 


0.4 - +| 


0.3 - 4 


0.2 - 4 


0.1 - 4 


0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 
Time (sec) 
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26. 


a. For a phase margin of 30? the gain is K — 0.00135 as shown in the following bode plot 
Open-Loop Bode Editor (C) 


GM. 12.1 dB 
Freq: 0.859 rad/sec ______ 
Stable loop 


P.M: 30.1 deg 
Freq: 0.643 rad/sec 


107 10° 10 
Frequency (rad/sec) 


b. The gain margin is 12.1db 
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From figure 10.48 a phase margin of 30° corresponds to a & = 0.3 damping factor. This in turn 
corresponds to a 9608-3796. The bode plot above shows three crossovers of -7db. We use the 


rad 
largest one as the estimate for @ pax = 0.328 —— ; from equation 10.55 we get T, = 59sec 
sec 


>>syms S 

>>s=tf(‘s’); 
»»P-(-34.16*5^3-144.4*s^247047*5*557.2)(S^5-13.18*5^495.93*5^314.61*5^2--31.94*s); 
>> L=0.00135*P; 

>> T=L/(1+L); 

>> t=linspace(0,350,5000); 


>> step(T,t) 


1 Step Response 
T 


0.9 - gu J 


0.7 - r - 


0.6 - , B 


Amplitude 
o 
ul 
T 
| 


o 
T 
I 

| 


0.3 H 4 


0.2 - + 


0.1 }- m 


0 I i | l | l 
0 50 100 150 200 250 300 350 


Time (sec) 


The estimate for the %OS is very inaccurate, the settling time estimate is reasonable. 
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e. The reason the estimate of %OS is very inaccurate is due to the multiple crossovers of the 
magnitude response. The hypothesis of a second order approximation is invalid. 


27. 
G nn AA Therefore, K. = W t Kyn = 30Kvo = 20. I ing K by 30 
(s) = S(62+25+5)(5+3) ` erefore, Kyo =3 . We want Kyn = vo = 20. Increasing K by 
. : - 300 
times yields G(s) = 55249545543) (62428+5)(s+3) 


Plotting the Bode diagrams, 


--HEEHHEHHAS 


T 
Hl 
ii 
i] 
Hl 
I 
I 
I 
I 
T 
I 
1 
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28. 


Solutions to Design Problems 11-61 


Phase (degrees? 


1ü 


w 


For 11% overshoot, the phase margin should be 57.489. Adding a correction, we will use a 65? phase 
margin, or a phase angle of 1159, which occurs at o = 0.58 rad/s. The magnitude curve is 30.93 dB. 
Thus the high-frequency asymptote of the lag compensator is - 30.93 dB. Drawing the lag- 
compensator curve as shown on the magnitude curve, the break frequencies are found and the 


compensator's transfer function is evaluated as 


» 3 5+0.058 
Ge(s) = 25.86 x 10% Sp 0015 


10K 
G(s) = s(s*1)(s*5) . For Ky = 5, K = 2.5. Plot the Bode diagrams for this value of gain. 
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29. 


-120 


-150 


Phase (degrees) 


-150 


-210 


-240 
01 


The uncompensated system has unity gain at œ = 2.04 rad/s. The phase is - 176.08? at this frequency 
yielding a phase margin of 3.929. We want a 60? phase margin plus, after trial and error, a correction 
factor of 209, or a total of 809. Thus, the lead compensator must contribute 80% - 3.929 = 76.089. 


Using Eqs. (11.11), and (11.12), 


The value of beta is: 0.01490254 
The |G(jwmax)| for the compensator is: 8.1916207 
or in db: 18.2673967 


The magnitude curve has a gain of - 18.27 dB at œ = 5.27 rad/s. Therefore, choose this frequency as 
the new phase margin frequency. Using Eqs. (11.9) and (11.6), the compensator transfer function has 


the following specifications: 


T 1.55438723 
zero -0.6433403 
pole -43.169841 
gain 67.1026497 


The compensated forward path is 


25*67.1(s+0.64) 1677.5(s+0.64) 


G(S) = S(+1(st5)(s+43.17) ^ s(stly(s+5)6+43.17) 


A . — ]n(96OS /100) eut 
a. The %OS spec required a damping factor of  — — 0.5, which in 
A x^ +In*(%OS /100) 
. . -1 26 o . 
turn requires a phase margin of (D,, = tan = 52°. The bandwidth 


[28 finas 


4 
requirement is obtained from (9g, = im 2E? + J4A£^ - £^ +2 = 5088.14. To 
s sec 


obtained the compensator gain requirement to achieve this bandwidth obtain 
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4 
G( j5088.1) = OOO — —0.0013. The compensator's gain can be obtained from 


5088.1? 
0.0013K =— or K = 549.1891. 


42 

3.3333x10* 

The required open loop crossover frequency is obtained by solving 549.2 — —— 7 —— —1, 
(49) 


C 


s rad suc 
giving (0, = 4280 ——. This is the frequency at which the lead compensator should provide 


maximum lead phase. So for the design of the compensator from Figure 11.8 let # — 0.1 with 


3.5 
ol =3.5 giving T ——--8.1776x10 ^. So the designed compensator is 
e) 


C 


10(s + 1222.9) 


G.(s) =— = 549.2 ————————. The gain of the compensator is now adjusted so 


1 (s--12229.9) 


that the maximum phase lead is provided at the crossover frequency 


10(s +1222.9) 


giving G, (s) = 173.7 — — ———— — . However a time domain simulation shows that although 


(s +12229.9) 


the settling time spec is satisfied the resulting %0S=22%. The parameters of the phase lead 


compensator are slightly adjusted to provide | more phase lead giving 


G.(s)= 173.7 ony 
b. 

Senate 

>> s=tf('s'); 


>> P-3.3333e4/s^2; 
>> G=173.67*15*(s+1000)/(s+15000); 
>> L=G*P; 

>> T=L/(1+L); 


>> step(T,4e-3) 
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1.4 


12 


0.8 


Amplitude 


0.6 


0.4 


0.2 


30. 


Step Response 


| | | 
| | | | | | | 
| | li i | il | 
| | | | | | | 
| i} | | | il | 
a: ce ee ae a a ————— rnm 
| | | i | i | 
/\ I | | | | | 
"E | | | | | I 
| I | | | I | 
| li T I i} | | 
ee ome em ——— ———————— PERLE aa ux 
| | | i li | | 
| | M | | | | 
i i i 
| | | | | | | 
A oomen AO AAA ai sam o od AA APA RAMA AAA 
| | | | | | | 
| | | | | | | 
i i 
| | M | | | | 
EI Iles AO i d cd od d d ca i od od AAA i ls d d d d ARA AAA 
| | | | | | | 
| | | | | I | 
i i 
| | li | | | | 
¡A A AAA AAA AAA AAA AAA RARA AAA 
| | | | | | | 
| | | | | | | 
| | M I | I | 
i DIZE AA AAA AAA ARPA AAA ULC oes cSt sinks E AAA 
| | | | | I | 
| | | iI | | | 
i 
| | | f | | 1 
| L | | l | i 
0 0.5 1 1.5 2 2.5 3 3.5 4 
Time (sec) x 10? 
4.514e-06K 


a. The equivalent forward transfer function is Ge(s) = 5(s+0.04348) ; 


Ky, - 200 - 


4.514e-06K 


0.04348 OF K = 1926500. Using Eq. (4.39), € = 0.456. Using Eq. (10.55), ogw = 


1.16. Using Eq. (10.73) with 15? additional, the required phase margin, breg = 63.159. Select a new 


phase-margin frequency, o pg = 0.8 opw = 0.93. Plot the Bode plots for K = 1926500. 
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m 
E] 
c 
E: 
o 
-50 a 
10? 10? 107 10? 10! 
Frequency (rad/sec) 
Gain compensated 
o 
eo 
jo] 
co 
o 
© 
E 
a 


10° 10? 10* 100 10* 
Frequency (rad/sec) 


At @pm = 0.93, the phase, $ = -177.39. Hence, the phase required from the compensator, $c = Dreq - 
(180+) = 63.15 - (180 - 177.3) = 60.459. Using Eq. (11.11), B = 0.07. 
Design lag: Zclag = Opm/10 = 0.093; Pelag = Zclag* B = 0.0065; Kclag = B = 0.07. Thus, 


s+0.093 
Gclag(s) = 0.07 s+0.0065 " 
Design lead compensator: Zclead=@Pm* VB = 0.25; Pclead=Zclead/B = 3.57; Kclead=1/B = 14.29. Thus, 


s+0.25 
s+3.57 * 


Gclead(s) = 14.29 
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The lag-lead compensated Bode plot: 


200 


100 -- 


Gain dB 


10^ 103 10? 101 109 101 10? 
Frequency (rad/sec) 


Lag-lead Compensated 


Phase deg 


10^ 10? 10? 107 10° 10! 10? 
Frequency (rad/sec) 
b. 
Program: 
K=1926500; 


numg=4.514e-6; 

deng=[1 0.04348 0]; 
G-tf(numg, deng); 
numgclag=0.07*[1 0.093]; 
dengclag=[1 0.0065]; 
Gclag=tf(numgclag, dengclag); 
numgclead=14.29*[1 0.25]; 
dengclead=[1 3.57]; 
Gclead=tf(numgclead, dengclead); 
Ge=K*G*Gclag*Gclead; 
T=feedback(Ge, 1); 

step(T) 

title('Lag-lead Compensated') 
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Computer response: 


Lag-lead Compensated 
1.4 T T 


Amplitude 


Time (sec) 


31. 


We follow the step outlined in the chapter. 


a. 


— In(960S /100) 


1. We calculate the required ¢ = 
z^ +1n*(%0S /100) 
m 2E? + Ja£* - A£* +2 - 0. 128722 
5.8333x10 ^K 


2. | The uncompensated system is | G(s)- 
(s + 0.02)(s + 0.0833)(s + 0.25) 


& 0.6. The required bandwidth is 


= 0.05 or K =13.6 


1 
K =G(0) =1.4K . The steady state requirement requires ————— 
p = GO) ru LAR 


3. The bode plot for the uncompensated system is 
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Bode Diagram 
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Frequency (rad/sec) 


=59.2* 


2é 


J-28 + 4/14 4£* 


= tan * 


The required phase margin for the design is ® ,, 


4. 


0.1 rad 


We arbitrarily select @ 


5. 


sec 


the phase margin is 29°. 


0 Tad 


It can be seen from the uncompensated bode plot that at @ 


6. 


sec 


The requirement in the phase lead network is going to be 59.2°-29°+5° (for the lag compensator 


contribution) 


=35.2° 


The lag compensator design is done by schooseng the higher break frequency as 


7. 


0.25 or 


rad 


0.01 


. From the lead compensator graphs, figure 11.8 in the text let 8 


sec 


in 
c uw 
ojo 
Se 
+19 
oic 
—| Uu 
—_ 
ull d 
Il 
— ST 
TORR 
+ + 
2 a 
=j 
Il 
D 


4. So the lag compensator is given by Go , 


ds 
B 


= eu f =0.05 and 


ES 
T, 


0.25. 


For the lead compensator design @,,,, — 0.1 and 2 


8. 


1 
a) 
an 


(s+ 


4 (S+0.05) 


(s+0.2) 


) 


Y 
T, 


(s 


= 


e3 


BT, 


0.2 Resulting in G, ,,, 
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The resulting lag-lead compensator is G, (s) — 13 


Solutions to Design Problems 11-69 


(s +0.01)(s + 0.05) 


compensated bode plot is shown above. 
The step response simulation is 


>> syms S 


>> s=tf('s'); 


>> G=13.6*5.8333e-4/(s+0.02)/(s+0.25)/(s+0.0833); 


>> Gc = (s+0.01)*(s+0.05)/(s+0.0025)/(s+0.2); 


>> L=G*Gc; 


>> T=L/(1+L); 


>> step(T) 
Step Response 
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` (s +0.0025)(s + 0.2) 


. The resulting 


The system exhibits a “long tail” response because compensation adds a pole-zero pair very close to 


the origin. However it can be seen that after 60sec the response is very close to steady state. 
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32. 
a. Using equation (4.39), x=0.7. Then from equation (10.52) M,=1=Odb. For zero 


steady state error we add an integrator, and then we raise the system's gain. 


LTI Viewer for SISO Design Task - [gl xl 


File Edit Window Help 
08/38/58 


Nichols Chart 


30 


Open-Loop Gain (dB) 
e 


p 00r 
EE | [ ‘ ] 7 i 
-360 -315 -270 -225 -180 -135 -90 -45 0 
Open-Loop Phase (deg) 
LTI Viewer [Y Real-Time Update 
3.038(s + 4.6 
Then we design an appropriate lead compensator. So far, Gead = DANG) 
s(s +13.7) 


shown in the figure with a slight violation of the 1db requirement. 
The resulting K,=8.306 so a factor of 2.4 is needed to reach the required 20. The lag 
compensator is designed by arbitrarily adding a pole zero pair at 0.1 and 0.24 

_s+0.24 
SEC en 

. 3.038(s + 0.24)(s + 4.6) 
^ — s(s+0.1(s+13.7) 
b. Forthis design, we start by adding an integrator to the compensator. The resulting 
K,=8.14 so a K=2.46 is needed to obtain K,=20. Then enough lead is provided to satisfy 


respectively, giving G . The total compensation is 
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. The resulting 


35(s + 2.18) 
s(s+31) 


the Mp<1db requirement. The resulting G 


32 rad/sec as shown in the next figure. 


Op 
LTI Viewer for SISO Design Task 


s 
£2 
3 
o 
2 
5 
e 
£ 
g 


Gain (dB): -3 


The following figure shows the step response of both designs. The faster design 
corresponds to part b with the larger bandwidth. 


C. 
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33. 


Step Response 
1.4 T T T T 


0.8 - 4 


Amplitude 


0.6 - 4 


0.4 L 4 


0.2 H 4 


0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 
Time (sec) 


From Chapter 8, 
0.6488K (s+53.85) 


G(s) ui 
(s? + 8.119s + 376.3) (s^2 + 15.47s + 9283) 


Cascading the notch filter, 


0.6488K (s+53.85)(s? + 16s + 9200) 


Ga(s) in 
(s + 8.119s + 376.3) (s^2 + 15.47s + 9283)(s-60) 
1 | K, * 53.85 * 9200 
Since esep (cc) 2 =——, K, = 9 yields 10% error. Thus, K, —————— — = 9. Thus, 
1+K, 376.3* 9283 * 60 


K, = 0.6488K = 228452. Let us use K, = 30,000 in designing the lead portion and we'll make up the 
rest with the lag. Plotting the Bode plot for K, = 30,000, 
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Uncompensated 


(DA COL 
(gp) apnyubeyy :(Bap) aseyd 


Frequency (rad/sec) 


Design lead: The uncompensated phase margin = 10.29". Assume a required phase margin of 45°. 


The required phase margin, assuming a 30° correction is 75°. The phase contribution required from 


the compensator is 75° — 10.29? = 64.71%. Using the inverse of Eq. (11.11), the compensator's B 


12.98 dB. The new phase margin 


= 4.457 


d 
ud 


frequency is where the uncompensated system has a magnitude of —12.98 dB, or @max = 44.65 rad/s. 


0.05033. Using Eq. (11.12), 


. The plant is 


19.87(s -- 10.02) 
(s +199) 


Using Eqs. (11.6) and (11.9), the compensator is Gwag (S) 


. Draw the lead-compensated 


228452(s + 53.85)(s? -- 16s + 9200) 
(s+ 60)°(s° + 8.119s + 376.3)(s? +15.47s + 9283) 


Bode plot. 


G(s) 
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Lead Compensated 


20HF------- 


CLA ‘OL 
(gp) apnyubeyy '(Bap) aseyd 


Frequency (rad/sec) 


Design lag: The phase-margin frequency occurs where the phase is -135?, or at the required 45° 


phase margin. From the lead-compensated Bode plots, this phase margin occurs at 43.64 rad/s. Let 


the upper break of the lag compensator be one decade lower, or 4.364. Since the magnitude is 17.97 


dB at the new phase-margin frequency, set the high-frequency asymptote of the lag compensator at — 
17.97 dB. Draw a -20 dB/dec slope starting at 0.4364 rad/s and -17.96 dB and moving toward 0 dB. 


At 0 dB locate the lag compensator's low-frequency break, or 0.551. Thus, 


(s -- 0.551) 


0.551 (s+ 4.364) _ y , 7, (514364) 


4.364 (s + 0.551) 


GS) 


Check bandwidth: Draw the lag-lead compensated Bode diagram for G(S)Giag(S)Gieaa(S). 
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Solutions to Design Problems 11-75 


Lag-lead Compensated 


aiad denial il ee 
dl a ici bi 


A A A 


CWA COL 


(gp) apnyubejy (Gap) eseug 


Frequency (rad/sec) 


From the open-loop plot, the magnitude is at —7 dB at 70 rad/s. Hence, the bandwidth is sufficient. Also, 


the lag-lead compensated Bode plot shows a phase margin of 40° . The transfer function, 


G(s) 


G(S)Giag(S)Gieaa(s) shows K, = 9, or an error of 0.1. Thus all requirements have been met. 


34. 


rad 
. So for this system @,,, = 0.04 


a. For an overdamped system T, 


sec 


Opw 


b. The bode plot is: 
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Bode Diagram 
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At -90° of open loop phase lag the crossover frequency of the open loop transmission equals the 


bandwidth of the closed loop system, so it can be seen that we have to drop the magnitude 73.8db. 


2e—A. Note that in the low range of frequencies the phase of the loop transmission is 


SoK = 


approximately -90°, lowering the gain will maintain closed loop stability. 


>> syms s 


>> s=tf(‘s’); 


>> G=-2e-4*(s/\2+0.04*s+0.0048)/(s+0.02)/s; 


>> L=G*P; 


>> T=L/(1+L); 


>> step(T) 
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Solutions to Design Problems 11-77 


Step Response 


Ampitude 


No further gain adjustments are necessary. 


a. For a zero steady-state error for step inputs and a steady-state error for ramp 
inputs <2 %, the required value of K may be found from: 


1 K(s+0.6) 
e 00) 2 — € 0.02 , where K, = lim SG(S) = lim ——————— 2 50 
ramp (©) K, posed LO (s + 0.5858) 


. 0.6xK 
Hence: EaR >50 > K > 48.82 


The following MATLAB file was used to plot the Bode magnitude and phase plots for that system 


and to obtain the response of the system, c(t), to a step input, r(t) = 4 u(t). 


numg = [1 0.6]; 
deng = poly ([0 -0.5858]); 


G = 48.82*tf(numg, deng); 
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bode (G); 

grid 

pause 

T = feedback(G,1); 96T is the closed-loop TF of the PI-controlled system 
T 7 minreal(T); 

step(4*T); 

axis 

grid 

xlabel ("Time") 

ylabel (‘Speed Sensor Output, c(t) in volts") 


title ('PI-controlled Systems Response to a 4 volt Input Step") 


The Bode magnitude and phase plots obtained are shown below with the minimum stability 


margins displayed on the phase plot. 


For a %OS x 4.32 96, the damping ratio is 
-ln(960S/100)  —In(4.32/100) 


Bur 1:3 BE E 2 
Ja? -1n?(9608/100) 2 +1n2(4.32/100) 


find the phase margin needed to meet the damping ratio requirement: 


— 0.707 . Using Eq. (10.73) we 


2 
O, =tan 26 - 5.52° 


[e ear 
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Solutions to Design Problems 11-79 


Bode Diagram 
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The phase margin found from the Bode plot obtained in step (1) is greater than the required value. 


4 u(t), has been plotted and is 


Therefore, the response of the system, c(t), to a step input, r(t) 


shown below. The settling time, T;, and the final value of the output are noted. 
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Pl-controlled Systems Response to a 4 volt Input Step 


I 
System: PI Cont 
_ Final Value: 4 


E H ans — 
p sin System: PI Cont l 

] Settling Time (sec): 0.0799 E 
System: PI Cont E i 7 


Rise Time (sec): 0.045 


Speed Sensor Output, c(t) in volts 


| 
| 
| 
| 
| 1 
| | 
| | 
| | 
I I 
0.06 0.08 0.1 0.12 0.14 
Time (sec) 


As could be seen from the graph and the analysis presented above all requirements are met. 
Therefore, the design has been completed. 


b. 1) When the PI-controller zero, Z, moves to — 0.01304: 


2 50 > K 261.02. 


K (s +0.6) (s + 0.01304 
K, = lim sG(s) = lim ( ) ) 
a s Do (s+0.0163) (s +0.5858) 


The phase margin found from the Bode plot obtained is still greater than the required value. 
Therefore, c(t) was plotted and is shown below with the settling time, T,, and the final value of the 
output noted on the graph. As could be seen from the graph, the settling and rise times are less by 


~ 20% than the respective values obtained for Z; at — 0.0163. 
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Speed Sensor Output, c(t) in volts 


Solutions to Design Problems 11-81 


Pl-controlled System's Response to a 4 volt Input Step for Zi at — 0.01304 


45 | T 
System: Pl with Zi at - 0.013 i W- "du 
ab-coczcocaco Setting Time{sec}-0.064— SS E 
ucc DELL. i i 
i I | | | 
] | i | | | 
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Time (sec) 
2) When the PI-controller zero, Z; moves to — 0.01956: 
K (s +0.6) (s+ 0.01956 
K, = lim sG(s) = lim ( ) ) >50> K > 40.68. 


s>0 s>0 (s+0.0163) (s + 0.5858) 


The phase margin found from the Bode plot obtained is still greater than the required value. 
Therefore, c(t) was plotted and is shown below with the settling time, T;, and the final value of the 
output noted on the graph. In this case, however, the settling and rise times are higher by ~ 20% 


than the respective values obtained for Z; at — 0.0163. Nevertheless, all requirements are still met. 
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Speed Sensor Output, c(t) in volts 


4.5 


3.5 


2.5 


1.5 


0.5 


Pl-controlled Systems Response to a 4 volt Input Step at Zi = — 0.01956 


- _| Final V 


[ T T 
i | System: Pl with Zi at — 0.01956 


alue: 4 


| System: Pl with Zi at— 0.01956 


Rise Time (sec): 0.054 


System: PI with Zi at — 0.01956 


Settling Time (sec): 0.0957 
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The responses obtained in all cases here are closer to the response of a first-order system rather 


than a second order system. Note that when Z; is at — 0.01956, for example, two of the closed-loop 


poles (at — 0.6002 and — 0.01956) are very close, respectively, to the closed-loop zeros located at 


— 0.5999 and — 0.0196. Therefore, the system behaves as if it has only one closed-loop pole, 


which is at — 40.6 


6. 


Since the Pl-controller designed meets all requirements (even when pole-zero 


cancellation is not achieved and the controller's zero changes by + 2096), there no need 


to add a derivative mode. 
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TWELVE 


Design via State Space 


SOLUTION TO CASE STUDY CHALLENGE 


Antenna Control: Design of Controller and Observer 


a. We first draw the signal-flow diagram of the plant using the physical variables of the system 


as state variables. 


218 Uso 8  *z pg 8 75 5 71 02 


Writing the state equations for the physical variables shown in the signal-flow diagram, we 


obtain 
1 0 0 

z-|0 -1.32 0.8 |z+ 0 u; y-Lo2 0 o0]z 
0 -100 2000 


The characteristic polynomial for this system is s? + 101.325? + 132s + 0. Hence, the A and B 


matrices of the phase-variable form are 


Ax Bx 
0 1 0 0 
0 0 1 0 
0 -132 -101.32 1 


Writing the controllability matrices and their determinants for both systems yields 
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CMz Controllability Matrix of z CMx Controllability Matrix of x 
0 0 1600 0 0 1 
0 1600 -162112 0 1 -101.32 
2000 -200000 20000000 1 -101.32 10133.7424 
Det(CMz) -5.12E+09 Det(CMx) -1 


where the system is controllable. Using Eq. (12.39), we find the transformation matrix and its 


inverse to be 


P Transformation Matrix z=Px PINV 
1600 0 0 0.000625 0 0 
0 1600 0 0 0.000625 0 
0 2640 2000 0 -0.000825 0.0005 


The characteristic polynomial of the phase-variable system with state feedback is 


s3 + (k3 + 101.32)s2 + (ko + 132)s + (ky + 0) 
For 15% overshoot, Ts = 2 seconds, and a third pole 10 times further from the imaginary axis than 
the dominant poles, the characteristic polynomial is 
(s + 20)(s? + 4s + 14.969) = s? + 24s? + 94.969s + 299.38 


Equating coefficients, the controller for the phase-variable system is 


Kx Controller for x 
299.38 -37.031 -77.32 


Using Eq. (12.42), the controller for the original system is 


Kz Controller for z 
0.1871125 0.04064463 -0.03866 


b. Using K;, gain from Om = - 0.1871125 (including gear train, pot, and operational amplifier); gain 


from tachometer = - 0.04064463; and gain from power amplifier output = 0.03866. 
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Solution to Case Study Challenge 12-3 


Tachometer 


3 Nm sec rad 
0.2 Z1 
250 


gain 2 3.18 


c. Using the original system from part (a) and its characteristic polynomial, we find the observer 


canonical form which has the following A and C matrices: 


Ax 
-101.32 1 0 
-132 0 1 
0 0 0 

Cx 
1 0 0 


Writing the observability matrices and their determinants for both systems yields 


OMz Observability Matrix of z OMx Observability Matrix of x 
0.2 0 0 1 0 0 
0 0.2 0 -101.32 1 0 
0 -0.264 0.16 10133.7424 -101.32 1 
Det(OMz) 0.0064 Det(OMx) 1 


where the system is observable. Using Eq. (12.89), we find the transformation matrix and its inverse to be 


P Transformation Matrix z=Px PINV 

5 0 0 0.20 0.00 0.00 
-506.6 5 0 20.26 0.20 0.00 
62500 -625 6.25 26.40 20.00 0.16 
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The characteristic polynomial of the dual phase-variable system with state feedback is 


s3 + (11 + 101.32)s2 + (l2 + 132)s + (13 + 0) 


For 10% overshoot, c = 10N14.969 = 38.69 rad/s, and a third pole 10 times further from the 
imaginary axis than the dominant observer poles, the characteristic polynomial is 


(s + 228.72)(s? + 45.743s + 1496.916) = s? + 274.465? + 11959s + 3.4237x10° 


Equating coefficients, the observer for the observer canonical system is 


Lx Observer for x 
173.14 
11827 
342370 


Using Eq. (12.92), the observer for the original system is 


Lz Observer for z 
865.7 
-28577.724 
5569187.5 


3 Nm sec /r ad 
z 
0.2 1 


250 


-28577.724 


35563187.5 
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Solution to Case Study Challenge 


e. 

Program: 

'Controller' 

A=[0 1 0;0 -1.32 0.8;0 © -100]; 

B-[0;0;2000]; 

c=[0.2 0 0]; 

D-0; 

pos-input('Type desired %0S '); 
Ts=input('Type desired settling time '); 
z-(-log(pos/100))/(sqrt(pi^2*109g(pos/100)^2)); 


wn=4/(z*Ts); %Calculate required natural 
%frequency. 

[num, den]=ord2 (wn, z); %Produce a second-order system that 
%meets the transient response 
%requirements. 

r=roots(den); %Use denominator to specify dominant 
%poles. 


poles=[r(1) r(2) 10*real(r(1))]; 
%Specify pole placement for all 
%poles. 
K-acker(A, B, poles) 
'Observer' 
pos-input('Type desired %0S '); 
z=(-log(pos/100))/(sqrt(pir2+10g(pos/100)12)); 


wn=10*wn %Calculate required natural 
%frequency. 

[num, den]=o0rd2(wn,z); %Produce a second-order system that 
%meets the transient response 
%requirements. 

r=roots(den); %Use denominator to specify dominant 
%poles. 

poles-[r(1) r(2) 10*real(r(1))];%Specify pole placement for all 
%poles. 


l-acker(A',C',poles)' 
Computer response: 

ans = 

Controller 


Type desired %0S 15 
Type desired settling time 2 


K = 
0.1871 0.0406 -0.0387 
ans = 
Observer 
Type desired %0S 10 
wn = 
38.6899 
l= 
1.0e+006 * 
0.0009 


-0.0286 
5.5691 
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ANSWERS TO REVIEW QUESTIONS 


1. Both dominant and non-dominant poles can be specified with state-space design techniques. 

2. Feedback all state variables to the plant's input through a variable gain for each. Decide upon a closed- 
loop characteristic equation that has a pole configuration to yield a desired response. Write the 
characteristic equation of the actual system. Match coefficients and solve for the values of the variable 
gains. 

3. Phase-variable form 

4. The control signal developed by the controller must be able to affect every state variable. 

5. If the signal-flow diagram is in the parallel form, which leads to a diagonal system matrix, controllability 
can be determined by inspection by seeing that all state variables are fed by the control signal. 

6. The system is controllable if the determinant of the controllability matrix is non-zero. 

7. An observer is a system that estimates the state variables using information from the output of the actual 
plant. 

8. If the plant's state-variables are not accessible, or too expensive to monitor 

9. An observer is a copy of the plant. The difference between the plant's output and the observer's output is 
fed back to each of the derivatives of the observer's state variables through separate variable gains. 

10. Dual phase-variable 

11. The characteristic equation of the observer is derived and compared to a desired characteristic equation 
whose roots are poles that represent the desired transient response. The variable gains of each feedback 
path are evaluated to make the coefficients of the observer's characteristic equation equal the coefficients of 
the desired characteristic equation. 

12. Typically, the transient response of the observer is designed to be much faster than that of the 
controller. Since the observer emulates the plant, we want the observer to estimate the plant's states rapidly. 
13. Det[A-BK], where A is the system matrix, B is the input coupling matrix, and K is the controller. 

14. Det[A-LC], where A is the system matrix, C is the output coupling matrix, and L is the observer. 

15. The output signal of the system must be controlled by every state variable. 

16. If the signal-flow diagram is in the parallel form, which leads to a diagonal system matrix, observability 
can be determined by inspection by seeing that all state variables feed the output. 


17. The system is observable if the determinant of the observability matrix is non-zero. 
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Solution to Problems 12-7 


SOLUTIONS TO PROBLEMS 
1. 
(s+3) _ 1 


i. G(s) = *(s+3) 


(s+4) s*+85+16 


[0 1 JE 
EC o de 
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S43 
I(8)— 
S^ +(k, +8)s + (k, +16) 


x, = (20 — 71.25k,)x, — 71.25k,x, —71.25k,x, + 71.25r 
x, = 27.5k,x, + (-10x, + 27.5k, )x, + 27.5k,x, —27.5r 


X, =-6.25k,x, — 6.25k,x, — 6.25k,x, + 6.25r 


(-20-71.25k,)  —71.25k, ~71.25k, 71.25 
A-|  27.5k, (-10x, +27.5k,)  275k |;B=|-27.5|;C=[1 1 1] 
-6.25k, -6.25k, -6.25k, 6.25 
2 
T() 200(s? + 7s + 25) 


"As. (120 + 285k, — 110k, + 25k,)s* + (800 + 2850k, — 2200k, + 750k,)s + 5000k, 


Part d. yields same result as i(d). 
S _ 1 
(s+5)(s+7) s°+12s+35 


* 


ii. G(s) = 


-35 
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Solution to Problems 12-9 


b. 
y 
: 0 1 0 
:-| k | ; y=[0 1]x 
—(k, +35) —(k, +12) 1 
d. 
T(s) --; : 
S^ +(k, +12)s+(k, +35) 
T(s)  C(SI- A) 'B; A= : : .B-| : c-[0 1 
AAA as a 50. 


which yields the same result as ii(d). 
20s(s+7) | 1 


dcs = 
HS) (s-3)s-7)s-9) s°+19s* +111s +189 


* (20s°+140s) 
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b. 
cC. 
0 1 0 0 
x- 0 0 1  Iix-|O|]r ; y=[0 140 20]x 
—(k, +189) -(k, +111) -(k,-19) 1 
d. 
20s(s +7) 
T(s) = 3 2 
s” +(k, +19)s* +(k, +111)s + (k, +189) 
e. 
0 1 0 0 
T(s) =C(sI-A)*B; A= 0 0 1 ;B-|0;cC-[0 140 20] 
—(k, +189) -(k, +111) —(k, +19) 1 
which yields the same result as iii(d). 
ies Se) x : * (30s? +150s +180) 


(s--A)(s--5(s--6) s?+15s?+74s+120 
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Solution to Problems 12-11 


0 1 0 0 
x= 0 0 1 x+|0[r ; y=[180 150 30]x 
-(k 4120) —(k,+74) -(k,+15)} |1 
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d. 
T(s) = 30s^ +150s +180 
S? + (k, 4- 15)s* +(k, +74)s + (k, +120) 
e. 
0 1 0 0 
T(s) - C(SsI- A)!B; A= 0 0 1 |¡B=|0|;C=[180 150 30] 
—(k,+120) —(k, +74) —(k, +15) 1 
which yields the same result as iv(d). 
s’ +8s +15 1 


v. G(s) = * (s? - 8s 4-15) 


(S? +4s+10)(s? +3s+12) s +7s? +34s? 78s +120 
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Solution to Problems 12-13 


0 1 0 0 0 
0 0 1 0 0 
x= x+| |r ;y=[15 8 1 0Jx 
0 0 0 1 0 
—(k, +120) -(k, +78) -(k,+34) -(k,+7) 1 
d. 
(Sys s^ +8s +15 
s^ + (k, - 7)s?  (k, - 34)s? + (k, +78)s + (k, +120) 
e. 
0 1 0 0 0 
E 0 0 1 0 0 
T(s) - CSI- A) B; A= ;B- [C-[t5 8 1 0] 
0 0 0 1 0 
—(k, +120) -(k,+78) —(k,+34) —(k, +7) 1 


which yields the same result as v(d). 


i 
a. The output is 


Since, 
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y = (30s? + 270s + 420)x, = 30X, + 270x, +420x, 2 30x, +270x, + 420x, 
= 30(-5x, + x,) + 270x, + 420x, = 420x, +120x, + 30x, 


0 1 0 
T(s)=C(sI-A)'B; A=| 0 -5 1 |;B=|0|; C=[420 120 30] 
-k -k -(k +3) 1 
30(s + 2)(s +7) 


ES) 2 
S (k, +8)s° + (5k, +k, +15)s +k, 


Pio) 1 o | fo] 
T(s)=C(sI-AJ'B;A=| 0 0 1 iB-lokc-[3 1 1] 


E: -k, -(5k, + 2) | Ls] 


" 5(s +3s +7) 
— S? +(5k, +4)s° + (10k, +k, + 14)s + (50k, +k, + 20) 
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Solution to Problems 12-15 


me 


_ 50(s*+7s+25) 625 27.5 „71.25 


G(s) 


s(s+10)(s+20) S s+10 s+20 


b. Writing the state equations: 
X, =-20x, +71.25u 


X, =—10x, - 27.5u 


x, = 6.25u 


But, u = -k1x1 - kox2 - k3x3 + r . Substituting into the state equations, 


x, = (-20 -71.25k,)x, -71.25k,x, —71.25k,x, + 71.257 
x, =27.5k,x, + (-10x, + 27.5k,)x, + 27.5k,x, - 27.5r 
X, =-6.25k,x, - 6.25k,x, —6.25k,x, + 6.25r 


Therefore, T(s) = C(sI - A)HB, where 


(-20 - 71.25k,) -71.25k, -71.25k, 71.25 
A- 27.5k, (-10x,+27.5k,) 27.5k, |;B=|-275|;C=|[1 1 1] 
—6.25k, —6.25k, —6.25k, 6.25 


Hence, 
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T(s)= 200(s* +7s +25) 
4s? + (120 + 285k, —110k, + 25k,)s* + (800 + 2850k, — 2200k, + 750k,)s + 5000k, 
ii 
a. 
G(s) = 50(s + 3)(s + 4) z 50 300 7 300 
(s+5)(s+6)(S+7) s+5 s+6 s+7 
r 


b. Writing the state equations: 


X, = —5x, +50u 


X, =-6x, — 300u 
X, 2 —7x,  300u 
But, 
u=—k,x, — kx, — Kk¿X, +r 
Substituting into the state equations, collecting terms, and converting to vector-matrix form yields 
[| +~5+k,) =50k,  -50k,| [| 50 | 
x-| 300k, (300k,-6) 300k, lx +| -300 Ir 
|-(300k +7)  -300k,  300k,| | 300 | 


y=[ 1 1k 


Therefore, T(s) = C(sI - Ay1B, or 
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E 50s? +1750s + (6900 — 88200k, ) 
~ s? 4 (300k, — 300k, +k, + 11)s° + 2(1475k, — 750k, + 3k, — 7350k,k, + 7350k,k, + 15)s 
+ 300k, (23 — 294k,) 


T(s) 


The plant is given by 


G(s) 20 20 


"(s42)5-4ys-8) s «14s! 4 56s +64 


The characteristic polynomial for the plant with phase-variable state feedback is 
S^ + (k, +14)s* + (k, 4 56)s + (k, + 64) 20 
The desired characteristic equation is 
(s +53.33)(s* +10.67s +106.45) = s? + 64s* + 675.48s + 5676.98 


based upon 15% overshoot, Ts = 0.75 second, and a third pole ten times further from the imaginary 
axis than the dominant poles. Comparing the two characteristic equations, 


k, = 5612.98, k, = 619.48, and k, =50. 


a. The system in controller canonical form is: 


ViHEMD “ên-2 xi yd 1 
1 0 e 0 0 0 

"iS s 000: o: pap pO= Pi 9 cs ca] 
0 0 1 0 0 


The characteristic equation of the plant is: 
sh-ayj4stl +... +ajs+ag=0 
Forming the closed-loop system by feeding back each state variable and the input to u forming 


=-Kx+r 


where 
K = [kj ko ... kpl 
and substituting u into the state equation, we obtain 
x = Ax - Bu =(A- BK)x+ Br 
Forming A - BK: 


Copyright © 2011 by John Wiley & Sons, Inc. 


12-18 Chapter 12: Design via State Space 


[ta a k,) a,_5tk,) "ya -(a tk) -(ag* k,)] 
| 1 0 n 0 0 | 
cial IR : Ho] 
| 0 0 TS 1 0 | 


The characteristic equation is: 


sP + (an.1 + ky)s™! + (ap.2 + kg)... + (a1 + Kp-1)s + (ag + kn) = 0 


Assuming a desired characteristic equation, 


Sn + dp-1s m1 + dp-28s®72+ . . . + dos? + dis + dg =0 


Equating coefficients, 
dj = aj + kp-;;1=0, 1, 2,...n-1 
from which 
kn-i = di - aj (1) 
b. The desired characteristic equation is 
s? +15.9s° +136.08s + 413.1=0 
the characteristic equation of the plant is 
s +55" +4s+0=0 
Using Eq. (1) above, k3.; = d; — aj. Therefore, kz = dọ — ay = 413.1 — 0 = 413.1; ky = d; - a; = 136.08 
4 = 132.08; kı = d;— a. = 15.9 — 5 = 10.9. Hence, 
K = [10.9 132.08 413.1] 


Using Eqs. (4.39) and (4.34) to find € = 0.5169 and c = 7.3399, respectively. Factoring the 
denominator of Eq. (4.22), the required poles are -3.7942 + j6.2832. We place the third pole at -2 to 
cancel the open loop zero. Multiplying the three closed-loop pole terms yields the desired 


characteristic equation: 


100s? + 2200s + 4000 


SBasshejosti» * the controller 


s? + 9.5885s2 + 69.0516s + 107.7493 = 0. Since G(s) = 


-8 -19 -12 1 
canonical formis A=| 1 0 0 |:B=|0|;C=[100 2200 4000]. The first row of A 
0 1 0 0 


contains the coefficients of the characteristic equation. Thus comparing the first row of A to the 


desired characteristic equation and using the results of Problem 5, k = -(9.5885 - 8) = 1.5885; 
k2 = -(69.0516 - 19) = 50.0516; and k3 = -(107.7493 - 12) = 95.7493. 


The plant is given by 
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20(s 2) 20s + 40 
G(s)= =— ; 
S(s+5)(s+7) s -12s +35s+0 


The characteristic polynomial for the plant with phase-variable state feedback is 
s? +(k, +12)s* + (k, + 35)s + (k, + 0) 
The desired characteristic equation is 


(s+ 20)(s? + 4s+11.45) = s +24s* +91.45s +229 


based upon 10% overshoot, T; =2 seconds, and a third pole ten times further from the imaginary axis 


than the dominant poles. Comparing the two characteristic equations, 


k, = 229, k, = 56.45, and k, - 12. 


Drawing the signal-flow diagram, 


n [n 


Writing the state equations yields the following A matrix: 


ü 1 ü 
d= ü -4 1 
-Èi -kao -[2+£3] 


lal - Al = S e [k3 + E) e (4 Ege Roe E) n hy 


from which, 


The desired characteristic equation is (s + 80)(s2 + 16s + 183.137) = s? + 96s2 + 1463.1s + 14651 


based upon 1096 overshoot, Ts = 0.5 second, and a third pole ten times further from the imaginary 
axis than the dominant poles. Comparing the two characteristic equations, , ky = 14651, kp = 1095.1, 


and k3 = 90. 


Expand G(s) by partial fractions and obtain 


GD .187, 5 667 


o s(s+4Xs+6) — S s+4 s+6 
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10. 


11. 


Drawing the signal-flow diagram with state feedback 


Writing the state equations yields the following system matrix: 


-1.67k  -1.67k, | -1.67k, 
A-| -5k,  -(bk,*4) -5k, 
6.67k,  6.67k,  (6.67k,-6) 


Evaluating the characteristic polynomial yields, 


[sI — A| = (-6.67k, + 5k, +1.67k, +10)5? + (-26.68k, + 30k, +16.7k, + 24)s + 40.08k, 


From Problem 7, the desired characteristic polynomial is 
s? +245* +91.45s + 229. 


Equating coefficients and solving simultaneously yields 


k, =5.71, k, =-4.58, and k, =-4.10. 


Writing the state equation and the controllability matrix for the system yields 


A -5 1 5 Bí 5b, +b, 
ERIE LSU e u; Cu “LB AB] = 
iuis 2 Du. IA 


The controllability matrix has a zero determinant if b» = b4. 


The controllability matrix is given by Eq. (12.26) for each of the following solutions: 
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a. 
2 0 1 0 0 1 -5 
A=|0 2 Of];B=/11; Cu -|1 -2 A |; det CM = 0; system is uncontrollable 
0 0 -3 1 1 -3 9 
b. 
-2 1 0 0 0 1 -4 
A-|0 2 0 [|;B-7]|1l; Cu -|1 -2 4 |; det Cu =-1; system is controllable 
0 0 -3 1 1 -3 9 
C. 
-4 1 0 0 0 2 -7 
A-|0 0 11;B=|2ļ|; CM -|2 1 -3 | ; det CM =7; system is controllable 
0 0 -3 1 1 -3 9 
d. 
4 1 0 1 -4 17 
A=/0 0 1[|;B-^[0|; Cur =l0 1 -8 | ; det Cu = -5; system is controllable 
5 0 -3 1 -8 44 


f. 
4 0 0 1 1 -4 16 
A=|0 -5 O0 |;PB-^[o0|; Cu =l0 0 O |; det Cu =0; system is uncontrollable 
0 0 -6 1 1 -6 36 


This system can also be determined uncontrollable by inspection. 


12. 
Program: 
'(d)' 
A-[-4 1 0;0 0 1;-5 0 -3] 
B-[1;0;1] 
Cm=ctrb(A,B) 
Rank=rank(Cm) 
pause 
'(f)' 
A=[-4 0 0;0 -5 0;0 0 -6] 
B=[1;0;1] 
Cm=ctrb(A,B) 
Rank=rank(Cm) 
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Computer response: 


ans = 
(d) 
A = 
-4 1 0 
0 0 1 
-5 0 -3 
B= 
1 
0 
1 
Cm = 
1 -4 17 
0 1 -8 
1 -8 44 
Rank = 
3 
ans = 
(f) 
A = 
-4 0 0 
0 -5 0 
0 0 -6 
B= 
1 
0 
1 
Cm = 
1 -4 16 
0 0 0 
1 -6 36 
Rank = 
2 
13. 
-8 -17 -10 1 
From Eq. (12.46) we write the controller canonical form: A¿¿=| 1 0 0 ;B«-20. 
0 1 0 0 


The controllability matrices are found using Eq. (12.35). For the original system of Eq. (12.44), 
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0 0 1 1 -8 47 
Cu;-|0 1  -3|. For the controller canonical form, Cy =|0 1  -8|. The transformation 
1 -1 1 0 0 1 


00 1 
matrix is, P = CMzCMcc 17 |0 1 5). Comparing the first row of Acc with the desired 
17 10 


characteristic equation, Eq. (12.50), Kee =[-2 -4 10]. Transforming back to the original system, 


Kz =KecP = [-20 10 -2] 


14. 
Drawing the signal-flow diagram for the plant in cascade form yields 
y 
Az Bz 
-3 T 0 0 
0 -8 1 0 
0 0 -10 1 
Writing the A and B matrices for the x (phase-variable) system, 
Ax Bx 
0 1 0 0 
0 0 1 0 Phase-Variable Form 
-240 -134 -21 1 
From the phase variable from, the characteristic polynomial is s? + 215? + 134s + 240. 
Finding the controllability matrices and their determinants for the z and x systems shows that there is 
controllability, 
CMz Controllability Matrix of z CMx Controllability Matrix of x 
0 1 0 T 
1 -18 1 -21 
-10 100 -21 307 
Det(CMz) -1 Det(CMx) -1 
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Using Eq. (12.39), the transformation matrix P and its inverse are found to be 


P Transformation Matrix z=Px 
0 
3 1 
24 11 


PINV 
0 1.00 0.00 
0 -3.00 1.00 
1 9.00 -11.00 


0.00 
0.00 
1.00 


Using the given transient requirements, and placing the third closed-loop pole over the zero at -6 


yields the following desired closed-loop characteristic polynomial: 


(s? 8s + 45.78)(s + 6) = s3 + 14s? + 93.78s + 274.68 


Using the phase-variable system 
s3 


with state feedback the characteristic polynomial is 


(k3 + 21)s? + (kp + 134)s + (ky + 240) 


Equating the two characteristic polynomials yields the state feedback vector for the x system as 


Kx Controller for x 
34.68 -40.22 -7 
Using Eq. (12.42), 
Kz Controller for z 
92.34 36.78 -7 
15. 
Program: 
A=[-3 1 0;0 -8 1;0 0 -10]; %Generate system matrix A 
B=[0;0;1]; %Generate input coupling matrix B 
C=[3 1 0]; %Generate output coupling matrix C 
D=0; %Generate matrix D 
Po=10; %Input desired percent overshoot 
Ts=1; %Input desired settling time 


z-(-10g(Po/100) )/(sqrt(pi^2410g(Po/100)^2)); 


wn=4/(z*Ts); 
[num, den]=ord2(wn, z); 
r-roots(den); 


poles-[r(1) r(2) -6]; 


K-acker(A, B, poles) 


Anew-A-B*K; 
Bnew-B; 
Cnew=C; 
Dnew-D; 


96 Calculate required damping ratio 
96 Calculate required natural 

9e frequency 

%Produce a second-order system that 
9e meets transient requirements 

%Use denominator to specify 
%dominant poles 

%Specify pole placement for all 
%poles. 

%A few tries at the the third-pole 
%value shows T(s) with a closed- 
%loop zero at -7. 

%Thus, choose the third pole to 
%cancel this zero. 

%Calculate controller gains in z- 
%system 

%Form compensated A 
%Form compensated B 
%Form compensated C 
%Form compensated D 


matrix 
matrix 
matrix 
matrix 


[numt, dent ]=ss2tf (Anew, Bnew, Cnew, Dnew) ; 


'T(s)' 
T-tf(numt, dent) 
poles-pole(T) 


9 Form T(s) 

9: Display label 

9 Display T(s) 

9 Display poles of T(s) 
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Solution to Problems 


Computer response: 
K = 
92.3531 36.7844 -7.0000 
ans = 
T(s) 


Transfer function: 
-3.553e-015 s42 +S + 6 


S43 + 14 S^2 + 93.78 S + 274.7 


poles = 


-4.0000 + 5.45751 
-4.0000 - 5.4575i 


12-25 


-6.0000 
16. 

Expanding by partial fractions, 

G(s) = (s+6) _ 0.085714 0.2 0.28571 

(s+ 3)(s + 8)(s +10) (s +3) (s+8) (s+10) 
Writing the A and B matrices for the z system with k;'s set to zero, 
Az Bz 
-3 0 0 0.085714 
0 -8 0 0.2 
0 0 -10 -0.28571 
Writing the A and B matrices for the x (phase-variable) system, 
Ax Bx 
0 1 0 0 
0 0 1 0 Phase-Variable Form 
-240 -134 -21 1 
From the phase variable from, the characteristic polynomial is s? + 21s2 + 134s + 240. 
Finding the controllability matrices and their determinants for the z and x systems shows that there is 
controllability, 
CMz Controllability Matrix of z CMx Controllability Matrix of x 
0.085714 -0.257142 0.771426 0 0 1 
0.2 -1.6 12.8 0 1 -21 
-0.28571 2.8571 -28.571 1 -21 307 
Det(CMz) 0.342850857 Det(CMx) -1 
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Using Eq. (12.39), the transformation matrix P and its inverse are found to be 


P Transformation Matrix z=Px PINV 
6.85712 1.542852 0.085714 0.33 -0.50 -0.25 
6 2.6 0.2 -1.00 4.00 2.50 
-6.85704 -3.14281 -0.28571 3.00 -32.00 -25.00 


Using the given transient requirements, and placing the third closed-loop pole over the zero at -6 
yields the following desired closed-loop characteristic polynomial: 


(s? + 8s + 45.78)(s + 6) = s3 14s? + 93.78s + 274.68 


Using the phase-variable system with state feedback the characteristic polynomial is 


s3 + (k3 + 21)s? + (k2 + 134)s + (ky + 240) 


Equating the two characteristic polynomials yields the state feedback vector for the x system as 


Kx Controller for x 
34.7062 -40.2156 -7 
Using Eq. (12.42), 
Kz Controller for z 
30.78443595 45.7845 65.78543678 


17. 
Draw signal-flow diagram showing state variables, z, at the output of each subsystem and the state 


variables, w, at the output of the integrators. 


Recognizing that Z, = 6w, — 8w, + W, = —2W, + W,, we can write the state equations for w as 


[-310 -2 1] fol 
w=! 0 -8 1 lw+lolu 


Lo o -3] LJ 
y=[1 0 Olw 


Writing the relationship between z and w yileds 
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[1 0 0] 
z-l0 2 1lw-P^w 


lo o 1) 


[1 0 0 | 
P-lo -05 0.5 


lo o 1] 


Converting the state equations in w to state equations in z, we use Eqs. (5.87) and obtain the A matrix 
and B vector as 


Thus 


Az Bz 

-10 1 0 0 
0 -8 3 1 
0 0 -3 1 


Writing the A and B matrices for the x (phase-variable) system, 


Ax 


Bx 
0 1 0 0 
0 0 1 0 Phase-Variable Form 
-240 -134 -21 1 


From the phase variable from, the characteristic polynomial is s? + 21s2 + 134s + 240 


Finding the controllability matrices and their determinants for the z and x systems shows that there is 


controllability, 
CMz Controllability Matrix of z CMx Controllability Matrix of x 
0 1 -15 0 0 1 
1 5 31 0 1 -21 
1 -3 9 1 -21 307 
Det(CMz) -8 Det(CMx) -1 


Using Eq. (12.39), the transformation matrix P and its inverse are found to be 


P Transformation Matrix z=Px PINV 

6 1 0 -0.25 -0.13 0.13 
60 16 1 2.50 0.75 -0.75 
80 18 1 -25.00 -3.50 4.50 


Using the given transient requirements, and placing the third closed-loop pole over the zero at -6 
yields the following desired closed-loop characteristic polynomial: 

(s? + 8s + 45.78)(s + 6) = s3 + 14s? + 93.78s + 274.68 
Using the phase-variable system with state feedback the characteristic polynomial is 


s3 


(k3 + 21)s2 + (k2 + 134)s + (ky + 240) 
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18. 


Equating the two characteristic polynomials yields the state feedback vector for the x system as 


Kx Controller for x 
34.68 -40.22 -7 
Using Eq. (12.42), 
Kz Controller for z 
65.78 -10 3 


Using Eqs. (4.39) and (4.34) to find G = 0.5169 and o = 18.3498 respectively. Factoring the 


denominator of Eq. (4.22), the required poles are -9.4856 + j15.708. We place the third pole 10 times 
further at -94.856. Multiplying the three closed-loop pole terms yields the desired characteristic 


equation: s? + 114s? + 2136s + 31940 - 0. Representing the plant in parallel form: 


0.0 0 2.222 
Apar = [0 -5 0 |, Bwr =) -5 ; Cpar =[1 1 1] Using Eq. (12.26), 
0 0 -9 2.778 
2.222 0 0 
C mpar =| -5 25 -125 , which is controllable since the determinant is 5555.4. Since 


2.778 —25 225.018 


-14 -45 0 i 
G(s)- : uns , the controller canonical form is A.. =| 1 0 0 ¡Bo =| 04; 
S' +14s° + 45s 0 1 0 0 
1 -14 151 
C= . .|0 1 -14 -— i 
=[0 0 100 ]. Using Eq. (12.26), CMcc = , which is controllable since the 
0 1 


determinant is 1. The first row of Acc contains the coefficients of the characteristic equation. 
Comparing the first row of Acc to the desired characteristic equation and using the results of Problem 


5, (14 + k1) = 114; (45 + k>)= 2136; and (0 + k3)= 31940. Hence Kec =[31940 2091 110]. The 

2.222 31.108 99.99 
-5 -45 

2778 1389 0 


transformation matrix is, P = CMparCMcc ! - . Transforming back to 


the original system, Kpar = KecP-! = [1.1 7882 25682]. 
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a. 


Solution to Problems 12-29 


>> A=[-0.014 0 -1.4 0 0; 0.023 -0.023 -0.023 0 0; 0.134 0.67 -0.67 0.38 0.003264; 0 0 0.06 -0.06 0; 


0 0 0.0017 0 -0.001]; 
>> B = [1;0;0;0;0]; 
>> rank(ctrb(A,B)) 


ans = 


The controllability matrix has full rank so the system is controllable. 


b. 


>> [P, Ad ]=jordan(A) 96 P is the similarity transformation matrix used for diagonalization, Ad the 


diagonalized A matrix 


P= 
-0.0000 + 0.0000i 1.3181 + 0.1838i 0.0446 -1.6808 
-0.0000 + 0.0000i -0.0336 - 0.0948i -0.0286 0.0958 
0.0000 - 0.0000i 0.1916 - 0.1798i 0.0014 -0.3845 
0.0000 - 0.0000i -0.0605 - 0.0176i 0.0370 0.0841 
0.0012 - 0.00001 -0.0016 - 0.0002i -0.0000 0.0020 
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1.3181 - 0.1838i 


-0.0336 + 0.0948i 


0.1916 + 0.17981 


-0.0605 + 0.01761 


-0.0016 + 0.0002i 


12-30 Chapter 12: Design via State Space 


Ad- 
-0.0010 0 0 0 0 
0 -0.1875 + 0.2151i 0 0 0 
0 0 -0.0577 0 0 
0 0 0 -0.3343 0 
0 0 0 0 -0.1875 - 0.2151i 


>> Bd=inv(P)*B 


Bd = 


1.0000 + 0.0000i 
1.0000 
1.0000 + 0.00001 


1.0000 + 0.00001 


1.0000 + 0.00001 


20. 
1 1 


Eu A A a 
s(s +3)(s+7) s -10s +215+0 


Writing the A and C matrices for the observer canonical system, 


Az 
-10 1 0 
-21 0 1 

0 0 0 
Cz 

1 0 0 


The characteristic polynomial is s? + 105? + 21s + 0. 


Now check observability by calculating the observability matrix and its determinant. 
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21. 


22. 


Solution to Problems 12-31 


OMz Observability Matrix of z 


1 0 0 

-10 1 0 

79 -10 1 
Det(OMz) 1 


Using the given transient requirements, and placing the third closed-loop pole 10 times further from 

the imaginary axis than the dominant poles yields the following desired characteristic polynomial: 
(s + 300)(s° + 60s + 5625) = s? + 360s^ + 23625s + 1687500 

Equating this polynomial to Eq. (12.67), yields the observer gains as: 


Lz Observer for z 
350 

23604 

1687500 


Using Eqs. (4.39) and (4.34) to find € = 0.5912 and o = 19.4753 respectively. Factoring the 


denominator of Eq. (4.22), the required poles are -11.513 + j15.708. We place the third pole 20 times 
further at 230.26. Multiplying the three closed-loop pole terms yields the desired characteristic 


equation: s? + 253.28s2 + 5681.19s + 87334.19 = 0. 


25 1 0 [01 
Representing the plant in observer canonical form: Ay =|-171 0 1 PB, =| 0 |; 
-315 0. 0 110 | 


Coc =[1 0 0]. The first column of Aoc contains the coefficients of the characteristic equation. 
Comparing the first column of Aoc to the desired characteristic equation and using Eq. (12.67), 11 = 


253.28 - 25 = 228.28; l2 = 5681.19 - 171 = 5510.19; and l3 = 87334.19 - 315 = 87019.19. Hence, 


Loc = [228.28 5510.19 87019.19]T. 


The A, L, and C matrices for the phase-variable system are: 


fo 1 0] 
A=lo 0 1| 

lo -21 10] 

c=[ 0 0] 
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Hence, 


[Aw 1 o0 ] 
a-(A-Lej=] L à -1 | 
L. "Db dd] 
Or 
lA -(A-LC)- Z +(10+1)4 + (21+ 101, +1,)4 (211, +101, +1) 
From Problem 19, the desired characteristic polynomial is 43 + 36012 + 236254 + 1687500. 
Equating coefficients yields: 
10 +} = 360; (214101, - 1,) = 23625; (211, +10L + 1,) 21687500 
Solving successively, 
l = 350; l, = 20104; l, = 1479110 


23. 
The A, L, and C matrices for the phase-variable system are: 


[0 1] [1| 
AH usos en PET] 

Hence, 
| 421, L-1 | 


oA UG 2,445 L +4414] 


or 
A. + (21, +1, +14)A + (2L, — 171, + 45) 
From the problem statement, the desired characteristic polynomial is A2 + 1442 + 14400. 


Equating coefficients yields, 


(21, + 1, +14) 2144; (21, — 171, + 45) 214400 
Solving simultaneously, 
l =-671.2; l, = 1472.4 


24. 
The A matrix for each part is given in the solution to Problem 11. Each observability matrix is 


calculated from Eq. (12.79). 
a. 


-2 n 1 a d J 
4s| 0 -2 0 |;C=-6515;0m =| -10 -10 -10 [Or] = O, unobservable 
ü n -3 20 | 20 20 
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b. 
-2 1 Ù J ü 5 

d=|0 -2 0 C =(5,0,5) Op =| -10 5 -15 ; [Om| = 125 ; observable 
0 0 -3 20 -20 45 

C; 
-4 1 Ù 1 oo ù 

a-lo o 1 [;C2(LO9;Ows|-4 1 0 | ; [On| 2 1; observable 
0 0 -3 16 -4 1 

d. 
-4 1 qn 1 ù ù 

a-lo o 1 [;C2t(nO9;Ows|-4 1 0 | ; [Or] =1, observable 
-5 ü -3 16 -4 1 

e. 

E ü 1 . = . s 10 = 

a =[ 2, As] ; C= 0,00; Om - (11) ; |Om] =1; observable 

f. 
-40 n $t ten td 

A=] 0 -50 |;Ce(LLl1):Ow-|-4 -5 -6 | ;|Om| = - 8 ; observable 
IER. 16 25 36 

Program: 

'(a)' 


A-[-2 0 1;0 -2 0;0 0 -3] 
C=[5 5 5] 

Om=obsv(A, C) 
Rank=rank(0Om) 


'(f)' 

A=[-4 0 0;0 -5 0;0 0 -6] 
C=[1 1 1] 

Om=obsv(A,C) 

Rank-rank (Om) 


Computer response: 


ans = 
(a) 
A= 
-2 0 1 
0 -2 0 
0 0 -3 
C= 
5 5 5 
Om = 
5 5 5 


-10 -10 -10 


Solution to Problems 12-33 


%Form compensated A matrix 
%Form compensated C matrix 
%Form observability matrix 
%Find rank of observability 
%matrix 


%Form compensated A matrix 
%Form compensated C matrix 
%Form observability matrix 
%Find rank of observability 
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A= 
-4 0 0 
0 -5 0 
0 0 -6 
Gs 
1 1 1 
Om = 
1 1 1 
-4 -5 -6 
16 25 36 
Rank - 
3 
26. 
Representing the system in state space yields 
0 1 0 
X = X + u; = C C x 
5 el H d [ 1 2] 
Using Eq. (12.79), 
C C 
O i ° ddet O ee a 
=> and det = C -2C C, +C 
M -C C. -2C M 1 12 2 
2 ( 1 2) 
Thus, the system is unobservable if c4 = c». 
27. 


The A and C matrices for the system represented in cascade form is 


Az 
-20 1 0 

0 -13 1 

0 0 -5 
Cz 

1 0 0 


The characteristic polynomial found from the transfer function of the plant is 
s? 38s? + 425s + 1300 
From this characteristic polynomial, we can write observer canonical form of the state equations. The 


A and C matrices of the observer canonical form are given below as 


Ax 
-38 1 0 
-425 0 1 
-1300 0 0 
Cx 
1 0 0 
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Det(OMz) 


28. 


Solution to Problems 12-35 


To test observability, we write the observability matrices for both systems and show that both 


observability matrices have non zero determinants. Using Eq. (12.79), 


Observability Matrix of z OMx 
0 0 1 
1 0 -38 
-33 1 1019 
al Det(OMx) 


Observability Matrix of x 


Using Eq. (12.89), we obtain the transformation matrix, P, and its inverse as 


Transformation Matrix z=Px PINV 
0 0 1.00 
1 0 18.00 
-5 1 65.00 


0 0 
1 0 
-38 1 

1 
0.00 0.00 
1.00 0.00 
5.00 1.00 


Using the characteristic polynomial given in the problem statement, the plant's characteristic 


equation, and Eq. (12.67), the observer for the observer canonical system is 


Lx 
562 
39575 
1498700 


Observer for x 


Using Eq. (12.92), the observer for the cascade system is found to be 


Lz Observer for z 
562 
29459 
1314875 
Program: 
A-[-20 1 0;0 -13 1;0 0 -5] 
B-[0;0;1] 
c=[1 0 0] 
D=0 


poles=roots([1 600 40000 1500000] ) 
L-acker(A',C',poles); 

Ll ba 

E! 


Computer response: 
A s 


-20 1 0 
0 -13 1 
0 0 -5 
B= 
0 
0 
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0 
poles - 
1.0e+002 * 
-5.2985 


-0.3508 + 0.4001i 
-0.3508 - 0.4001i 


ans 


ans = 
1.0e+006 * 
0.0006 


0.0295 
1.3149 


29. 
Expanding the plant by partial fractions, we obtain 


es == A Oe SA 
(s+5)(s +13)(s+20) — (s+5) (s+13) (s * 20) 


The A and C matrices for the system represented in parallel form is 


Az 

-5 0 0 
0 -13 0 
0 0 -20 

Cz 

1 1 1 


The characteristic polynomial found from the transfer function of the plant is 


s? 38s? + 425s + 1300 
From this characteristic polynomial, we can write the observer canonical form of the state equations. 


The A and C matrices of the observer canonical form are given below as 
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Ax 
-38 1 0 
-425 0 1 
-1300 0 0 
Cx 
1 0 0 


To test observability, we write the observability matrices for both systems and show that both 


observability matrices have non zero determinants. Using Eq. (12.79), 


OMz Observability Matrix of z OMx Observability Matrix of x 
1 1 1 1 0 0 
-5 -13 -20 -38 1 0 
25 169 400 1019 -38 1 
Det(OMz) -840 Det(OMx) 1 


Using Eq. (12.89), we obtain the transformation matrix, P, and its inverse as 


P Transformation Matrix z=Px PINV 
0.2083333 -0.04166667 0.008333333 1.00 1.00 1.00 
-3.017857 0.232142857 -0.01785714 33.00 25.00 18.00 
3.8095238 -0.19047619 0.00952381 260.00 100.00 65.00 


Using the characteristic polynomial given in the problem statement, the plant's characteristic 


equation, and Eq. (12.67), the observer for the observer canonical system is 


Lx Observer for x 
562 
39575 
1498700 


Using Eq. (12.92), the observer for the parallel system is found to be 


Lz Observer for z 
10957.29167 
-19271.4821 
8876.190476 
30. 


Use Eqs. (4.39) and (4.42) to find € = 0.5912 and 0 = 135.328 respectively. Factoring the 


denominator of Eq. (4.22), the required poles are -80 + j109.15. We place the third pole 10 times 
further at -800. Multiplying the three closed-loop pole terms yields the desired characteristic 


equation: 


s3 + 9605? + 146313.746s + 14650996.915 = 0. 
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-18 1 0 
A __ ; T 
Since G(s) = <3 4 1852 4 995 4 162 ° the plant in observer canonical form is: Aj. =| -99 0 1j; 
-162 0 0 
1 0 0 
Boc =| 0 |; Coc =[1 0 0]. Using Eq. (12.79), Og, =|-18 1 0f, which is observable since 
50 225 -18 1 
the determinant is 1. Since G( — e the ph iable f i 
e determinant is 1. Since G(s) = 53 + 1852 + 995+ 169 > ne Phase-variable form is 
0 1 0 0 
Apv =| 0 0 1 |; By =|9|;C=[50 0 0] Using Eq. (12.79), 
—162 -99 -18 1 
50 0 0 
Ompv=|0 50 0 |, which is observable since the determinant is 125000. The first column of 
0 0 50 


Aoc contains the negatives values of the coefficients of the characteristic equation. Comparing the 
first column of Aoc to the desired characteristic equation and using Eq. (12.67), l4 = 960-18 = 942; l2 
= 146313.746-99 = 146214.746; and l3 = 14650996.915-162= 14650834.915. Hence, 

Loc = [942 146214.746 14650834.915]. The transformation matrix is, 


0.02 0 0 
P = Ompv!Omoc=|-0.36 0.02 0 
45  -0.36 0.02 


Transforming back to the original system, Lpy = PLoc = [18.84 2585.175 244618.39]T. 


31. 
a. 
Since both systems are in phase variable form it readily follows that: 


det(sI - A,) 2 s? +3s+2 


and 


det(sI - A,) 2 s? - 6s? +115+6 
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0 2 
G,(s)=C,(sI—A,)"B, =]2 0 = 
ie Car JB, =| REM s^ 3s +2 


s +6s+11  s+6 1 
-6 s(s 4- 6) S b 
G,(s) - C,(sI- A,)^B, -[6 2 0] c SA 0 
S)— si — = 
d : S s? 4 6s? 4 1154 6 i 
2(s +3) B 2 
s +6s°+11s+6  s^-3s42 
b. 
O ri an k(0,,)-2 S 1 is observabl 
= = ; ran = stem 1 is observable 
e Aroa M y 
C, 6 2 0 
Ou, =|C,A, |=| O 6 2 |; rank(O,,,) =2 System 2 is not observable 
C,Aj| |-12 -22 -6 
The open-loop transfer function of the plant is T(s) = C(sI-A) HB = = 2 
Using Eqs. (12.115), the closed-loop state equations with integral control is 
x1 -i 1 ü 51 ü 1 
my |=| -k1 -ko+2 ke xa +9 Jr SEg-CÍLLU)x 
AM -1 -1 ü NN 1 EM 


The characteristic polynomial is 
s3 + (ko-1)s? + (ko + ky + ke - 2)s + 2ke 
The desired characteristic polynomial is calculated from the desired transient response stated in the 
problem. Also, the third pole will be placed to cancel the zero at -2. Hence, the desired characteristic 
polynomial is 
(s + 2)(s? + 16s + 183.137) = s3 + 1852 + 215.14s + 366.27 
Equating coefficients of the characteristic polynomials yields, 


ke = 183.135, ky = 19, ky = 15.005 
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33. 
s+3 


- i 1 = E -1 = 
The open-loop transfer function of the plant is T(s) = C(sI-A)*B Daeg 


Using Eqs. (12.115), the closed-loop state equations with integral control is 


xl -7 1 ü 51 ü ai 
xa |=| -Ei -[5*k2] ke [| x2 a(i} ; ¥=(LLO]| 2 
AM -1 -1 ü NN 1 EM 


The characteristic polynomial is 


s3 + (k2 + 7)52 + (2ko + ky + ke + 10)s + 3ke 
The desired characteristic polynomial is calculated from the desired transient response stated in the 
problem. Also, the third pole will be placed to cancel the zero at -3. Hence, the desired characteristic 
polynomial is 
(s+ És + 1654 183,14) = 534 19524 231,145+ 549.41 


Equating coefficients of the characteristic polynomials yields, 


ke = 183.137, k? = 12, ky = 14.003 


SOLUTIONS TO DESIGN PROBLEMS 


34. 
Writing the A and B matrices for (G(s) represented in phase-variables form, 


A B 

0 1 0 0 

0 0 1 0 
1.30E+06 4551 -286 10 


From the phase-variable from, the characteristic polynomial is s? + 286s2 - 4551s - 1301586. 


Finding the controllability matrix and it’s determinant shows that there is controllability, 


CM 
0 0 10 
0 10 -2860 
10 -2860 863470 
Det(CM) -1000 


Using the given transient requirements, and arbitrarily placing the third closed-loop pole more than 5 
times further than the dominant pair at -50 yields the following desired closed-loop characteristic 


polynomial: 
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(s? + 16s + 134.384)(s + 50) = s? + 665? + 934.4s + 6719.2Using the phase-variable system with state 


feedback the characteristic polynomial is 
s3 + (k3 + 286)s2 + (kp - 4551)s + (k1 - 1301586) 
Equating the two characteristic polynomials yields the state feedback vector for the phase-variable 
system as 


K 
1308305.2 5485.4 -220 


a. The open loop characteristic polynomial is 


(s + 0.004)(s + 0.19)(s + 0.66) = s? + 0.854s* +0.1288s + 0.0005016 = s? - a,s^ c as +a, 


The desired characteristic polynomial is 


1 
(s + —)' (s 4 0.5) = s? + 0.854s* + 0.1288s + 0.0005016 = s? +d,s* +d,s+d, 
15 


So we have 


k, = d, - a, =0.0017204 
k, = d, — a, = 0.05769 
k, =d, -a, =-0.2207 


b. 

>> A = [0 1 0; 0 0 1; -0.0005016 -0.1288 -0.854]; 
>> B=[0;0;1]; 

>> C = [0.000078 0.00414 0.01]; 

>> K=[0.0017204 -0.05769 -0.2207]; 


>> eig( A-B*K) 


ans = 
-0.49995739538301 
-0.06584435043216 


-0.06749825418482 
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36. 


a. By inspection the phase variable form of this system results in 


0 1 0 0 
A= 0 0 1 ; Bz|05 
—0.000078 -0.01265 —0.5250 1 


C =[-0.01197x10* -0.958x10* 0]; D=0 


b. The characteristic equation of the closed loop system will have 3 poles. Two of them will be 


1 E 
placed at — ———— = — sec 1 to satisfy the settling time spec. The third pole will be placed 
300sec 75 


farther to the left of the latter, say at -0.05. The desired characteristic polynomial is 
(s +0.0133)* (s + 0.05) = s? + 0.0766s* + 0.00150689s + 0.0000088445 = 0 


The closed loop matrix is 


0 1 0 
A-BK = 0 0 1 
—(0.000078--k,) —(0.01265+k,) —(0.525+k,) 


Which will result in a characteristic polynomial 

s? +(0.525+k,)s? + (0.01265 + k, )s + (0.000078 + k,) = 0 

Equating coefficients for both polynomials we get k, = —0.4484 , k, = —0.01114311 and 
k, =-6.91555x10” 

c. 

>> A=[0 1 0; 0 0 1; -0.000078 -0.01265 -0.525]; 

>> B=[0;0;1]; 

>> C=[-0.01197e-4 -0.9580e-4 0]; 

>> D=0; 

>> K=[-6.91555e-5 -0.01114311 -0.4484]; 


>> eig(A-B*K) %check 


ans = 
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37. 


Amplitude 


Solution to Problems 12-43 


-0.0133 
-0.0133 


-0.0500 


>> step(A-B*K,B,C,D) 


Step Response 
0 c T 


-0.02 | | 
-0.04 | J 
-0.06 | d 
-0.08 | B 

-0.1 N d 


-0.12 - ` z 


Time (sec) 


83335 
s^ -- 10s + 41665 


a. The system's transfer function G(s) = C(sI- A) ! B = 


b. From the transfer function by inspection 


A -| : ! E po =[83335 0] 
P |-41665 -10] ? |1|' ^ 

ES 
eT, 


equation is s^ + 2£0,s+w% — s^ 4 16s 4 130.65 


c. A 2096 overshoot gives ¢ — 0.7 , and @, = = 11.43 so the desired characteristic 


Equating gains we have 
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41665 + k, 2130.65 and 10+k, 216 giving K, 2[k, k,]=[- 41534.35 6] 


d. The Controllability matrix for the original system is 


167 xs 


Cw, = [B an]- O 83335 


The Controllability matrix for the phase variable system is 


0 1 
Cu =B, asdi 2] 


The transformation matrix is 


oh s 1667 167 
A 83335. 0 


The set of gains for the original system is: 
K, =K,P” = [0.0360 —0.4991] 
e. det(s] - (A— BK,)) = s? +16s +130.65 
f. 
>> A=[0 -83.33; 500 -10]; 
>> B = [166.67;0]; 
>> C=[0 1]; 
>> K=[0.0360 -0.499]; 


>> step(A-B*K,B,C,0) 
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700 


600 


500 


400 


Amplitude 


300 


200 


100 


38. 


0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 


Solution to Problems 12-45 


Step Response 


Time (sec) 


a. We start by expressing the system in Observable Canonical form. From problem IV, the transfer 


function 


C(s) = 


diagram: 


83335 
2 
is G(s) = 215) => oe = 2 , so we can write 
R(s) s^ +10s + 41665 í 10 41665 
+—+— > 

S S 
1 1 . : 
=| —10C(s) + —(83335R(s) - 41665C(s)) from which we get the following 
S S 
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8 3335 5 X, = Xe 1 


= 4166S" 


By direct inspection we can write 
Xo -10 1] x, 0 Xo 
ME + E, and y=[1 0] 
x, | |-41665 0|x, | |83335 X, 


The characteristic equation for this system is s^ -- 10s + 41665 = O with roots at 
-5+j204.06. To make the observer 10 times faster its poles will be placed at -50+j2040.6 
The desired characteristic equation is s^ +100s + 4.167 x10? =0 


The error equation is given by 
—(10+1,) 1 


e, =(A-LO)e, = 
x= Je, Br 0 


k. which has a characteristic equation 


s^ +(10+1,)s +(41665+1,)=0 


By equation coefficients with the desired characteristic equation we obtain 


I, 2100 —10 =90 and l, = 4.167 x10° — 41665 = 4125335 
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65 (22 ABE 04% 


0 


Time offset: 0 
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39. 


64 929 ABE Gas 


Time offset: 0 


a. From the solution of Problem III the system can be written in phase variable form as: 


0 1 0 0 
A, = 0 0 1 [B,-|0; 
-0.000078 -0.01265 -0.5250 1 


C, -[-0.01197x10 ^ -0.958x10^ 0]; D, =0 


The corresponding observability matrix is: 
C, —0.012x10^ -—0.958x10 * 0 
Ou, =| C,A, |= 0 —0.019x10^ -—0.958x10* 
C,A; 0.0001x10*  0.0121x10 ^  0.491x10 * 


It is readily verified that the rank of O yy, is 3 and the system is observable. 


Next we write the system in observable canonical form, for this let 


—0.958x10* 0.01197 x10 * 


G(s) CO). -0959x10s-O0n97x10* ^ vy ` 
R(s) s? 4-0.525s? + 0.01265s + 0.000078 m 0.525 " 0.01265 0.000078 
S s? s? 


From which we can write: 
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C(s) = Y- 0.525C(s) + H- 0.958 x 10~* R(s) — 0.01265C(s) + aC 0.01197 x 107^ R(s) — 0.000078 
S S S 


Giving the following state flow diagram. 


- Q,0uAXIo 


= 0.000930 
The system in observer canonical form is 
-0.5250 1 0 0 
A, =| -0.01265 0 1|;B,=| -0.958x10 * 
-0.000078 0 0 —0.01197 x10 * 


C,=[1 0 0]; D, -0 


And 
— (0.5250 + L) 1 0 


A,-L,C,-| -(0.0126541,) 0 1 
—(0.000078-1,) 0 0 


With a characteristic polynomial 


s? + (0.525+1,)s? +(0.01265+1,) + (0.000078 +1,) = 0 
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The plant has poles at -0.5, -0.0128 and -0.0122. To obtain the tenfold speed increase in the 
observer arbitrarily we will place the observer poles 10 times to the left of the plant poles, namely - 
5, -0.128 and -0.122. The resulting desired polynomial is 

s? + 0.75s* -- 0.1406s + 0.007808 = 0 Comparing the observer and the desired polynomials 
we obtain: 

L = 0.75 — 0.525 = 0.225 

I, = 0.1406 — 0.01265 = 0.128 


l, = 0.007808 — 0.000078 = 0.0077 
0.225 

Or L, =| 0.128 
0.0077 


The observability matrix for the observable canonical system is: 


C, 1 0 0 
Ow =| C,A, |-|-025 1 0 
C,A? 0.263 -0.525 1 


The transformation matrix is 
14x10* -—688x10* 33480x10* 
P-O,4,0, =|-1x10% 14x10* -688x10 


1x10* -1x10* 14x10* 
Finally 
1.7286 x10? 
L, =OL, =| -379x10* 
700 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solution to Problems 12-51 
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Es -Jel x! 
efm05299?ausaamxmuc3st * 
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Solution to Problems 12-53 


A — -lalxi 
SA SSS ADE OAS 7 


Controller design: 


The transfer function for the plant is 


OA “Ps 
The characteristic polynomial for the plant with phase-variable state feedback is 
s3 + (6.2 + k3)s? + (6.32 + k9)s + (1.6 + k1) 

Using the given transient response of 5% overshoot and Ts = 10 minutes, and placing the third pole 
ten times further from the imaginary axis than the dominant pair, the desired characteristic equation is 
(s + 4)(s2 + 0.8s + 0.336) = s? + 4.85? + 3.5365 + 1.344. 

Comparing the two characteristic equations, k1 = - 0.256, kp = -2.784, and k3 = -1.4. 
Observer design: 


The A and C matrices for the system represented in phase-variable form is 
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A PA EA AN | eee 


The characteristic polynomial found from the transfer function of the plant is 
s3 + 6,252 + 6.32s + 1.6 
From this characteristic polynomial, we can write the dual phase-variable form of the state equations. 


The A and C matrices of the dual phase-variable form are given below as 


Ax 
-6.2 1 0 
-6.32 0 1 
-1.6 0 0 

Cx 

1 0 0 


To test observability, we write the observability matrices for both systems and show that both 


observability matrices have nonzero determinants. Using Eq. (12.79), 


OMz Observability Matrix of z OMx Observability Matrix of x 
5 0 0 1 0 0 
0 5 0 -6.2 1 0 
0 0 5 32.12 -6.2 1 
Det(OMz) 125 Det(OMx) 1 


Using Eq. (12.89), we obtain the transformation matrix, P, and its inverse as 


P Transformation Matrix z=Px PINV 

0.2 0 0 5.00 0.00 0.00 
-1.24 0.2 0 31.00 5.00 0.00 
6.424 -1.24 0.2 31.60 31.00 5.00 


Using the characteristic polynomial given in the problem statement, the observer for the dual phase- 
variable system is 


Lx 
41.8 
347.28 
1342.4 


Using Eq. (12.92), the observer for the cascade system is found to be 


Lz 
8.36 
17.624 
106.376 


41. 
a. As per equation (12.115) in the text the augmented system is: 
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X, Xi 0 
. A-BK Bk, 
X, |= x, |*|[Orr 
E -C 0 
Xy Xy 1 
|| 0 -8333] [166.67 166.67] | Xx | [0 
a [k, kj] k, 
— 500 —10 0 0 | X, + 0 r 
[o —1] 0 Xxx E 
|-166.67k, —(83.334166.67k,) 166.67k, | x, | [0 
= 500 —10 0 x, |+| 0 |r 
| 0 -1 0 xy 1 
Xx, 
y= [C 0] X 
Xy 
The characteristic equation for the system above is: 
s+166.67k, 83.33+166.67k, —166.67k, 
det(sI - A ug) = — 500 s+10 0 
0 1 S 


= s? +(10+166.67k, )s* + (1666.7k, + 41665 + 83335k, )s + 83335k, 


The desired polynomial for T, = 0.5sec and %OS=20% with an extra far away pole is: 
(s? +16s +130.65)(s +50) = s? + 66s* -- 930.6s + 6532.5 

Equating coefficients in both polynomials we have: 

10 +166.67k, = 66— k, = 0.336 

1666.7k, + 41665 + 83335k, = 930.6— k, = —0.4955 

83335k, = 6532.5— k, = 0.0783884 
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1 


BSP 2 ABB ea 


Hc E. a 1. 
ke Integrator2 x Gain1 Integrator] ^ Gain2 Integrator 
a 
Fla 104—— 
-83.33 
x. 


1 


+ 
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42. 
a. Using the following signal-flow graph, 
E E HO 
800 s x3 20000 s x2 1 s XÍ ow 


U y 


the plant is represented in state space with 


0 1 0 0 
A-|0 -100 20000; B=| 0 |;andC=[1 0 QJ]. 
0 0 —800 800 
Using Eq. (12.26), 
0 0 16E07 


Cm=| 0 L6E07 -1.44E10 
800 -6.4E05  5.12E08 
The system is controllable since the determinant of Cw = -2.04e17. Use Eqs. (4.39) and (4.42) to find 
6 = 0.5912 and œp = 135.3283 respectively. Factoring the denominator of Eq. (4.22), the required 
poles are -80 + j109.15. Place the third pole 10 times farther at = 800. Multiplying the three closed- 
loop pole terms yields the desired characteristic equation 
s3 + 960s2 + 1.463E05s + 1.4651E07 = 0. 

Since the plant's characteristic equation is s? + 900s2 + 80000s, we write the plant in controller 


canonical form as 


—900 -80000 0 1 
Av | 1 0 0 l; Bæ =|0/|;andCe¿=[0 O 1.6E07] 
0 1 0 0 


The controllability matrix for controllable canonical form is 

1 -900 730000 

Cmc =| 9 1 —900 

0 0 1 
Comparing the first row of Acc to the desired characteristic equation and using the results of Problem 
5, k1 = -(900 - 960) = 60; kz = -(80000 - 1.463E05) = 66300; and k3 = -(0 - 1.465E07) = 1.465E07. 
Hence. 

Kec =[60 66300 1.465E07] 

The transformation matrix is, 


0 150 1.6E07 
P=CMCmMcct=| 0 16E07 0 
800 8E04 0 
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Transforming back to the original system, 
K = K¿cP"1 = [9.1569E-01 3.7696E-03 7.5E-02] 


The controller compensated system is 


0 1 0 0 
A-BK= 0 -100 20000}; B=) 0 |;C=[1 0 0] 
—732.55 -3.0157 -860 800 


b. To evaluate the steady-state error, use Eq. (7.89) where 


0 1 0 
A-BK= 0 —100 20000 
—732.55 -3.0157 -860 


is the system matrix. Thus, 


[s I-[A -B K ]) 7t = 


s 2+960 s +1.4631 x10? s -860 20000 
SS ee —14651040 s 2+860 s 20000 s 
s “+960 s “+1.4631x10" s * 14651040! 73555 s -73255 —3.0157 s —732.55 s 24100 s 


The steady-state error is given by 
sR(s)1-C (s 1-[A -B K ])~!B ]as s->0 
For a step input, R(s) - 1/s. Since 


1-C (s I -[A -B K DIB SS À——IL————— — 9000000 
s 3+960s 2 1.4631x10? s +14651040 


for a step input e(oo) = -0.092073. Using Eqs. 12.115, the system with integral control is: 


0 1 0 0 : 
0 —100 20000 0 
A] = ¿Br =|0 |; 
-800 K 1 -800 K>  -800K3-800 800Ke 0 
-1 0 0 0 1 
C r =(1,0,0,0) 


Assume the following desired characteristic equation: 
(s? + 960s2 + 1.463E05s + 1.4651E07)(s + 1000) = 
s +1960 s 3+ 1.1063x109 s 2+1.6096x108 s + 1.4651x101% =0, 


which is the desired characteristic equation from part (a) plus an additional pole at -1000. But the 


integral controlled system characteristic equation is 

IsI - Aj = s +100 (8 K 3+9) s ?-- 80000 (K 3 200 K 2+1) s 216000000 K 1 s 16000000 K e 
Equating coefficients to the desired characteristic equation 

100 (8 K 3+9) = 1960; 80000 (K 3+ 200 K 2+1) = 1.1063x10%; 16000000 K 1 = 1.6096x108; 
16000000 K + =1.4651x101% 

Solving for the controller gains: K + = 915.69; K 1 = 10.06; K 9 = 0.05752; and K 3 = 1.325. 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solution to Problems 


Substituting into Ay yields the integral controlled system. 


0 1 0 0 : 
a NN: uc ee o [Br=[0|Ccr=(1,0,0,0) 
—8048.2 —46.016 -1860 7.3255 x109 i 
= 0 0 0 


Finding the characteristic equation as a check yields 


s 4+1960s 9+1.1063x10% s 7+ 1.6096x108 s +1.4651x101% 
which checks with the desired characteristic equation. Now check the steady-state error using 
Eq. (7.89) using the integral controlled system. We find the error is zero. 


C. 
Program: 
'Controller Compensated' 
A=[0 1 0;0 -100 20000;-732.55 -3.0157 -860]; 
B-[0;0;800]; 
C=[1 0 0]; 
D-0; 
S=ss(A,B,C,D) 
step(S) 
title('Controller Compensated') 
pause 
'Integral Controller' 
A=[0 1 0 0;0 -100 20000 0;-8048.2 -46.016 -1860 7.3255e05;-1 0 © 0]; 
B-[0;0;0;1]; 
C=[1 0 © 0]; 
D-0; 
S=ss(A,B,C,D) 
step(S) 
title('Integral Controller') 


Computer response: 
ans = 


Controller Compensated 


x1 x2 x3 
x1 0 1 0 
x2 0 -100 2e+004 
x3 -732.5 -3.016 -860 
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d = 
ul 
yl 0 
Continuous-time model. 


ans = 


Integral Controller 


x1 x2 x3 x4 


x1 0 1 0 0 
x2 0 -100 2e+004 0 
x3 -8048 -46.02 -1860 7.326e+005 
x4 -1 0 0 0 
b= 
ul 
x1 0 
x2 0 
x3 0 
x4 1 
C m: 
x1 x2 x3 x4 
yl 1000 
d= 
ul 
yl 0 


Continuous-time model. 
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Controller Compensated 
14 


1.2 


0.8 


Amplitude 


0.4 


0.2 


0 0.01 D.02 0.03 0.04 0.05 0.06 0.07 
Time (sec) 


Integral Controller 
14 


1.2 


0.4 


0.2 


0 0.01 D.02 0.03 0.04 0.05 0.06 0.07 
Time (sec) 
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43. 


Program: 

%Enter G(s) 

numg=0.072*conv([1 23],[1 0.05 0.04]); 
deng=conv([1 0.08 0.04], ,poly([0.7 -1.7])); 
'G(s)' 

G=tf (numg, deng) 

'Plant Zeros' 

plantzeros=roots(numg) 

%Input transient response specifications 
Po-input('Type %0S '); 

Ts=input('Type settling time PE 


9 Determine pole location 
z-(-10g(Po/100))/(sqrt(pi^2-10g(Po/100)^2)); 
wn=4/(z*Ts); 

%wn=pi/(Tp*sqrt(1-242)); 

[num, den]=ord2(wn,zZ); 

r=roots(den); 

poles-[r(1) r(2) plantzeros(2) plantzeros(3) ] 
characteristiceqdesired=poly(poles) 


%Find controller canonical form of state-space representation of G(s) 
"Controller Canonical Form' 
[Ac Bc Cc Dc]=tf2ss(numg, deng) 


%Design controller gains 
Kc-acker (Ac, Bc, poles) 

Acnew-Ac -Bc*Kc 

Bcnew-Bc 

Ccnew-Cc 

Dcnew-Dc 
characteristiceqcontroller-poly(eig(Acnew)) 


%Transform to phase-variable form 
P-[O © © 1;0 01 0;0 1 O 0;1 0 O 0]; 
'Phase-variable form' 

Ap=inv(P)*Ac*P 

Bp=inv(P)*Bc 

Cp=Cc*P 

Dp=Dc 

Kp=acker (Ap, Bp, poles) 

Apnew=Ap - Bp* Kp 

Bpnew=Bp 

Cpnew=Cp 

Dpnew=Dp 
characteristiceqphase=poly(eig(Apnew) ) 
[numt, dent ]=ss2tf (Apnew, Bpnew, Cpnew, Dpnew) ; 
T=tf(numt, dent); 

'T(s)' 

T=minreal(T) 

step(T) 

'T(s)' 

Tzpk=zpk(T) 

'Poles of T(s)' 

p=pole(T) 


Computer response: 
ans = 
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G(s) 


Transfer function: 
0.072 S^3 + 1.66 s^2 + 0.08568 s + 0.06624 


S^4 * 1.08 s^3 - 1.07 s^2 - 0.0552 s - 0.0476 


ans = 


Plant Zeros 


plantzeros - 
-23.0000 
-0.0250 + 0.1984i 
-0.0250 - 0.1984i 


Type «0S 10 
Type settling time 0.5 


poles = 

-8.0000 +10.9150i -8.0000 -10.9150i -0.0250 + 0.1984i -0.0250 - 
0.1984i 
characteristiceqdesired = 


1.0000 16.0500 183.9775 9.7969 7.3255 


ans = 


Controller Canonical Form 


Ac = 
-1.0800 1.0700 0.0552 0.0476 
1.0000 0 0 0 
0 1.0000 0 0 
0 0 1.0000 0 
Bc = 
1 
0 
0 
0 
Cc = 


0.0720 1.6596 0.0857 0.0662 


Dc = 
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14.9700 185.0475 9.8521 7.9731 


Acnew = 


-16.0500 -183.9775 -9.7969 -7.3255 


1.0000 0 0 0 
0 1.0000 0 0 
0 0 1.0000 0 
Bcnew = 
1 
0 
0 
0 
Ccnew = 


0.0720 1.6596 0.0857 0.0662 


characteristiceqcontroller = 


1.0000 16.0500 183.9775 9.7969 7.3255 


ans = 


Phase-variable form 


Ap = 
© 1.0000 0 0 
0 © 1.0000 0 
0 0 © 1.0000 
0.0476 0.0552 1.0700 -1.0800 
Bp = 
0 
0 
0 
1 
Cp = 


0.0662 0.0857 1.6596 0.0720 


Dp 


Kp 
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7.9731 9.8521 185.0475 14.9700 


Apnew = 
0 1.0000 0 0 
0 0 1.0000 0 
0 0 0 1.0000 
-7.3255 -9.7969 -183.9775 -16.0500 
Bpnew = 
0 
0 
0 
1 
Cpnew - 


0.0662 0.0857 1.6596 0.0720 


characteristiceqphase = 


1.0000 16.0500 183.9775 9.7969 7.3255 


ans = 
T(s) 


Transfer function: 
0.072 S * 1.656 


S^2 + 16 S + 183.1 
ans - 
T(s) 


Zero/pole/gain: 
0.072 (s*23) 


(sA2 + 16s + 183.1) 


ans = 


Poles of T(s) 
p = 


-8.0000 +10.9150i 
-8.0000 -10.9150i 
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Step Response 
0.012 T T T T T T 


0.01 


0.008 


0.006 


Amplitude 


0.004 


Time (sec) 


Program: 

%Enter G(s) 

numg=0.072*conv([1 23],[1 0.05 0.04]); 
deng=conv([1 0.08 0.04], ,poly([0.7 -1.7])); 
'Uncompensated Plant Transfer Function' 
'G(s)' 

G-tf(numg, deng) 

'Uncompensated Plant Zeros' 
plantzeros-roots(numg) 

%Input transient response specifications 
Po-input('Type %0S '); 

Ts-input('Type settling time '); 


%Determine pole location 
z-(-10g(Po/100))/(sqrt(pi^2-10g(Po/100)^2)); 
wn=4/(z*Ts); 

%wn=pi/(Tp*sqrt(1-z42)); 

[num, den]=ord2(wn,z); 

r-roots(den); 

'Desired Observer Poles' 

poles-[r(1) r(2) plantzeros(2) plantzeros(3)]' 
'Desired Characteristic Equation of Observer' 
poly(poles) 


%Find phase variable form of state-space representation of Estimated Plant 
%Find controller canonical form 
[Ac Bc Cc Dc]-tf2ss(numg, deng); 


%Transform to phase-variable form of Uncompensated Plant 
P-[O © © 1;0 01 0;0 1 O 0;1 0 O 0]; 

'Phase-variable form of Estimated Plant' 

Ap-inv(P)*Ac*P 


Copyright O 2011 by John Wiley & Sons, Inc. 


Bp-inv(P)*Bc 
Cp=Cc*P 
Dp=Dc 


%Design observer gains for phase variables 
"Observer gains' 
Lp=acker(Ap',Cp',poles)' 
"Error System Matrix' 
Aep-Ap-Lp*Cp 
'Error System Eigenvalues' 
eig(Aep) 
'Error Characteristic Polynomial' 
poly(eig(Aep)) 


Computer response: 
ans = 


Uncompensated Plant Transfer Function 


ans - 
G(s) 


Transfer function: 
0.072 S^3 + 1.66 s^2 + 0.08568 s + 0.06624 


S^4 * 1.08 s^3 - 1.07 s^2 - 0.0552 s - 0.0476 


ans = 


Uncompensated Plant Zeros 


plantzeros - 
-23.0000 
-0.0250 + 0.1984i 
-0.0250 - 0.1984i 


Type «0S 10 
Type settling time 0.5/15 


ans = 


Desired Observer Poles 


poles = 
1.0e+002 * 
-1.2000 - 1.6373i 
-1.2000 + 1.6373i 
-0.0003 - 0.0020i 
-0.0003 + 0.0020i 
ans = 


Desired Characteristic Equation of Observer 
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ans = 
1.0e+004 * 


0.0001 0.0240 4.1218 0.2070 0.1648 


ans = 


Phase-variable form of Estimated Plant 


Ap = 
0 1.0000 0 0 
0 0 1.0000 0 
0 0 0 1.0000 
0.0476 0.0552 1.0700 -1.0800 
Bp = 
0 
0 
0 
1 
Cp = 


0.0662 0.0857 1.6596 0.0720 


ans = 


Observer gains 


Lp = 
1.0e+004 * 
-0.0002 
0.0043 
-0.0986 
2.5994 


ans = 


Error System Matrix 


Aep = 
1.0e+004 * 
0.0000 0.0001 0.0003 0.0000 
-0.0003 -0.0004 -0.0071 -0.0003 


0.0065 0.0084 0.1636 0.0072 
-0.1722 -0.2227 -4.3139 -0.1873 
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ans = 


Error System Eigenvalues 


ans = 
1.0e+002 * 
-1.2000 + 1.6373i 
-1.2000 - 1.6373i 
-0.0003 + 0.0020i 
-0.0003 - 0.0020i 


ans = 


Error Characteristic Polynomial 


ans = 
1.0e+004 * 


0.0001 0.0240 4.1218 0.2070 0.1648 


45. 
a. Using Eqs. (12.115), the system with integral control is: 
0 1 0 0 0 
0 | 
0 0 1 0 0 O” 
Ayo 0 0 0 1 0 ;Br=|0 |; 
-K 1+0.0476 -K 2+0.0552 -K3*107 -K 4-1.08 Ke i 
— 0.06624 —0.08568 — 1.6596 —0.072 0 


C 1 =(1,0,0,0,0) 
Assume the following desired characteristic equation, 


(s +8+10.915 i ) (s +8-10.915 i ) (s +0.025+0.1984 i ) (s +0.025 -0.1984 i ) (s +23) = 
s ?* 39.05 s 4553.13 s ?* 4241.3 s 2* 232.65 s + 168.43 
which is the desired characteristic equation from Problem 35 plus an additional pole at -23, the 
closed-loop zero. But the integral controlled system characteristic equation is |sI - Aq| = 
s °+(K 4*1.08) s 4+(K 3+0.072 K e — 1.07) s 9+(K 2+1.6596 K e 0.0552) s 2+(K 1+0.08568 K e —0.0476) s 
* 0.06624 K e 
Equating coefficients to the desired characteristic equation 
K 4*1.08 = 39.05; K 30.072 K ¿ —1.07 = 553.13; K 2 * 1.6596 K e —0.0552 = 4241.3; 
K 1+0.08568 K ¿ —0.0476 = 232.65; and 0.06624 K ¿ = 168.43 
Solving for the controller gains 
K 1 =14.829;K 2 221.3228; K 3 2371.12; K 4 237.97 and K & = 2542.8 


Substituting into Ay yields the integral controlled system, 
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0 1 0 0 0 d 
0 0 1 0 0 0 

Ap = 0 0 0 1 0 ¿Br =| 0 |; 
-14.781  -21272 -370.05 -39.05 2542.8 0 
—0.06624 -0.08568 -1.6596  —0.072 0 1 


C 1 = (0.06624, 0.08568, 1.6596, 0.072, 0) 


Finding the characteristic equation as a check yields 


s 9+39.05 s 44+553.13 s ?* 4241.3 s *+ 232.65 s + 168.43 
which checks with the desired. Now check the steady-state error using Eq. (7.89) using the integral 
controlled system. We find the error is zero. 
b. 


Program: 
%Design with Integral Control 


'State-Space Representation of System with Integral Control' 
AI-[O 1 00 0/0010 0/00 01 0;... 

-14.781 -21.272 -370.05 -39.05 2542.8;... 

-0.06624 -0.08568 -1.6596 -0.072 0] 

BI-[0;0;0;0;1] 

CI-[0.06624 0.08568 1.6596 0.072 0] 

DI=0 


%Convert to transfer function 

[numt, dent]=ss2tf(AI,BI,CI,DI); 

'Integral Control Transfer Function' 
'T(s)' 

T=tf (numt, dent) 

'Integral Control Transfer Function Zeros' 
roots(numt) 

'Integral Control Transfer Function Poles' 
roots(dent) 

step(T) 

title('Step Response with Integral Controller') 


Computer response: 
ans = 


State-Space Representation of System with Integral Control 


AI = 
1.0e+003 * 
0 0.0010 0 0 
0 0 0.0010 0 
0 0 0 0.0010 


-0.0148 -0.0213 -0.3700 -0.0390 2.542 
-0.0001 -0.0001 -0.0017 -0.0001 


00000 


ROO0OO 
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0.0662 0.0857 1.6596 0.0720 0 


ans = 


Integral Control Transfer Function 


ans = 
T(s) 


Transfer function: 
-1.421e-014 s\4 + 183.1 s^3 + 4220 s^2 + 217.9 S + 168.4 


S45 + 39.05 s^4 + 553.1 SA3 + 4241 s^2 + 232.6 s + 168.4 


ans = 


Integral Control Transfer Function Zeros 


ans = 
1.0e+016 * 


1.2883 
-0.0000 
-0.0000 + 0.0000i 
-0.0000 - 0.0000i 


ans = 


Integral Control Transfer Function Poles 


-22.9998 
-8.0001 +10.9151i 
-8.0001 -10.9151i 
-0.0250 + 0.1984i 
-0.0250 - 0.1984i 


Copyright O 2011 by John Wiley & Sons, Inc. 


12-71 


12-72 Chapter 12: Design via State Space 


46. 


Step Response with Integral Controller 
1.4 T T T T T T 


Amplitude 


Time (sec) 


a. We start by verifying that the system is controllable. For a system of this order it is best 
to use MATLAB or other computing tools: 


>>A=[-5 0 0 0 0; 00 10 0; -10.5229 -1066.67 -3.38028 23.5107 0; 0 993.804 3.125 -23.5107 0; 00 
0 10 -10]; 
>>B = [5;0;0;0;0]; 
>>C = [0 0 0 1.2331e5 0]; 
>>D=0; 
>> rank(ctrb(A,B)) 
ans = 
5 


So the system is controllable. 


We also use MATLAB to find the corresponding transfer function: 
>> [n,d]=ss2tf(A,B,C,D) 


n = 
1.0e+010 * 


0 0.000000000000000 0.000000000000000 -0.002027466873438 - 
0.665044169115073 -6.447695003806981 
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d = 
1.0e+004 * 


0.000100000000000 0.004189098000000 0.152603651149600 1.914775683863999 
7.933055056779999 8.565653331000014 


We use this information to express the system in state variable form: 


0 1 0 0 0 0 
0 0 1 0 0 0 
x' = 0 0 0 1 0 |x+/0]u 
0 0 0 0 1 0 
| -85650 -79330 -19150 -1526 -41.89 | 1 


y =[-64476950038.1 —6650441691.2 -—20274668.73 0 0]x, 


Now we find the desired characteristic polynomial using a dominant pole approximation. 


: : 4 
Assuming a pair of complex conjugate dominant poles T, = —— = 2s, or óc, =2. The 
n 


10% OS requirement corresponds to a ¿ = 0.6 damping factor. Therefore the dominant 


poles can be included in a s^ + 2£0,5+ 0% = s^ + As-- 11.11. The must be a total of 5 
poles so arbitrarily we will add three poles 10 times to the left of the dominant poles, namely 
(s +20)” . Thus the desired polynomial is given by: 


D(s) =(s* + 4s +11.11)(s + 20)? 
= s? +64s* +1451.11s° +13466.77s° + 45335.47s + 88903.11 


Under state feedback, the phase variable system will become 


E 
| 0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
| -(85650+k,,) -(79330-k,) —(19150+K,,) -(1526*k,) -(41.89-k..) | 


With a characteristic equation given by: 
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det(sI - (A, — B,K,)) 
= s? + (41.89 - k,. )s^ +(1526+k,,)s* +(19150+k,,)s* 
+(79330+k,,)s+(85650+k,,) 


We now equate the coefficients of this equation with those of the desired polynomial to get: 


K,-[k, k, k, k, Key] =[3253.11 -33994.53 -5683.28 -74.89 22.11] 


2x 


This vector is now transformed to the original coordinate system using MATLAB: 
>> Ax-[01000;00100;00010;0000 1;-8.565653331000014e4 - 
7.933055056779999EA -1.914775683863999e4 -0.152603651149600EA - 
0.004189098000000EA |; 

>> Bx = [0;0;0;0;1]; 

>> P=ctrb(A,B)*inv(ctrb(Ax,Bx)); 


>>Kz=Kx*inv(P); 


K =[4.422 110.04 16.93 -1.75 -—0.14] 


b. The simulation is performed with the following commands: 


>>Af=(A-B*Kz) 
>>step(Af,B,C,D) 
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x 10? Step Response 


Amplitude 


System: sys 
TE e ‘Settling Time (sec): 1.83 NE 


o 


System: sys 1.5 2 2.5 3 
Peak amplitude: -7.96e+005 Time (sec) 
Overshoot (%): 9.7 


47. 
a. 
The open-loop block diagram is 
YY cat 


Spring 


displacement 


R Input 
Desired F 
force voltage 1 "p 0.7883 ( s + 53.85 ) 
1000 3 A 
(s +15 .47s + 9283 )( s + 8.119 s+ 376 .3) 
Input Actuator Pantograph Spring 
transducer dvnamics 


From Chapter 3, the state-space representation for [Y.(s) — Yca(S)]/Fup(s) is 
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0 1 0 0 0 
-9353 -14.286 769.23 14.286 0 
x= X+ f, 
0 0 0 1 0 j 


406.98 7.5581 -406.98 -9.3023| | 0.0581 
y=[0.94911 0 0 oO] 


[yi] 
l.l 


where y = yy - Y car and X = | y, | 


x] 
Let v; represent the input voltage shown on the diagram. Thus, fup = v;/1000. 
Also, fou: = 82300(y; - yc). 
Thus, four = 82300y 


Substituting fup and fout into the state-equations above yields 


0 1 0 0 0 
-9353 -14.286 769.23 14.286 0 

X= x+ 
0 0 0 1 0 


406.98 7.5581 -406.98 -9.3023 0.0581x10° 
fou. =[78,112 0 0 O]x 


Thus, 
[ 0 1 0 Be 
E | -9353 -14.286 769.23 14.286 | 
“| 0 0 0 1 | 
| 406.98 7.5581  -406.98 -9.3023 | 
Pp 0 | 
" | 0 | 
~ | o | 
| 0.0581x107 | 
K =|k, k, k, k, ] 
Hence, 
A-BK = 
[0,1,0,0 
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[-9350 , -14.3 , 769 , 14.3 
[0,0,0,1 
[407 - 0.0000581 k1 , 7.56 - .0000581 k2 , -407 - 0.0000581 k3 , -9.30 - 0.0000581 k4] 


and 


| A-BK| = s^ + (0.0000581 k4 + 23.60) s? 

+ (0.00083083 k4 + 0.00083083 k2 + 9781.882 + 0.0000581 k3) s? 

+ (0.00083083 k1 + 81141.36 + 0.543235 k4 + 0.00083083 k3 + 0.0446789 k2) s 
+(0 .0446789 k1 +0.3492467 10’ + 0.543235 k3) 


Input transient response specifications, 

Po = 20 

Ts=1 
yields poles at 

-4.0000 + 7.8079i, -4.0000 - 7.8079i, -53.8500, -50.0000 
Thus, the desired characteristic equation is 
s* + 112s? + 3600s? + 29500s + 207000 = 0 

We now equate the coefficients of |A-BK| to the coefficients of the desired characteristic equation. 


For compactness we solve for the coefficients, K, using the form FK - G, where 


F- 
0 0 0 0.0000581 
0 0.00083083 0.0000581 0.00083083 
0.00083083 0.0446789 0.00083083 0.543235 
0 .0446789 0 0.543235 0 

and 

G- 
88.4 

—6181.882 
-51641.36 
-3285467 

Solving for K using K = F'G 
K- 
-4.8225e8 
-0.1131e8 
0.3361e8 
0.0152e8 

b. 

Integral Control Design 

A= 
1.0e+03 * 
0 0.0010 0 0 
-9.3530 -0.0143 0.7692 0.0143 
0 0 0 0.0010 


0.4070 0.0076 -0.4070 -0.0093 
B= 
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78112 0 0 0 


Aaug = A-BK = 
[0,1.,0,0,0 
[-9350. , -14.3,769.,14.3,0 
[0,0,0,1.,0 
[407. - 0.0000581 k1 , 7.56 - 0.0000581 k2 , -407. - 0.0000581 k3 , 
-9.30 - 0.0000581 k4 , 0.0000581 Ke 
[-78100.,0,0,0,0] 
Desired poles 
Po = 20 
Ts=1 
Determine pole location 
poles = -4.0000 + 7.8079i, -4.0000 - 7.8079i, -53.85, -50 , -50 
Desired characteristic equation 
s? -- 162s*+ 0.919e4s? + 0.210e6s^ + 0.168e7s + 0.104e8 
System characteristic equation 
|sI-Aaug| = 
s? + (23.60 + 0.0000581 k4) s 


+ (0.00083083 k4 + 0.00083083 k2 + 0.0000581 k3 + 9781.882) s? 


+ (0.00083083 k1 + 81141.36 + 0.0446789 k2 + 0.543235 k4 + 0.00083083 k3) s? 


+ (0.0446789 k1 + 64.887823 Ke + 0.543235 k3 + 0.3492467 10” ) s 


+ 3489.42209 Ke 


Solving for Coefficients, K, using FK = G as in (a), where 


F 
0 0 0 5.8100e-05 0 
0 8.3083e-04 5.8100e-05 8.3083e-04 0 
8.3083e-04 4.4679e-02 8.3083e-04 5.4324e-01 0 
4.4679e-02 0 5.4324e-01 0 6.4888e+01 
0 0 0 0 3.4894e+03 
G= 
1.3840e+02 
-5.9188e+02 
1.2886e+05 
-1.8125e+06 
1.0800e+07 
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Solution to Problems 12-79 


Thus, 
K= 

-1.0157e+09 

-8.6768e+06 

7.9827e+07 

2.3821e+06 

3.0951e+03 

Step Response 
$ 
d 
= 
E 
< 
0 0.4 0.8 1.2 
Time (sec.) 
a. 


In chapter 4 we found that the open loop transfer function of this system is type 0. Thus for zero 
steady state error, integral control is required. Also as the open loop transfer function has a zero at - 
0.02, and this zero will appear as a zero of the closed loop transfer function if not eliminated, it will 


be cancelled with a closed loop pole. The 1096 overshoot requirement corresponds to a 


¢ — 0.6 damping factor. The settling time requirement correspond to a second order term with 


4 
So, —- — —0.04or 0w,=0.0667. The desired closed loop polynomial is: 


S 
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(s? + 0.08s + 0.0044)(s + 0.02)(s + 0.5) = s^ + 0.6s? + 0.056s* + 0.003088s + 0.000044 


where a far away pole was arbitrarily added at -0.5. 


Following equation (12.115a) in the text, the closed loop system matrix A is given by 


A-BK Bk, 
Ac = 


-C 0 
[[-0.04167 0  -0.0058] [ 5.2 5.2 
|| 0.0217 -0.24 0.0058 |-|-52]|k, k, kj] |-5.2 Kk, 
" 0 100  -24 0 0 
| [o o -1] 0 
[- (0.04167 +5.2k,) ^ —52k, - (0.0058 +5.2k,) 52k, 
0.0217+5.2k,  —0.24+5.2k, 0.0058+5.2k, -5.2k, 
E 100 -2.4 0 
0 A 0 


The corresponding characteristic polynomial is: 
s* + (2.68167 + 5.2k, —5.2k, js + (0.1060088 + 13.728k, —12.583844k, — 520k, )s* + 
(0.01241932 + 2.9952k, — 0.2492256k, —10.3844k, —520k,)s —10.3844k, 


Equating the coefficients of this polynomial with those of the desired polynomial and solving 


simultaneous equations one gets 


K-[k k, k,|]=[- 0.004174 0.39615 —0.0096] and k, = -4.237125x10° 
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Pe 
52 
y 
1 a K- 2 2 E 
—> n aan PE) = s w» 
Constant integrators ^ie Gain Integrator Integratori San 
-0.04167 


0.24 


< de di 
qe e 


-0.0058 
Qu 
Ha 
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49. 


We'll start by finding the key parameters needed to meet specifications: 


e The damping ratio, C, for a 4.32% overshoot is: 


= -]n(960S/100)  —In(4.32/100) 
Va? +In2(%OS/100) yz? 1n? (4.32/100) 


5 = 0.707 


e The natural frequency, @,, for a settling time = 4 sec at the above G is: 


= > 4 = ——— > a, = 1.414 rad/sec 
¿Oy 0.7070, 


e The coordinates of the required dominant poles, -¿0,+jay=-1+j1. 


e The open-loop transfer-function of the “plant” is given by equation (3.73): 


G(s) =) - ca Ay! Bp 
U(s) 
Here: 
f d P — 40 | bos 40 | 
(sI- A) = = = 
0 s| [0.2491 -0.0191| |-0.2491 s+0.0191 
a) 5*20 40 s+0.0191 0.2491 
a 
(I-A) adj(sI — A) 7.02491. s+0.0191 — 40 s+20 
E x - E: 
det(sI- A)  s?+20.01915+10.346  s*+20.0191s+10.346 
Hence: 
s+0.0191 0.2491| 0 
[0 0.06154] 
G(s) = YO - - 40 s+20 1000] _ 61.54 (s + 20) 
U(s) s^ + 20.0191s + 10.346 s^ +20.0191s + 10.346 


Now, we write the closed-loop state equations for the system with integral control in a form similar 


to that given in the text by equations 12.115a and 12.115b (Figure 12.21): 
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I, — 20 — 40 0 I| J0 
© |-(0.2491-1000k, -0.0191—1000k, 1000K, | o (+|0|r 
XN 0 — 0.06154 0 XN 1 
La 
And the output equation is given by: y (t) = v(t) = [o 0.06154 0] o 
XN 
s 0 0 — 20 — 40 0 
(sI-A)=|0 s 0|-|0.2491-1000K, -0.0191-1000K, 1000K, |= 
0.0 s 0 — 0.06154 0 
s 20 40 0 
—0.2491+1000K, s+0.0191+1000K, —1000K., 
0 0.06154 S 


The characteristic polynomial for that system is: 


s? + (20.01914-1000K, ) s^ +(—40000K, +20000K, +61.54K, +10.346)s +1230.8K, 


The desired characteristic polynomial (with the third pole placed to cancel the zero at -20) is: 


s? 4 22 s? +42 s 40 


Equating coefficients of the characteristic polynomials yields: 


K; = 0.000249, K; = 0.001981, K. = 0.0325. 


Substituting these values into the state equations for the system yields: 


I, —20 —40 gena qui 
ò 20000  -2 325|| e |+]0|r 
Xx 0  -006154 0 [xy| |1 
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I, 
y(t)=v(t)=[0 0.06154 0] o 


XN 


To check our assumptions, we use Eq. (3.73) and MATLAB to find the closed-loop transfer function 


of the system to be: 
| Y(s) _ 2s + 40 B 2(s 4- 20) B 2 
R(s s'-22s!-42s-40 (s*+25+2Xs+20) s?+2s+2 


T(s) 


The following MATLAB file was written to plot the step response. 


A=[-20 -40 0; 0.0001 -2.000 32.5; © -0.06154 0]; 

B- [0; 0; 1]; 

C=[ 0 0.06154 0]; 

D = 0; 

[num, den]= ss2tf(A,B,C,D,1); 

T = tf(num, den); %T is the closed-loop TF 


step (T); 


The characteristics displayed on the step response shown below indicate that the desired transient and 


steady-state response requirements are met. 


To find, analytically, the steady-state error for a unit step input, we apply Equation (7.96) to the state 


equations to obtain: 


-20 -40 0 TTo 
e(o)=1+[0 0.06154 0] 0.0001. -2 325| |0|-0 
0  -006154 0 | |1 
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Thus, the system behaves like a Type 1 system. 


Step Response 


System: T 


| 
i} 
| 
li 
| 
| 
| 
| 
| 
| 
i} 
x 
L--1 Se 
AMO 
dese 
ue as 
223 
+263 
EE 
oxPt£ 
Qs os 
o2 
---40n0O0« 
| 
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| 
| 
| 
| 
| 
| 
| 
| 
| 
bem steeee al R 
| 
| 
| 
| 
| 
| 
| 
| 
| 
li 
| 
| 
| 
x= N 
A a 


peeds 1ndino ‘n‘d 


Time (sec) 
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THIRTEEN 


Digital Control 
Systems 


SOLUTIONS TO CASE STUDIES CHALLENGES 


Antenna Control: Transient Design via Gain 
a. From the answer to the antenna control challenge in Chapter 5, the equivalent forward transfer 
function found by neglecting the dynamics of the power amplifier, replacing the pots with unity 


gain, and including the integration in the sample-and-hold is 


0.16K 


G "EMG MEE 
45) 7 S 1.32) 


But, 


ot = -057392 14057392 l | + 0.75758L 
st {s+ 1.38) 5 5 
z Tz 


z 
Gə = - 057392 + 0,573828 4 0.75758 
^ z-1l -e 7 laser (z- 1? 


zZ 
T=0.1 
Gz = - 0.57392 7 + 0.572392 — 4078788 212 
z-1 270.132 [z- 114 
(2 + 0.95696) z 


[z- 1) (z - 0.87534) 


Gz = 0.047871 


-1 
Thus, Ge(z) = 0.16K => G; , or, 


(z+0.95696) 


Ge(z) = 7.659x10-4K (2-1) (z-0.87634) 


b. Draw the root locus and overlay it over the G = 0.5 (i.e. 16.3% overshoot) curve. 


£205 


=== 


| ——— 
E———] 6830 
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We find that the root locus crosses at approximately 0.93 + j0.11 with 7.659x10"4K = 8.63x10°3, 
Hence, K = 11.268. 


C. 


(7.659x10 ^K)(1.95696) 


1.. 
K, = — lim(z — DG, (z) = = 0.1366; 
T: 0.12366 
1 
e(o0) = — = 7.321 
K, 
d. 
Program: 
T=0.1; %Input sampling time 
numf=0.16; %Numerator of F(s) 
denf=[1 1.32 0 0]; %Denominator of F(s) 
'F(s)' %Display label 
F=tf (numf, denf) %Display F(s) 


numc=conv([1 0], numf); %Differentiate F(s) to compensate 
%for c2dm which assumes series zoh 


denc=denf ; %Denominator of continuous system 
%same as denominator of F(s) 
C-tf(numc, denc); %Form continuous system, C(s) 
C-minreal(C,1e-10); %Cancel common poles and zeros 
D-c2d(C,T, 'zoh'); %Convert to z assuming zoh 
'F(z)' 
D-minreal(D,1e-10) %Cancel common poles and zeros and display 
rlocus(D) 
pos=(16.3); 


z--log(pos/100)/sqrt(pi^2-*[109g(pos/100)]^2); 

zgrid(z,0) 

title(['Root Locus with ' , num2str(pos), ' Percent Overshoot Line']) 

[K,p]=r1ocfind(D) %Allows input by selecting point on 
%graphic 


Computer response: 
ans = 


F(s) 


Transfer function: 
0.16 


S43 + 1.32 s^2 
ans = 


F(z) 


Transfer function: 
0.0007659 z + 0.000733 


Z^2 - 1.876 z + 0.8763 


Sampling time: 0.1 
Select a point in the graphics window 


selected point - 
9.2969e-001 +1.0219e-001i 
K = 


9.8808e+000 
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9.3439e-001 +1.0250e-001i 
9.3439e-001 -1.0250e-001i 


Root Locus with 15.3 Percent Overshoot Line 


! 
1 
' 
1 
1 
1 

A 
! 
i 
' 
t 


Imag Axis 


-1 ü 1 2 
Real Axis 


Antenna Control: Digital Cascade Compensator Design 
0.16 


a. Let the compensator be KG,(s) and the plant be G, (s) = — ————- . For 10% overshoot and a 
s(s +1.32) 


peak time of 1 second, G = 0.591 and c, = 3.895, which places the dominant poles at 
—2.303 x j3.142. If we place the compensator zero at —1.32 to cancel the plant's pole, then the 


following geometry results. 


-Pe -2.303 
K(s +1.32 .16K 
Hence, p. = 4.606. Thus, G, (s) = E and G, (s)G (s) —-—€ . Using the 
(s 4.606) á s(s + 4.606) 


product of pole lengths to find the gain, 0.16K = (3.896), or K = 94.87. Hence, 
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| .94.87(s +1.32) 


G(s . Usi ling interval of 0.01 s, the Tustin transf tion of G, 
A ) (s + 4.606) sing a sampling interval o s, the Tustin transformation of G,(s) 
f 93.35(z — 0.9869) 93.35z — 92.12 
EG Gee a 
(z — 0.955) z-— 0.955 


b. Cross multiplying, 
(z - 0.955)X(z) = (93.35z — 92.12)E(z) 
Solving for the highest power of z operating on X(z), 
ZX(z) = (93.35z — 92.12)E(z) + 0.955X(z) 
Solving for X(z), 
X(z) = (93.35 — 92.127 )E(z) + 0.9557 1X(2) 


Implementing this equation as a flowchart yields the following diagram 


Delay Delay 


0.01 second 0.01 second 


C. 

Program: 

's-plane lead design for Challenge - Lead Comp' 

clf %Clear graph on screen. 
'Uncompensated System' %Display label. 

numg=0.16; %Generate numerator of G(s). 
deng-poly([O -1.32]); %Generate denominator of G(s). 
'G(s)' %Display label. 

G=tf (numg, deng); %Create G(s). 

Gzpk=zpk(G) %Display G(s). 


pos=input('Type desired percent overshoot '); 

%Input desired percent overshoot. 
z--log(pos/100)/sqrt(pi^2-*[109g(pos/100)]^2); 

%Calculate damping ratio. 
Tp=input('Type Desired Peak Time '); 

%Input desired peak time. 
wn-pi/(Tp*sqrt(1-z^2)); %Evaluate desired natural frequency. 
b-input('Type Lead Compensator Zero, (s+b). b- '); 

%Input lead compensator zero. 


done-1; %Set loop flag. 

while done==1 %Start loop for trying lead 
%compensator pole. 

a=input('Enter a Test Lead Compensator Pole, (sta). a = 523 
%Enter test lead compensator pole. 

numge=conv(numg, [1 b]); %Generate numerator of Gc(s)G(s). 

denge=conv([1 a],deng); %Generate denominator of Gc(s)G(s). 

Ge=tf (numge, denge); %Create Ge(s)=Gc(s)G(s). 

clf %Clear graph on screen. 
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rlocus(Ge) %Plot compensated root locus with 
%test lead compensator pole. 

axis([-5 2 -8 8]); %Change axes ranges. 

sgrid(z,wn) %Overlay grid on lead-compensated 
%root locus. 

title(['Lead-Compensated Root Locus with ' , num2str(pos),... 

'% Overshoot Line, Lead Pole at ', num2str(-a),... 

' and Required Wn']) %Add title to lead-compensated root 
%locus. 


done-input('Are you done? (y=0,n=1) '); 
%Set loop flag. 


end %End loop for trying compensator 
%pole. 
[K,p]=r1ocfind(Ge); %Generate gain, K, and closed-loop 


%poles, p, for point selected 
%interactively on the root locus. 


'Gc(s)' %Display label. 

Gc-K*tf([1 b],[1 a]) %Display lead compensator. 

'Gc(s)G(s)' %Display label. 

Ge %Display Gc(s)G(s). 

'Closed-loop poles = ' %Display label. 

p %Display lead-compensated system's 
96 closed-loop poles. 

f-input('Give pole number that is operating point ty 


%Choose lead-compensated system 
%dominant pole. 
'Summary of estimated specifications for selected point on lead' 


'compensated root locus' %Display label. 

operatingpoint=p(f) %Display lead-compensated dominant 
%pole. 

gain=K %Display lead-compensated gain. 


estimated_settling_time=4/abs(real(p(f))) 
%Display lead-compensated settling 
%time. 
estimated_peak_time=pi/abs(imag(p(f))) 
%Display lead-compensated peak time. 
estimated_percent_overshoot=pos %Display lead-compensated percent 
%overshoot. 
estimated damping ratio-z %Display lead-compensated damping 
%ratio. 
estimated_natural_frequency=sqrt(real(p(f))%2+imag(p(f))42) 
%Display lead-compensated natural 


%frequency. 
s-tf([1 0],1); %Create transfer function, "s". 
sGe-s*Ge; %Create sGe(s) to evaluate Kv. 
sGe=minreal(sGe); %Cancel common poles and zeros. 
Kv-dcgain(K*sGe) %Display lead-compensated Kv. 
ess=1/Kv %Display lead-compensated steady- 
%state error for unit ramp input. 
'T(s)' %Display label. 
T=feedback(K*Ge, 1) %Create and display lead-compensated 
%T(S). 
"Press any key to continue and obtain the lead-compensated step' 
'response' %Display label 
pause 
step(T) %Plot step response for lead 


%compensated system. 

title(['Lead-Compensated System with ' ,num2str(pos),'% Overshoot' ]) 
%Add title to step response of PD 
%compensated system. 


pause 
'Zz-plane conversion for Challenge - Lead Comp' 
clf %Clear graph. 
'Gc(s) in polynomial form' %Print label. 
Gcs=Gc %Create Gc(s) in polynomial form. 
'Gc(s) in polynomial form' %Print label. 
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Gcszpk=zpk(Gcs) %Create Gc(s) in factored form. 
'Gc(z) in polynomial form via Tustin Transformation' 
%Print label. 
Gcz-c2d(Gcs, 1/100, 'tustin') %Form Gc(z) via Tustin 
%transformation. 
'Gc(z) in factored form via Tustin Transformation' 
%Print label. 


Gczzpk=zpk(Gcz) %Show Gc(z) in factored form. 
"Gp(s) in polynomial form' %Print label. 

Gps=G %Create Gp(s) in polynomial form. 
"Gp(s) in factored form' %Print label. 

Gpszpk=zpk(Gps) %Create Gp(s) in factored form. 
'Gp(z) in polynomial form' %Print label. 

Gpz-c2d(Gps, 1/100, 'zoh' ) %Form Gp(z) via zoh transformation. 
'Gp(z) in factored form' %Print label. 

Gpzzpk=zpk(Gpz) %Form Gp(z) in factored form. 
pole(Gpz) %Find poles. 

Gez=Gcz*Gpz; %Form Ge(z) = Gc(z)Gp(z). 


'Ge(z) = Gc(z)Gp(z) in factored form' 
%Print label. 


Gezzpk=zpk(Gez) %Form Ge(z) in factored form. 
'z-1' %Print label. 

zmi-tf([1 -1],1,1/100) %Form z-1. 
zmiGez-minreal(zmi*Gez,.00001); 

'(z-1)Ge(z)' %Print label. 
zmiGezzpk-zpk(zmiGez) 

pole(zmiGez) 


Kv-300*dcgain(zmiGez) 
Tz-feedback(Gez, 1) 
step(Tz) 
title('Closed-Loop Digital Step Response!) 
%Add title to step response. 


Computer response: 
ans = 


s-plane lead design for Challenge - Lead Comp 


ans = 


Uncompensated System 


ans = 


G(s) 


Zero/pole/gain: 
0.16 


S (s+1.32) 

Type desired percent overshoot 10 

Type Desired Peak Time 1 

Type Lead Compensator Zero, (stb). b= 1.32 

Enter a Test Lead Compensator Pole, (sta). a = 4.606 
Are you done? (y=0,n=1) 0 

Select a point in the graphics window 

selected_point = 


-2.3045 + 3.10561 


ans = 
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Gc(s) 


Transfer function: 
93.43 S + 123.3 


S * 4.606 


ans - 
Gc(s)G(s) 


Transfer function: 
0.16 s + 0.2112 


S^3 + 5.926 s^2 + 6.08 s 


ans = 


Closed-loop poles - 


p- 
-2.3030 + 3.1056i 
-2.3030 - 3.1056i 
-1.3200 
Give pole number that is operating point 1 


ans = 


Summary of estimated specifications for selected point on lead 


ans = 


compensated root locus 


operatingpoint - 


-2.3030 + 3.1056i 


gain - 


93.4281 


estimated settling time - 


1.7369 


estimated peak time - 


1.0116 


estimated percent overshoot - 


10 
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estimated damping ratio - 


0.5912 


estimated_natural_frequency = 


3.8663 


3.2454 


ess 


0.3081 


ans 
T(s) 


Transfer function: 
14.95 s + 19.73 


S43 + 5.926 s^2 + 21.03 s + 19.73 
ans = 


Press any key to continue and obtain the lead-compensated step 


ans = 


response 


ans = 


z-plane conversion for Challenge - Lead Comp 


ans - 
Gc(s) in polynomial form 


Transfer function: 
93.43 S + 123.3 


S * 4.606 


ans = 


Gc(s) in polynomial form 


Zero/pole/gain: 
93.4281 (s+1.32) 
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(s+4.606) 


ans = 


Solutions to Case Studies Challenges 13-9 


Gc(z) in polynomial form via Tustin Transformation 


Transfer function: 
91.93 z - 90.72 


Sampling time: 0.01 


ans = 


Gc(z) in factored form via Tustin Transformation 


Zero/pole/gain: 
91.9277 (z-0.9869) 


^ (z-0.955)  — 
Sampling time: 0.01 

ans - 

Gp(s) in polynomial form 


Transfer function: 
0.16 


S^2 * 1.32 S 
ans - 
Gp(s) in factored form 


Zero/pole/gain: 
0.16 


S (s+1.32) 
ans - 
Gp(z) in polynomial form 


Transfer function: 
7.965e-006 z + 7.93e-006 


Z^2 - 1.987 z + 0.9869 
Sampling time: 0.01 


ans = 


Gp(z) in factored form 


Zero/pole/gain: 
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7.9649e-006 (240.9956) 
^ (z-1) (2-0.9869) - 
Sampling time: 0.01 
ans - 
1.0000 
0.9869 
ans - 
Ge(z) = Gc(z)Gp(z) in factored form 


Zero/pole/gain: 
0.0007322 (240.9956) (z-0.9869) 


" (z-1) (2-0.9869) (z-0.955) - 
Sampling time: 0.01 

ans - 

z-1 

Transfer function: 

Z -1 

Sampling time: 0.01 

ans = 

(z-1)Ge(z) 


Zero/pole/gain: 
0.0007322 (240.9956) 


(z-0.955) 
Sampling time: 0.01 


ans = 


0.9550 


9.7362 


Transfer function: 
0.0007322 z^2 + 6.387e-006 z - 0.0007194 


Z^3 - 2.941 z^2 + 2.884 z - 0.9432 


Sampling time: 0.01 
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Amplitude 


Solutions to Case Studies Challenges 13-11 


Lead-Compensated Root Locus with 10% Overshoot Line, Lead Pole at -4.606 and Required Vn 
8 


Imaginary Axis 
e 


2 


E 


-5 -2 -1 
Real Axis 


Lead-Compensated System with 10% Overshoot 
1.4 


1.2 


0.8 


0.6 


0.4 


0.2 


D 0.5 1 1.5 2 25 
Time (sec) 
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Closed-Loop Digital Step Response 


1.4 T T T 


Amplitude 


0.5 1 1.5 2 
Time (sec) 
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un 


Answers to Review Questions 


ANSWERS TO REVIEW QUESTIONS 


1. (1) Supervisory functions external to the loop; (2) controller functions in the loop 

2. (1) Control of multiple loops by the same hardware; (2) modifications made with software, not 
hardware; (3) more noise immunity (4) large gains usually not required 

3. Quantization error; conversion time 

4. An ideal sampler followed by a sample-and-hold 

5. z = esT 

6. The value of the time waveform only at the sampling instants 

7. Partial fraction expansion; division to yield power series 

8. Partial fraction 

9. Division to yield power series 

10. The input must be sampled; the output must be either sampled or thought of as sampled. 


11. c(t) is c*(t) = c(kT), i.e. the output only at the sampling instants. 


13-13 


12. No; the waveform is only valid at the sampling instants. Instability may be apparent if one could only 


see between the sampling instants. The roots of the denominator of G(z) must be checked to see that they 


are within the unit circle. 

13. A sample-and-hold must be present between the cascaded systems. 

14. Inside the unit circle 

15. Raible table; Jury's stability test 

16. z=+1 

17. There is no difference. 

18. Map the point back to the s-plane. Since z = e5T, s = (1/T) In z. Thus, o = (1/T) In (Re z), and 
o = (1/T) In (Im 2). 


19. Determine the point on the s-plane and use z = eŝT. Thus, Re z = eOT cos c, and Im z = eO sin o. 


20. Use the techniques described in Chapters 9 and 11 and then convert the design to a digital compensator 


using the Tustin transformation. 


21. Both compensators yield the same output at the sampling instants. 
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SOLUTIONS TO PROBLEMS 


1. 
00 00 
a. f(t) = eat; £*(t) = DNeakT3(-kT); F*(s) = DeakT e-kTs =1 + ea T e-TS + g-a2T e&-2TS +... Thus, 
k=0 k=0 
F(z) = 1 +eaT zt + ea2T 724.) =1+x1+x2+... wherex=eal zt, 


— —— m 
1-xl1 1-eaTzgl  z.gaT: 


But, F(z) = 


b. f(t) = u(t); f'(t) = YS(t-kT) ; F'(s) = De KTS 21e eTs c e2TS +... 


k-0 k-0 
1 00 
Thus F(z) =1+z1+z2+.. Since 1 =1+ zl+ 724273, F(z) = Mz - d^ 
1-z E 1-z 
k-0 
c5. 
z-1° 
00 00 
c. f(t) = t2 ets f(t) = X (KT)2e-akTs(tkT) ; F"(s) = T2 Y k2 eakT e-kTs 
k-0 k-0 
00 00 
= T2 MA (e-(sta)T)k = T2 Y k2xk = T2(x + 4x2 + 9x3 + 16x4+...), where x = e- G*3)T, 
k=0 k=0 
Let s1 =x + 4x2 + 9x3 + 16x4 +... Thus, xs, = x? + 4x? + 9x4 + 16x? 
Let sp = Sj - XS1 =X 3x2 + 5x3 + 7x4+...Thus, xs? = x2 + 4x3 + 9x4 + 16x? +... 
Let s3 = Sp - XS? = X 2x2 + 2x3 + 2x4 +... Thus xs3 = x2 + 2x3 + 2x4 + 2x3 4+... 
Let s4 = s3 - XS3 = X + x2. 


Solving for s3, 


and 


and 


Thus 


x +x? 
537 1-x 
EM E SES 
SES exp 
82 x + x2 
5171-x | (1-x)3 
Hi aoe us O Casali le dd do MR 
ió ee B ü-eG3T3 7 
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TAZA +71] T?ze ?'[z + e] 


z^? (z- ety E (z ce y 


d. f(t) = cos(akT); f (t) = > cos(oT)ó(t — kT); F'(s) =>) cos(akT)e ^ 


k=0 k=0 
= y RRA ly (ge-imys He sa 
= 2 2 1 
k=0 k=0 
But, 
00 
Dek = 
k=0 
Thus, 


sii coll a A | 
2 |1- e 16-19 1- e 1619 | ) Eu g 160) m e TEHO) ) 4 e 16-95 TGsjo) | 


7 1 2-e P"(2cos(oT) iz 1—-z cos(oT) 
2 EN ete Ley pps ] 1-22" cos(@T)+ z” 


Therefore, 
Z(Z — COS(@ 
p) -ZE en) _ 
Z —2zcos(@r)+1 
Program: 
syms Tawn %Construct symbolic objects for 
%'T', 'a','w', and 'n'. 
'(a)' %Display label. 
'f(kT)' %Display label. 
f=exp(-a*n*T); %Define f(kT). 
pretty(f) %Pretty print f(kT) 
'F(z)' %Display label. 
F=ztrans(f); %Find z-transform, F(z). 
pretty(F) %Pretty print F(z). 
'(b)' %Display label. 
'f(kT)' %Display label. 
f=exp(-0*n*T); %Define f(kT) 
pretty(f) %Pretty print f(kT) 
'F(z)' %Display label. 
F=ztrans(f); %Find z-transform, F(z). 
pretty(F) %Pretty print F(z). 
'(c)' %Display label. 
'f(kT)' %Display label. 
f=(n*T)^2*exp(-a*n*T); %Define f(kT) 
pretty(f) %Pretty print f(kT) 
'F(z)' %Display label. 
F=ztrans(f); %Find z-transform, F(z). 
pretty(F) %Pretty print F(z). 
'(d)' %Display label. 
'f(kT)' %Display label. 
f=cos(w*n*T); %Define f(kT) 
pretty(f) %Pretty print f(kT) 
'F(z)' %Display label. 


Copyright © 2011 by John Wiley & Sons, Inc. 


13-16 Chapter 13: Digital Control Systems 
F=ztrans(f); %Find z-transform, F(z). 
pretty(F) %Pretty print F(z). 


Computer response: 
ans = 


(a) 


exp(-a n T) 


/ 
expr Tm) [esee toes sil 
Nexp(-a T) / 


F(Z) 


2 2 
n T exp(-a n T) 


T z exp(-a T) (z + exp(-a T)) 


3 
(z - exp(-a T)) 
ans = 


(d) 


ans 
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f(kT) 


ans = 


F(z) 


cos(w n T) 


(z - cos(w T)) z 


Solutions to Problems 13-17 


Z - 2 zZz cos(w T) * 1 


F(z)- Z(z 4 3)y(z45) 


F(z) 229.55 504 


+ 


(z — 0.4)(z — 0.6)(z — 0.8) 


275.5 


Z z-04 z-06 z-0.8 


229.57 504z  275.5z 


F(z)- — 


Y 
z-04 z-0.6 z-0.8 


f (kT) =229.5(0.4)' — 504(0.6) + 275.5(0.8)', k=0, 1, 2, 3,... 


F(z) = 


(z + 0.2)(z + 0.4) 
~ (z-0.1)(z — 0.5)(z — 0.9) 


F(z) 1.778 4.6875 7.875 4.9653 


== = + 
Z Z z—0.1 
4.6875 
F(zy 7784 = 
z—0.1 


z—0.5 


7.875z 
z- 0.5 


Z —0.9 


4.9653z 
z—0.9 


f (kT) = 4.6875(0.1)' — 7.875(0.5)" + 4.9653(0.9), k 21,2, 3,... 
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c. 
F(2)= (z+1)(z +0.3)(z+0.4) 
z(z —0.2)(z —0.5)(z — 0.7) 
F(z) (z+1)(z + 0.3)(z + 0.4) 
z | z'(z-0.2)(z -0.5)(z — 0.7) 
_ 38.1633 72 P 60 26.1633 1.7143 
z-0.7 z-05 z-02 Z z’ 
pon e iua. 72z x 60z 26.1633 17143 
z—-0.7 z-0.5 z-0.2 Z 
F =38.1633(0.7)* —72(0.5)* +60(0.2)" for k=2,3,4,... 
=1 for k =1 
=0 for k 20 
4. 
Program: 
'(a)' 
syms z k 
F=vpa(z*(z+3)*(z+5)/((z-0.4)*(z-0.6)*(z-0.8)),4); 
pretty(F) 
f=vpa(iztrans(F),4); 
pretty(f) 
'(b)' 
syms z k 
F-vpa((z*0.2)*(z*0.4)/((z-0.1)*(z-0.5)*(z-0.9)),4); 
pretty(F) 
f=vpa(iztrans(F),4); 
pretty(f) 
'(c)' 
syms z k 
F-vpa((z*1)*(z*0.3)*(z«0.4)/(z*(z-0.2)*(z-0.5)*(z-0.7)),4); 
pretty(F) 
f=vpa(iztrans(F),4); 
pretty(f) 


Computer response: 


ans = 
(a) 
z (z + 3.) (z + 5.) 
(z - .4000) (z - .6000) (z - .8000) 
n n n 
275.5 .8000 - 504.0 .6000 + 229.5 .4000 
ans = 
(b) 


(z * .2000) (z * .4000) 


(z - .1000) (z - .5000) (z - .9000) 


n n 
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-1.778 charfen[0](n) + 4.965 .9000 - 7.875 .5000 + 4.688 .1000 


(z + 1.) (z + .3000) (z + .4000) 


n n 
-1.714 charfen[1](n) - 26.16 charfen[0](n) + 38.16 .7000 - 72.00 .5000 


n 
+ 60.00 .2000 


a. 
By division By Formula 
Instant Value k Value 
0 1 0 1 
1 9.8 1 9.8 
2 31.6 2 31.6 
3 46.88 3 46.88 
4 53.4016 4 53.4016 
5 53.43488 5 53.43488 
6 49.64608 6 49.64608 
7 44.043776 7 44.043776 
8 37.90637056 8  37.90637056 
9 31.95798733 9  31.95798733 
10 26.5581568 10 26.5581568 
11 21.84639857 11 21.84639857 
12 17.83896791 12  17.83896791 
13 14.48905384 13  14.48905384 
14 11.72227881 14  11.72227881 
15 9.456567702 15 9.456567702 
16 7.612550239 16  7.612550239 
17 6.118437551 17 —6.118437551 
18 4.911796342 18  4.911796342 
19 3.939668009 19 3.939668009 
20 3.15787423 20 3.15787423 
21 2.529983782 21  2.529983782 
22 2.026197867 22  2.026197867 
23 1.622284879 23  1.622284879 
24 1.298623886 24 1.298623886 
25 1.039376712 25 1.039376712 
26 0.831787937 26  0.831787937 
27 0.665602292 27 . 0.665602292 
28 0.532584999 28  0.532584999 
29 0.4261299 29 0.4261299 
30 0.34094106 30 0.34094106 
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b. 


Instant 


GBoo-oonromn 


WWNNNNNNNNNNPRRPBRPBRBB 
POODANDDRWONFPOOANOURWDHD 


By division 


Value 


1 
2.1 
2.64 
2.766 
2.6859 
2.51571 
2.313354 
2.1066276 
1.90826949 
1.723594881 
1.554311564 
1.400418494 
1.261145687 
1.13541564 
1.022066337 
0.919955834 
0.828008315 
0.745231516 
0.670720381 
0.603654351 
0.54329192 
0.48896423 
0.440068558 
0.396062078 
0.356456058 
0.320810546 
0.288729538 
0.259856608 
0.233870959 
0.210483869 
0.189435485 


k 


By Formula 


OANDUOKRWNPR 


WWNNNNNNNNNNRPRPRPRPRPRPRPRBPB 
Pj GoOodoo-oomnRomPbotoo-oonaomNnmBieo 
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Value 
1.00002 
2.100018 
2.6400162 
2.76601458 
2.685913122 
2.51572181 
2.313364629 
2.106637166 
1.908278099 
1.723602629 
1.554318538 
1.40042477 
1.261151336 
1.135420724 
1.022070912 
0.919959951 
0.828012021 
0.745234852 
0.670723383 
0.603657053 
0.543294352 
0.488966419 
0.440070528 
0.39606385 
0.356457653 
0.320811982 
0.28873083 
0.259857771 
0.233872006 
0.210484811 
0.189436333 


Solutions to Problems 13-21 


Instant via Division via Closed Form Expression 
0 0 
1 1 1 
2 3.1 3.100017 
3 4.57 4.5700119 
4 4.759 4.75900833 
5 4.1833 4.183305831 
6 3.3687 1 3.3687 14082 
7 2.581177 2.581179857 
8 1.9189399 1.9189419 
9 1.39943113 1.39943253 
10 1.007711431 1.007712411 
11 0.71945743 0.719458116 
12 0.510650836 0.510651317 
13 0.360971088 0.360971424 
14 0254437549 0254437785 
15 0.178985186 0.178985351 
15 0.125729082 0.125729198 
17 D.088230084 0.088230165 
18 0.061870922 0.061870978 
19 0.043364577 0.043364617 
20 0.03038267 0.030382697 
21 0.021281602 0.021281621 
22 0.014903988 0.014904001 
23 0.010436225 0.010436234 
24 0.007307074 0.00730708 

a. 
cs (s+ 4) 0.6667 0.3333 
(s-2)(s-5) s+2 S45 
0.6667z | 0.3333z 
G(2)= ——Àr *———sr 
Z—e Le 
For T 7 0.5 s, 
GG) 0.66672 — 0.33337 z(z — 0.1774) 
z — 0.3679  z—0.082085  (z-—0.3679)(z — 0.082085) 
G(s) (s+1)(s+2) 0.1667 0.6667 1.5 
s(s + 3)(s +4) S s+3 s+4 
G(z)= 0.1667z B gooie " E. 
z-1 z-e z—e 
For T= 0.5 s, 
0.1667z 0.6667z 1.5z z(z —0.29675)(z — 0.8408) 


G(z)= 


——— E —— — —————————— 
z-1  z-022313 z-0.13534 (z-1)(z- 0.22313)(z — 0.13534) 


Copyright O 2011 by John Wiley & Sons, Inc. 


13-22 Chapter 13: Digital Control Systems 


G(s) = 20 » 1.25 1.25s+3.57 7 1.25 1.25(s+3) 
(s+3)(s°+65+25) s+3 s?+6s+25 s+3 (s+3) +4 
Z z? — zae cos oT 
G(z)=-1.25 1.25 
(2) g-g z^ —2ze * cos T 4 e ?** 
For a=3 0-4; T=0.5, 
2 
G(z) E A E A 
z—0.2231 Z^ +0.1857z + 0.0498 
E 5 z(z - 0.2232) 
(z — 0.2231)? + 0.1857z + 0.0498) 
d. 
o = E 0.1852 x 0.2083 +0.02314 EU 
s(s - 1)(s^ - 10s +81) S s+1 s*+10s+81 
_ 0.1852 02083 54,40 *59)- 0.534856 
S S41 (s+5)° +56 
Z Z z^ — zae ^ cos oT ze * sin oT 
G(z) = 0.1852 —— - 0.2083 0.02314 — 0.0124 
(7) z—-1 z-e” 5 z^ —2ze ^ cosoT e T z?’ —2ze “cosoT+e?" 


For a=5; P=1; o = 456; T=0.5, 


2 
G(z)=0.1852-2--o.2083—2 —+o.02314-H+006782 00005748. : 
z-1 z — 0.6065 z? & 0.13552 +0.006738 z? +0.1355z + 0.006738 


_ 0.00004z* + 0.05781z” +0.02344z° -0.001946z | 0.057812”+0.02344z* + 0.001946z 
(z -1)(z - 0.6065) (z° +0.1355z + 0.006738) ^ (z—1)(z - 0.6065) ( z? + 0.1355z + 0.006738) 


z? 4 0.4055z? -- 0.0337z z(z + 0.2888)(z + 0.1167) 


— 0.05781 — 0.05781 
(z -1)(z - 0.6065)(2? +0.1355z + 0.006738) (z-1)(z- 0.6065) ( z? +0.1355z + 0.006738) 
7. 

Program: 

' (a) L 

syms sznT %Construct symbolic objects for 
%'s', 'z', 'n',and 'T'. 

Gsz(s*4)/((s*2)*(s*5)); %Form G(s). 

'G(s)' %Display label. 

pretty(Gs) %Pretty print G(s). 

%'g(t)' %Display label. 

gt-ilaplace(6s); %Find g(t). 

%pretty(gt) %Pretty print g(t). 

gnT=compose(gt,n*T); %Find g(nT). 

%'g(kT)' %Display label. 

%pretty(gnT) %Pretty print g(nT). 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 13-23 


Gz-ztrans(gnT); %Find G(z). 

Gz-simplify(Gz); %Simplify G(z). 

%'G(z)’ %Display label. 

%pretty(Gz) %Pretty print G(z). 

Gz=subs(Gz,T,0.5); %Let T = 0.5 in G(z). 

Gz=vpa(simplify(Gz),6); %Simplify G(z) and evaluate numerical 
%values to 6 places. 

Gz=vpa(factor(Gz),6); %Factor G(z). 

'G(z) evaluated for T=0.5' %Display label. 

pretty(Gz) %Pretty print G(z) with numerical 
%values. 

'(b)' 


Gs=(s+1)*(s+2)/(s*(s+3)*(s+4)); 
%Form G(s) = G(s). 


'G(s)' %Display label. 
pretty(Gs) %Pretty print G(s). 
%'g(t)' %Display label. 
gt-ilaplace(6s); %Find g(t). 
%pretty(gt) %Pretty print g(t). 
gnT=compose(gt,n*T); %Find g(nT). 
%'g(kT)' %Display label. 
%pretty(gnT) %Pretty print g(nT). 
Gz=ztrans(gnT); %Find G(z). 
Gz-simplify(Gz); %Simplify G(z). 
%'G(z)’ %Display label. 
%pretty(Gz) %Pretty print G(z). 
Gz-subs(Gz,T,0.5); %Let T = 0.5 in G(z). 
Gz=vpa(simplify(Gz),6); %Simplify G(z) and evaluate numerical 
%values to 6 places. 
Gz=vpa(factor(Gz),6); %Factor G(z). 
'G(z) evaluated for T=0.5' %Display label. 
pretty(Gz) 9 Pretty print G(z) with numerical 
%values. 
'(c)' 
Gs=20/((S+3)*(S42+6*S+25)); %Form G(s) = G(s). 
'G(s)' 9 Display label. 
pretty(Gs) %Pretty print G(s). 
%'g(t)' %Display label. 
gt-ilaplace(6s); %Find g(t). 
%pretty(gt) %Pretty print g(t). 
gnT-compose(gt,n*T); %Find g(nT). 
%'g(kT)' %Display label. 
%pretty(gnT) %Pretty print g(nT). 
Gz=ztrans(gnT); %Find G(z). 
Gz-simplify(Gz); %Simplify G(z). 
%'G(z)’ %Display label. 
%pretty(Gz) %Pretty print G(z). 
Gz-subs(Gz,T,0.5); %Let T = 0.5 in G(z). 
Gz=vpa(simplify(Gz),6); %Simplify G(z) and evaluate numerical 
%values to 6 places. 
Gz=vpa(factor(Gz),6); %Factor G(z). 
'G(z) evaluated for T=0.5' %Display label. 
pretty(Gz) %Pretty print G(z) with numerical 
%values. 
"(d)' 


Gs=15/(s*(s+1)*(s12+10*s+81)); 
%Form G(s) = G(s). 


'G(s)' %Display label. 
pretty(Gs) %Pretty print G(s). 
%'g(t)' %Display label. 
gt-ilaplace(6s); %Find g(t). 
%pretty(gt) %Pretty print g(t). 
gnT=compose(gt,n*T); %Find g(nT). 
%'g(kT)' %Display label. 
%pretty(gnT) %Pretty print g(nT). 
Gz=ztrans(gnT); %Find G(z). 
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Gz-simplify(Gz); %Simplify G(z). 

%'G(z)' %Display label. 

%pretty(Gz) %Pretty print G(z). 

Gz-subs(Gz,T,0.5); %Let T = 0.5 in G(z). 

Gz=vpa(simplify(Gz),6); %Simplify G(z) and evaluate numerical 
%values to 6 places. 

Gz=vpa(factor(Gz),6); %Factor G(z). 

'G(z) evaluated for T=0.5' %Display label. 

pretty(Gz) 9 Pretty print G(z) with numerical 
%values. 


Computer response: 


ans = 
(a) 
ans = 
G(s) 
s+4 
(s + 2) (s + 5) 
ans = 


G(z) evaluated for T=0.5 


z (z - .177350) 


1.00000 ---------------------------- 
(z - .0820850) (z - .367880) 
ans = 
(b) 
ans = 
G(s) 
(s + 1) (s + 2) 
s (s + 3) (s + 4) 
ans = 


G(z) evaluated for T=0.5 


1.00000 ------------------------------------ 
(z - .135335) (z - .223130) (z - 1.) 


ans 


ans 


(c) 


ans 


G(s) 


(s + 3) (s *6 s + 25) 


ans = 
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Solutions to Problems 13-25 


G(z) evaluated for T=0.5 


(z + .223130) z 


(394980: nasaang ic ase 
2 
(z - .223135) (z + .185705 z + .0497861) 
ans = 
(d) 
ans = 
G(s) 
15 
2 
S (S + 1) (s + 10 s + 81) 
ans = 


G(z) evaluated for T=0.5 


(z * .289175) (z * .116364) z 
/DBZBJOT. Ar o us REN ppm dS pe ad ues 


(z - .606535) (z - .999995) (z + .135489 z + .00673794) 


a. 
20 4 1 
G2(s) = G(s)/s = ---------- = ---- - 4/5 l/s + 4/5 ----- 
2 2 s+5 
s (s + 5) s 
Thus, 
qat - 4k T - 4/5 + 4/5 expi-5 E T) 
Hence, 


Glej= {l - l/z) 


yexpi-5 T} fi 


Letting T = 0.3, 


6.482 z + 3.964 
Biz Sd 000 eee ee ee eerie 
iz - 1.) (4.482 z - 1.) 
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b. 
20 1 32 1 
G2(3) = Gisif/s -—--7------—--------- = 4/3 ---- - -- l/s + 10/9 ----- - 2/5 
2 2 45 s+3 
s {s+ 5) (s + 3) 3 
Thus, 
3z 
gát = 1/3 k T - -- + 107/9 exp(-3 k T] - 2/5 expl-5 k T) 
45 
Hence, 
i Tz a2 E zZ 
Grzl= (1 - l/z] |4/3 -------- - -- ----- + 10/9 ------------------------- 
| E 45 2-1 E z ^ 
iz - 1) exp(-3 T) |--------- - 1| 
^ Vexpí-3 T) i 
E ^ 
- 2/5 ------------------------- | 
i zZ 41 
exples Th ======== - lll 
Xexpí-5 TJ if 
Letting T = 0.3, 
EA 


12.82 2 + 29.1 z +3.84 
Gi UA tt ee 
fz - 1.) (2.460 z - 1.) (4.482 z - 1.1 


G,(z) = G,(2)G (2) 


where G,(Z) is the answer to part (a) and G(Z), the pulse transfer function for 


in cascade 
S+ 
with a zero-order-hold will now be found: 


1 1 
bz(8] = bis] /s = --------- = l/s - l/3 ----- 
s is + 3) a+ 3 
Thus, 


gat = l/3 - 1/5 expi-3 E T] 


Hence, 
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E a z 4, 
Gig) - {l - 1421 113 ----- RE D e M ee ee | 
| z-1 y z vl 
| exp(-3 T) |--------- - 111 
^ Vexp(-3 T) if 
Letting T = 0.3, 
4866 
BIE] = ------------ 
2,460 z - 1 
Thus, 
6.482z + 3.964 
G,(z) = G,(z)G(z) = 0.19464 Z 


(z —1)(4.482z -1)(2.46z —1) 


a. Add phantom samplers at the input, output, and feedback path after H(s). Push G2 (s) and its input 
sampler to the right past the pickoff point. Add a phantom sampler after G1(s). Hence 


C 
RS) ^ 4 p (s) 


G(s) G (s) — 


cokes OO 
2 


G1G)G2(z) 
From this block diagram, T(z) = 1*G(2HGoQ) * 


b. Add phantom samplers to the input, output, and the output of H(s). Push G4(s)G»(s) and its input 
sampler to the right past the pickoff point. Add a phantom sampler at the output 


R(s) PR 
(TOC G(s) 6 (5 


\ Hs) delo (9) 6) 
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. . G1Go(z) 
From this block diagram, T(z) = 1* G162(2HG) ; 


Add phantom samplers after G;(s), G3(s), Ga(s), Hi(s), and H»(s). 


Tes) 


Push G(s) and its sampler to the left past the summing junction. Also, push G4(s) and its input 


sampler to the right past the pickoff point. The resulting block diagram is, 
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G,Gs(z) R 1 
(1€ G,G,(z)H,(z)). (+H,G,(z)) 
C(s) = RG,(z)G,(z) 
G,G,(z) ok 1 H,GG,(z) 


(1+G,G,(z)H,(z)) (1+ H,G,(z)) 


_ RG, (Z)G,(z)G,G,(z) 
~ (1+G,G,(z)H,(z))(1+ H,G,(z)) + G,G,(z)H,G,G,(z) 


11. 
Push gain of 2 to the left past the summing junction and add phantom samplers as shown. 


1 
Push the z.o.h. and (5*1) to the right past the pickoff point. Also, add a phantom sampler at the 
s(s+ 


output. 


Add phantom samplers after the gain of 2 at the input and in the feedback. Also, represent the z.o.h. 


as Laplace transforms. 
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2 
s (stl) 


ee") 


2 


(re) uy T 


Find the z transform for each transfer function. 
G,(s) =2 
transforms into 


G,(z) =2. 


asp 2 EN =sT 2 2 2 
EIS Ue hom s á E 242] 


transforms into 


-1 T. Tz - Te * Fog top 
Hye 5 E E 2 o E .912-Te +ze A e + 
(z —1) z-1 z-e (z-D)z-e ) 


2 2 2 2 2 
H,(s)=(-e*") a-e [2-2 342 
transforms into 


ao- 2z 2z 2z ,IzG*1) 
: z-1 z-e" (z-1y  (z-1y 
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— (T^ -2e* *2-2T)z' «(de - A«2Te ! «2T « T^ - T'e *)2+(2-2e* -2Te" - Te?) 


(z-1)'(G-e^) 
1 


eet) s(s+1) 


transforms into 
1 


2 H6) 


Thus, the closed-loop transfer function is 


T(z) -GOGO "T zl 


12. 


z-1 1 
G(z) EU Z ea " 5i x 


Using Eq. (13.49) 


z-e ^ (z-1)(z-eT) 
But, 


mac 20... sale) zoe Cre Ter) 
OIG ^ 2. (T-2) z + (1-TeT) 


The roots of the denominator are inside the unit circle for 0<T<3.923. 
13. 

Program: 

numg1=10*[1 7]; 

dengi-poly([-1 -3 -4 -5]); 

G1-tf(numgi,deng1); 

for T=5:-.01:0; 

Gz-c2d(61, T, 'zoh'); 

Tz=feedback(Gz,1); 

r-pole(Tz); 

rm=max(abs(r)); 

if rm<=1; 

break; 

end; 

end; 

T 

i 

rm 


Computer response: 
T. 


3.3600 
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-0.0000 


0.9990 


3.3600 


.9990 
.0461 
.0001 
.0000 


aiaa 
OOOO 


0.9990 
14. 
3 
s^(s-- 4) 
0.1875 0.1875 | =a 


G(s) - K(1- e) 


2 


GG)-Kü-e*) s+4 S S 


E 2 
G(z) - K| 0.1875 0.1875— 4075-77. 
Z =e e z-1 (z-1) 


0.0467(z + 0.767) 


G(z)=K 
(z —0.4493)(z —1) 


K = 0.736/0.0467 = 15.76 
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15. 


Solutions to Problems 13-33 


Figure 1 


g zJ OA 
File Edit View Insert Tools Desktop Window Help E 


DSH hh ASSSOS9usuulugsu 


Gs -(1-e7 is p + a) 


1 
Tat 1 
Ga = ————— 
a[z- 1- 
era 
ago 
T2085 
Gz = 0.31606 1 
z- 0,356788 


First, check to see that the system is stable. 
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G 
qu nl. 
l+ Gy 
Ta = 0.31606 — l 
z- 0.051818 


Since the closed-loop poles are inside the unit circle, the system is stable. Next, evaluate the static 


error constants and the steady-state error. 


K,= limG(z) =0.5 e (o) = mE 7 
K, la -1)G(z)=0 e (æ) ee 
T zo K, 
K, = ntn 1) G(z)=0 e(e)- d. as 
Ta K, 


za s e Ka 
Ere i n 
From Equation 13.48 
o, x2 Te "T E- Ulises 7] 
a [z- 1j{z-e7“T) 


0.018731 (z+ 0,93553) 
[z- 1) (z- 0.81873) 
First, test stability. 
Gz 
l4 C 


Tz = 0.093654 


C. = 


z = 
z+ 0,93553 


[z- 0,858544 0.402967) (z - 0.86254- 0.402962) 


The system is stable. The closed-loop poles axe inside the 
unit circle. Now find the static error constants and the 
Stead y-state errors. 


K, = limG(z) = e (00) = i = =0 
K,= A lim(z-DG(z)=10  e'(o)- Ae 0.1 
T 2 K, 

K,= ee D G(z)=0 e(0)= d cus 
T^ 21 K, 


Copyright O 2011 by John Wiley & Sons, Inc. 


Solutions to Problems 


G; = 28 
z-ü3T 
First, test stability . 

G 
I2 - £ 
lt Gz 
Ta = 01,28. 1 
z+ 0,31 


The system is stable. The closed-loop pole is inside the 
vrit circle. How find the static error constants and the 


Stead v-state errors. 


4 1 
K = limG(z) =2.03 e (oo) = —— = 0.33 
P zo 1+K, 
I 
K, RS e (00) 2 — =% 


_ BA3[z« 1) 
* E- je- iTi 
First, test stability, 


G 
Tz = z 
l+ Gz 
z+l 
Tz = 0,13 ————————— 
zł- 1.6l1z+ 0.87 
T; - 0 =+1 


The system is stable. The closed-loop pole is inside the 
unit circle. How find the static error constants and the 


steadv-state errors. 


1 
K.-limG(z) 2o e (oo) - =0 
p z>1 (2) ( ) 1+K, 


1 * 1 
K,-—lim(z-1)G(z) 210 e (w) =— =0.1 
, = 7 lim(z —DG(2) = 


im , 1 
K, = Fa lim(z - D GQ) =0 e (== — oo 
16. 
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gru A cec A e o 
(z*[- 0805+ 0.47114:]) (z+ [- 0.505- 0.471143) 
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Program: 

T=0.1; 

numgz=[0.04406 -0.03624 -0.03284 0.02857]; 

dengz=[1 -3.394 +4.29 -2.393 +0.4966]; 

'G(z)' 

Gz=tf(numgz,dengz,0.1) 

'Zeros of G(z)' 

zeros-roots(numgz) 

'Poles of G(z)' 

poles=roots(dengz) 

%Check stability 

Tz-feedback(Gz, 1); 

'Closed-Loop Poles' 

r-pole(Tz) 

M=abs(r) 

pause 

'Find Kp' 

Gz-minreal(Gz,.00001); 

Kp-dcgain(Gz) 

'Find Kv' 

factorkv=tf([1 -1],[1 0],0.1); %Makes transfer function 
%proper and yields same Kv 

Gzkv-factorkv*Gz; 


Gzkv=minreal(Gzkv, .00001); %Cancel common poles and 
%zeros 

Kv=(1/T)*dcgain(Gzkv) 

'Find Ka' 

factorka=tf([1 -2 1],[1 0 0],0.1);%Makes transfer function 
%proper and yields same Ka 

Gzka-factorka*Gz; 


Gzka=minreal(Gzka, .00001); %Cancel common poles and 
%zeros 
Ka-(1/T)^2*dcgain(Gzka) 


Computer response: 
ans = 


G(z) 


Transfer function: 
0.04406 z^3 - 0.03624 Z^2 - 0.03284 z + 0.02857 


Z^4 - 3.394 Z^3 + 4.29 Z^2 - 2.393 zZz + 0.4966 
Sampling time: 0.1 


ans = 

Zeros of G(z) 

zeros - 
-0.8753 


0.8489 + 0.1419i 
0.8489 - 0.1419i 


ans = 


Poles of G(z) 


poles = 
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17. 


0.8496 + 0.08391 
0.8496 - 0.0839i 


ans = 


Closed-Loop Poles 


0.16991 
0.16991 
0.17161 
0.17161 


e 
e 
E 
Y 
o 
ı +a1+ 


ans = 


Find Kp 


ans = 


Find Kv 


Kv = 


ans = 


Find Ka 


Ka = 


First find G(z) 
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1 
s(s - 1)(s * 4) 
eme 1/3, - 
S s+1 s+4 


G(s)=K(1-e"*) 


z-1 1/1 z 1 Z 
gie 0.00431(z + m 
(z —0.90484)(z — 0.6703) 


Next, plot the root locus. 


Figure 1 
File Edit View Insert Tools Desktop Window Help 


OSes h}| 880084 808/00 


Gain: 0.471 
Pole: 0.551 + 0.831i 


= 
| 
| 
Fi 


‘Damping: 
Seana PS 


Root locus intersects 0.5 damping ratio for 0.00431K = 0.0611. Thus, K = 14.18 for 16.3% overshoot 
Root locus intersects the unit circle for 0.00431K = 0.47. Thus 0 < K < 109.28 for stability. 
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Solutions to Problems 13-39 


LI smch13p18 * 
File Edit View Simulation Format 


Duke 


Transfer Fon 


0 


Time offset: 0 
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19. 
Program: 
numgz=0.13*[1 1]; 
dengz=poly([1 0.74]); 
Gz-tf(numgz,dengz,0.1) 
Gzpkz-zpk(Gz) 
Tz-feedback(Gz,1) 
Ltiview 


Computer response: 
Transfer function: 
0.13 z + 0.13 


Z^2 - 1.74 z * 0.74 


Sampling time: 0.1 


Zero/pole/gain: 
0.13 (z*1) 


(z-1) (z-0.74) 
Sampling time: 0.1 


Transfer function: 
0.13 z + 0.13 


ZA2 - 1.61 z + 0.87 


Sampling time: 0.1 


System: Tz 
Peak amplitude: 1.66 


Step Response 


Overshoot (95): 55.1 
At time (sec): 0.6 


T T 


Amplitude 


System: Tz 
Settling Time (sec): 5.5 


ne 


Time (sec) 
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20. 


Program: 

%Digitize G1(s) preceded by a sample and hold 
numg1=1; 

dengi-poly([-1 -3]); 

'G1(s)' 

Gis=tf(numg1, deng1) 

'G(z)' 

Gz-c2d(61s,0.1, 'zoh') 

%Input transient response specifications 
Po-input('Type %0S '); 

%Determine damping ratio 
z=(-log(Po/100))/(sqrt(pir2+10g(Po/100)12)); 
%Plot root locus 

rlocus(Gz) 

zgrid(z,0) 

title(['Root Locus']) 


Solutions to Problems 


[K,p]-rlocfind(Gz) %Allows input by selecting point on graphic 


pause 
'T(z)' 
Tz-feedback(K*Gz, 1) 
step(Tz) 


Computer response: 


ans = 


G1(s) 


Transfer function: 


ss2 +45 + 3 


ans = 
G(z) 


Transfer function: 
0.004384 z + 0.003837 


Z^2 - 1.646 z + 0.6703 

Sampling time: 0.1 

Type %0S 16.3 

Select a point in the graphics window 
selected point - 


0.8016 + 0.2553i 


K = 
9.7200 
p= 
0.8015 + 0.25531 
0.8015 - 0.2553i 
ans = 
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T(z) 


Transfer function: 
0.04262 z + 0.0373 


Z^2 - 1.603 z + 0.7076 


Sampling time: 0.1 


Root Locus 


Imaginary Axis 


-3 25 -2 -1.5 -1 -0.5 0 0.5 1 


Real Axis 
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21. 


Step Response 


Solutions to Problems 


0.9 T T T T 


0 fi fi fi 1 L 


0 0.5 1 15 2 25 
Time (sec) 


Using the result from Problem 13.12 
G = [T lee Dize(1-e-T-Te- T), 
(z- lz-e7 7) 
Letting T=0.1, 
c, . [00048374 (z+ ü.S6T2Z]] K 
* ' [z-ljz-u30484) 
For Tp = 2 seconds, 


T, 

“8 = 20 
T 
Hence, 
Z -20 
& 

Or, 

e =$ 
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anis 


Ja 


.29 


OO jw. 


i i : i i -1.00 
-1.00 -.5ü .üü .Bü 1.00 
Real 


The root locus intersects the Tp/T curve at 0.9599 des. 
"with a gain of 0.0129. Hence, 4. S37E-3 E 2 0.0129, or 
E=2.67. 

To determine stability, we see that the root lacus intersects 
the 0 damping ratio curve at 125.4 deg. with a gain of 
0.0955. Hence, 4.837E-3 E = 0.0983, or E=20.32. 


22. 


1 1 -1 
First find G(z). G(z) = K “= Z 


ZUNE pee 


edie HS ele ad 14114 
18 s t3 2s +1 9s 3542 
aca Ha De Wa... dis 
For T=0.1, G(z) = K——— | —— 2 ——— + —_2______ 9 _ + _ 30 _ 
or 120.1, G@)= KT — [7 0.74082 z —0.90484 z -1 [z -1p 


(z + 0.24204) (z + 3.3828) 
(z — 1) (z — 0.74082) (z — 0.90484) 
the 2096 overshoot curve, we select the point of intersection and calculate the gain: 0.00015103K - 
1.789. Thus, K - 11845.33. Finding the intersection with the unit circle yields 0.00015103K - 9.85. 
Thus, 0 « K « 65218.83 for stability. 


= 0.00015103K 


Plotting the root locus and overlaying 
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23. 


24. 


Solutions to Problems 13-45 


Root Locus with 20 Percent Overshoot Line 


imag Axis 


085 09 
Real Axis 
(s*2) z-1 
First find G(z). G Ke, —— -K ya Litt -3s1421)= 
ea) = An) > z decime 241 5 i 
1 tz 17 27 iz 
For T=1, G(z) = K2== | 487 4 2^ __2+ 


z |z -—0.049787 z -0.36788 z -1 E af Ir 


-029782K —(U -0.13774) (2 +0.55935) — 
(z —1) (z -0.049787) (z — 0.36788) 


second circle, we select the point of intersection (0.4 + j0.63) and calculate the gain: 0.29782K = 


. Plotting the root locus and overlaying the Ts = 15 


1.6881. Thus, K = 5.668. Finding the intersection with the unit circle yields 0.29782K - 4.4. Thus, 0 
« K « 14.77 for stability. 


Root Locus 


0.5 


Imag Axis 


-0.5 


Real Axis 


Substituting Eq. (13.88) into G(s) and letting T = 0.01 yields 
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1180z? —1839z + 661.1 — 0.9959)(z — 0.5625 
c): BUR Casse EE E EA Deo pem) 
Z -1 (z*-1)2 -1) 
25. 
%OS 
-In (oo? 4 
Since %OS = 10%, € = OPE = BOS = 0.591. Since T; = Con = 2 seconds, 
O n 


x? + In2 ( 100) 


On 7 3.383 rad/s. Hence, the location of the closed-loop poles must be —2 + j2.729. The summation of 


angles from open-loop poles to —2 + j2.729 is -192.99°. Therefore, the design point is not on the root 
locus. A compensator whose angular contribution is 192.99? - 180? = 12.99? is required. Assume a 
compensator zero at -5 canceling the pole at -5. Adding the compensator zero at —5 to the plant's 
poles yields 2150.69? at to —2 + j2.729. Thus, the compensator’s pole must contribute 180? — 150.69 
= 29.31%. The following geometry results. 


Thus, 


2.729 
"a tan(29.31°) 


C 
Hence, p. = 6.86.Adding the compensator pole and zero to the system poles, the gain at the design 
124.3(s + 5) 


point is found to be 124.3. Summarizing the results: G, (s) = ————————- . Substituting 
(s + 6.86) 


Eq. (13.88) into G,(s) and letting T = 0.01 yields 
123.2z - 117.2 i 123.2(z — 0.9512) 


G, (z) = = 
z — 0.9337 (z — 0.9337) 
26. 
Program: 

'Design of digital lead compensation' 
clf %Clear graph on screen. 
'Uncompensated System' %Display label. 
numg=1; %Generate numerator of G(s). 
deng=poly([0 -5 -8]); %Generate denominator of G(s). 
'G(s)' %Display label. 
G=tf (numg, deng) %Create and display G(s). 


pos=input('Type desired percent overshoot '); 

%Input desired percent overshoot. 
z--log(pos/100)/sqrt(pi^2-*[109g(pos/100)]^2); 

%Calculate damping ratio. 


rlocus(G) %Plot uncompensated root locus. 
sgrid(z,0) %Overlay desired percent overshoot 
%line. 


title(['Uncompensated Root Locus with ' , num2str(pos),... 
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'% Overshoot Line']) %Title uncompensated root locus. 

[K, p]=rlocfind(G); %Generate gain, K, and closed-loop 
%poles, p, for point selected 
%interactively on the root locus. 


'Closed-loop poles = ' %Display label. 
p %Display closed-loop poles. 
f-input('Give pole number that is operating point hys 


%Choose uncompensated system 
%dominant pole. 
'Summary of estimated specifications for selected point on' 


'uncompensated root locus' %Display label. 

operatingpoint=p(f) %Display uncompensated dominant 
%pole. 

gain=K %Display uncompensated gain. 


estimated_settling_time=4/abs(real(p(f))) 
%Display uncompensated settling 
%time. 
estimated_peak_time=pi/abs(imag(p(f))) 
%Display uncompensated peak time. 


estimated_percent_overshoot=pos %Display uncompensated percent 
%overshoot. 

estimated damping ratio-z %Display uncompensated damping 
%ratio. 


estimated natural frequency-sqrt(real(p(f))^2-imag(p(f))^2) 
%Display uncompensated natural 


9e frequency. 
numkv-conv([1 0],numg); %Set up numerator to evaluate Kv. 
denkv=deng; %Set up denominator to evaluate Kv. 
sG-tf (numkv, denkv); %Create sG(s). 
sG=minreal(sG); %Cancel common poles and zeros. 
Kv=dcgain(K*sG) %Display uncompensated Kv. 
ess=1/Kv %Display uncompensated steady-state 
%error for unit ramp input. 
'T(s)' %Display label. 
T=feedback(K*G,1) %Create and display T(s). 
step(T) %Plot step response of uncompensated 
%system. 
title(['Uncompensated System with ' ,num2str(pos),'% Overshoot']) 
%Add title to uncompensated step 
%response. 


“Press any key to go to lead compensation' 
%Display label. 
pause 
Ts=input('Type Desired Settling Time '); 
%Input desired settling time. 
b=input('Type Lead Compensator Zero, (s+b). b= '); 
%Input lead compensator zero. 


done=1; %Set loop flag. 
while done==1 %Start loop for trying lead 

%compensator pole. 
a=input('Enter a Test Lead Compensator Pole, (sta). a = '); 

%Enter test lead compensator pole. 
numge=conv(numg, [1 b]); %Generate numerator of Gc(s)G(s). 
denge=conv([1 a],deng); %Generate denominator of Gc(s)G(s). 
Ge-tf(numge, denge); %Create Ge(s)=Gc(s)G(s). 
wn=4/(Ts*z); %Evaluate desired natural frequency. 
clf %Clear graph on screen. 
rlocus (Ge) %Plot compensated root locus with 

%test lead compensator pole. 
axis([-10,10, -10,10]) %Change lead-compensated root locus 

%axes. 
sgrid(z,wn) 960verlay grid on lead-compensated 


%root locus. 
title(['Lead-Compensated Root Locus with ' , num2str(pos),... 
'% Overshoot Line, Lead Pole at ', num2str(-a),... 
' and Required Wn']) %Add title to lead-compensated root 
%locus. 
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done-input('Are you done? (y=0,n=1) 


end 


[K, p]=rlocfind(Ge) ; 


'); 
%Set loop flag. 
%End loop for trying compensator 
%pole. 
%Generate gain, K, and closed-loop 
%poles, p, for point selected 
%interactively on the root locus. 


'Gc(s)' %Display label. 

Gc=tf([1 b],[1 a]) %Display lead compensator. 

'Gc(s)G(s)' %Display label. 

Ge %Display Gc(s)G(s). 

'Closed-loop poles - ' %Display label. 

p %Display lead-compensated system's 
%closed-loop poles. 

f-input('Give pole number that is operating point "ns 


%Choose lead-compensated system 
%dominant pole. 


'Summary of estimated specifications for selected point on lead' 


'compensated root locus' 
operatingpoint-p(f) 


gain=K 


%Display label. . 
%Display lead-compensated dominant 
%pole. 

%Display lead-compensated gain. 


estimated_settling_time=4/abs(real(p(f))) 


%Display lead-compensated settling 
%time. 


estimated_peak_time=pi/abs(imag(p(f))) 


estimated_percent_overshoot=pos 


estimated damping ratio-z 


%Display lead-compensated peak time. 
%Display lead-compensated percent 
%overshoot. 

%Display lead-compensated damping 
%ratio. 


estimated natural frequency-sqrt(real(p(f))^2*rimag(p(f))^2) 


s-tf([1 0],1); 
sGe-s*Ge; 
sGe-minreal(sGe); 
Kv-dcgain(K*sGe) 
ess-1/Kv 


'T(s)' 
T=feedback(K*Ge, 1) 


%Display lead-compensated natural 
%frequency. 

%Create transfer function, "s". 
%Create sGe(s) to evaluate Kv. 
%Cancel common poles and zeros. 
%Display lead-compensated Kv. 
%Display lead-compensated steady- 
%state error for unit ramp input. 
%Display label. 

%Create and display lead-compensated 
%T(S). 


"Press any key to continue and obtain the lead-compensated step' 


'response' 
pause 
step(T) 


title(['Lead-Compensated System with 


pause 
'Digital design' 

T=0.01 

clf 

"Gc(s) in polynomial form' 
Gcs-K*Gc 

'Gc(s) in polynomial form' 
Gcszpk=zpk(Gcs) 


%Display label 


%Plot step response for lead 
%compensated system. 

' ,num2str(pos), '?6 Overshoot']) 
%Add title to step response of PD 
%compensated system. 


%Print label. 

%Define sampling interval. 

%Clear graph. 

%Print label. 

%Create Gc(s) in polynomial form. 
%Print label. 

%Create Gc(s) in factored form. 


'Gc(z) in polynomial form via Tustin Transformation' 


Gcz-c2d(Gcs,T, 'tustin') 


%Print label. 
%Form Gc(z) via Tustin transformation. 


'Gc(z) in factored form via Tustin Transformation' 


Gczzpk=zpk(Gcz) 
"Gp(s) in polynomial form' 
Gps=G 


%Print label. 

%Show Gc(z) in factored form. 
%Print label. 

%Create Gp(s) in polynomial form. 
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'Gp(s) in factored form' 
Gpszpk=zpk(Gps) 

'Gp(z) in polynomial form' 
Gpz-c2d(Gps, T, 'zoh') 
'Gp(z) in factored form' 
Gpzzpk=zpk(Gpz) 

pole(Gpz) 

Gez=Gcz*Gpz; 


Solutions to Problems 


%Print label. 

%Create Gp(s) in factored form. 
%Print label. 

%Form Gp(z) via zoh transformation. 
%Print label. 

%Form Gp(z) in faactored form. 
%Find poles of Gp(z). 

%Form Ge(z) = Gc(z)Gp(z). 


'Ge(z) = Gc(z)Gp(z) in factored form' 


Gezzpk=zpk(Gez) 
!z-1' 


zmi=tf([1 -1],1,T) 
zmiGez-minreal(zmi*Gez,.00001); 
'(z-1)Ge(z)' 
zmiGezzpk-zpk(zmiGez) 
pole(zmiGez) 
Kv-10*dcgain(zmiGez) 
Tz-feedback(Gez, 1) 


step(Tz) 


%Print label. 

%Form Ge(z) in factored form. 
%Print label. 

%Form z-1. 

%Cancel common factors. 
%Print label. 

%Form & display (z-1)Ge(z) in 
9 factored form. 

%Find poles of (z-1)Ge(z). 
%Find Kv. 

%Find closed-loop 

%transfer function, T(z) 
%Find step reponse. 


title('Closed-Loop Digital Step Response!) 


Computer response: 
ans - 


%Add title to step response. 


Design of digital lead compensation 


ans = 


Uncompensated System 


ans = 


G(s) 


Transfer function: 


S^3 + 13 s42 + 40 s 


Type desired percent overshoot 10 
Select a point in the graphics window 


selected_point = 


-1.6435 + 2.24371 


ans = 


Closed-loop poles = 


p = 


-9.6740 
-1.6630 + 2.2492i 
-1.6630 - 2.2492i 


Give pole number that is operating point 2 


ans = 
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Summary of estimated specifications for selected point on 


ans = 


uncompensated root locus 


operatingpoint - 


-1.6630 + 2.2492i 


gain - 


75.6925 


estimated settling time - 


2.4053 


estimated peak time - 


1.3968 


estimated percent overshoot - 


10 


estimated damping ratio - 


0.5912 


estimated_natural_frequency = 


2.7972 


1.8923 


ess 


0.5285 


ans 


T(s) 


Transfer function: 
75.69 


ans = 
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Solutions to Problems 13-51 


Press any key to go to lead compensation 

Type Desired Settling Time 2 

Type Lead Compensator Zero, (s+b). b= 5 

Enter a Test Lead Compensator Pole, (sta). a = 6.8 
Are you done? (y=0,n=1) 0 

Select a point in the graphics window 

selected_point = 


-1.9709 + 2.6692i 


ans = 
Gc(s) 
Transfer function: 


s+5 


Gc(s)G(s) 


Transfer function: 
s+5 


S^4 + 19.8 s^3 + 128.4 S42 + 272 S 


ans = 


Closed-loop poles = 


p = 
-10.7971 
-5.0000 
-2.0015 + 2.6785i 
-2.0015 - 2.6785i 
Give pole number that is operating point 3 
ans = 


Summary of estimated specifications for selected point on lead 


ans = 


compensated root locus 


operatingpoint = 


-2.0015 + 2.6785i 


gain = 


120.7142 
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estimated settling time - 


1.9985 


estimated peak time - 


1.1729 


estimated percent overshoot - 


10 


estimated damping ratio - 


0.5912 


estimated_natural_frequency = 


3.3437 


2.2190 


ess 


0.4507 


ans 


T(s) 


Transfer function: 
120.7 s + 603.6 


S^4 + 19.8 s^3 + 128.4 s^2 + 392.7 s + 603.6 


ans = 


Press any key to continue and obtain the lead-compensated step 


ans = 


response 
ans = 


Digital design 


0.0100 
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Solutions to Problems 13-53 


ans - 
Gc(s) in polynomial form 


Transfer function: 
120.7 s + 603.6 


Gc(s) in polynomial form 


Zero/pole/gain: 
120.7142 (s+5) 


Gc(z) in polynomial form via Tustin Transformation 


Transfer function: 
119.7 z - 113.8 


Sampling time: 0.01 
ans - 
Gc(z) in factored form via Tustin Transformation 


Zero/pole/gain: 
119.6635 (z-0.9512) 


(z-0.9342) 
Sampling time: 0.01 
ans - 


Gp(s) in polynomial form 


Transfer function: 


S^3 + 13 s42 + 40 s 


ans = 


Gp(s) in factored form 
Zero/pole/gain: 
1 


S (s+8) (s+5) 
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ans - 
Gp(z) in polynomial form 


Transfer function: 
1.614e-007 z^2 + 6.249e-007 z + 1.512e-007 


/— z^8 - 2.874 z^2 + 2.752 z - 0.8781 — 
Sampling time: 0.01 

ans = 

Gp(z) in factored form 


Zero/pole/gain: 
1.6136e-007 (z43.613) (z40.2593) 


(z-1) (z-0.9512) (z-0.9231) 


Sampling time: 0.01 


ans = 
1.0000 
0.9512 
0.9231 
ans = 


Ge(z) = Gc(z)Gp(z) in factored form 


Zero/pole/gain: 
1.9308e-005 (243.613) (z-0.9512) (240.2593) 


" (z-1) (2-0.9512) (z-0.9342) (z-0.9231) - 
Sampling time: 0.01 

ans - 

z-1 

Transfer function: 

Zz- 1 

Sampling time: 0.01 

ans = 

(z-1)Ge(z) 


Zero/pole/gain: 
1.9308e-005 (z+3.613) (z+0.2593) 


(z-0.9342) (z-0.9231) 


Sampling time: 0.01 
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Solutions to Problems 13-55 


ans = 
0.9342 
0.9231 

Kv = 
0.2219 


Transfer function: 
1.931e-005 z^3 + 5.641e-005 z^2 - 5.303e-005 z - 1.721e-005 


Z^4 - 3.809 243 + 5.438 222 - 3.45 z + 0.8203 


Sampling time: 0.01 


Uncompensated Root Locus with 10% Overshoot Line 


T T T 


TX 
0591 


10 


Imaginary Axis 


cen 


10 


-25 -20 -15 -10 -5 ü 


Real Axis 
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Uncompensated System with 10% Overshoot 
1.4 


12 


0.8 


Amplitude 


0.4 


0.2 


0 0.5 1 1.5 2 25 3 
Time (sec) 


Lead-Compensated Root Locus with 10% Overshoot Line, Lead Pole at -6.8 and Required Vin 
10 


Imaginary Axis 
e 


-10 


Real Axis 
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35 


Amplitude 


1.4 


1.2 


08 


0.4 


0.2 


Amplitude 


0.8 


0.4 


0.2 


Lead-Compensated System with 10% Overshoot 


1 15 2 
Time (sec) 


Closed-Loop Digital Step Response 


1 15 2 25 
Time (sec) 
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SOLUTIONS TO DESIGN PROBLEMS 


27. 
a. Push negative sign from vehicle dynamics to the left past the summing junction. The computer will be the area 


inside the large box with the inputs and outputs shown sampled. G(s) is the combined rudder actuator and 


vehicle dynamics. Also, the yaw rate sensor is shown equivalently before the integrator with unity feedback. 


Cis} 


Rishi 57 A 


in 


h B 0.25(s+0.437) 
where G(s) = (£551 29)(540.193) * 
b. Add a phantom sampler at the output and push G(s) along with its sample and hold to the right past the 


pickoff point. 


i9 


Riz) + x Ciz) 


where 
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Solutions to Problems 13-59 


0.25(s+0.437) 


Gi(s) = (1 - eT) Sey)G+1.29)(s+0.193) 


and 


- q e-Tsy ——0:25(S+0.437) —— 
G(s) = (1 -e7+5) s2(s*2)(s*1.29)(s*0.193) ` 


Now find the z transforms of G4(s) and Go(s). For G4(z). 


Since 
.  BeB[s*0437] — — nies loo 1 -nzi224. l 4081941 
s[s+ g [s+ 1,28] [s+ 0.193) 7+2 s+ 0,193 s+ 1.29 5 
z-1l Z Z Z Z 
G -f-|nissz28. 7 -0159344 — 5 — -021224 — 408194 
use = or zo. tier E z- | 
T-01 
aus 0,0011305z2- 6,0812:10% z- 0,00097764 
l [z- 0.81873) [z - 0.87897) (z - 0.38083] 
For Go(z): 
since 


.. 088(s40437] ^  . pnnrzel42.l +082613— 1. «0.16453 
A (s+ 2] (s+ 1.28) [s+ 0.193) s+ s+ 0,193 s+ 1,29 


- 0.91452 1402194 L 
5 E. 


z-1l Z Z Z 
G = 222 | 0076148 4088613 40016463 £ __ 
MEUS | mm a ST e 
-pn31452 7 082184. 77 
=-1 [=- 1] 
Teo 
Go (z) = 36642107 z + 0,00010636 z? - 0000104042- 3,1765:10 


(z- 1) z- 0.81873) (z- 0.87897) (z- 0.58089) 


Now find the closed-loop transfer function. First find the equivalent forward transfer function. 


=) oe SRlzi 
Belen 1+, [2] 
(z+ 0.24807) (z- 0.85724) [z+ 3.4618) K 


Ge = 3064210 exc COM o do 
(2-1) (z- 0.75327) (z2 - 1.82532 + 0.93574) 


Thus, 
Gelz) 


TO =T Gu) 


Substituting values, 


(z+ 0.24807) (z - 0.95724) (z+ 3.4616) K 
244(3,.864207 K- 3,6785) 27 + (0,00010636 + 5,0646] z? 
- (0,00010404 X + 3,0908) z « (- 3.176510 E + 0.70497) 


T = 3.564210" 
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c. Using Ge(z), plot the root locus and see where it crosses the unit circle. 


(z+ 0.24807) (z - 0.95724] (z 4 3.4616) EC 


Ge = A a A — — _—_— O 
g [z- 1) ([z- 0.75327] [z - 0.56266+ 0.095008] [z - 0.56266- 0.0950084]) 


1.50 
1.29 


1.00 


ine feet A 


| Unit circle 


75 
"of Root locus: 
Lr DA NR NS 50 jw 


.2 


.üü 


: : E i : : : - 50 
.üü ¿50 1.00 1.50 2.00 
Real 


The root locus crosses the unit circle when 3.8642x10-°K = 5.797x10-4, or K = 15. 
28. 
a. First find G(z). 


z-1 
MOS E ET 
S (s +75 +1220) 


-1 7 (s +3.5)-34.4 /1207.8 
- Kl 26710610126 135)34:4 412078 7 1, 19.1) j 


(s *3.5)^ «1207.8 s s 
For T = 0.1, 
2 
MV SIRE RE 
: z ^* 1.3316 z * 0.49659 z2^-1316z2 +0.49659  z-1 (z -1) 


(z +0.63582 + 0.49355 i ) (z 4 0.63582 —0.49355 i ) 


Ga) = K 7940510 — ee 
2 (z - 1) ([z +0.66582 +0.2308 i | [z +0.66582 -0.2308 i ]) 
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Root Locus 


Solutions to Problems 13-61 


Imaginary &xis 


-1 1L M PA PP 


' 
un 


Real Axis 


c. The root locus intersects the unit circle at -1 with a gain, 7.9405x109K = 10866, or 


0 < K < 136.84x106, 


d. 

Program: 

%Digitize G1(s) preceded by a sample and hold 
numg1=1; 

deng1=[1 7 1220 0]; 

"G1(s)' 

Gis=tf(numgi, deng1) 

'G(z)' 

Gz-c2d(6G1s,0.1, 'zoh') 

[numgz, dengz]-tfdata(Gz, 'v'); 
'Zeros of G(z)' 

roots(numgz) 

'Poles of G(z)' 

roots(dengz) 

%Plot root locus 

rlocus(Gz) 

title(['Root Locus']) 

[K, p]=rlocfind(Gz) 


Computer response: 
ans = 


G1(s) 


Transfer function: 


S^8 + 7 s^2 + 1220 S 
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ans - 
G(z) 


Transfer function: 
7.947e-005 z^2 + 0.0001008 z + 5.15e-005 


ZA3 + 0.3316 z^2 - 0.8351 z - 0.4966 
Sampling time: 0.1 
ans = 


Zeros of G(z) 


ans = 
-0.6345 + 0.4955i 
-0.6345 - 0.4955i 
ans = 


Poles of G(z) 


ans = 
1.0000 
-0.6658 + 0.2308i 
-0.6658 - 0.2308i 
Select a point in the graphics window 


selected_point = 


-0.9977 


1.0885e+004 


p= 


-0.9977 
-0.0995 + 0.23301 
-0.0995 - 0.23301 


See part (b) for root locus plot. 


29. 


m L2 20000 
a. First find G(z). G(z) - K 7 Z 100) CD 


z -1 o 492 +2 Z 

Zz z -1 [z EET z —0.36788 
z +0.71828 

(z —1) (z - 0.36788) 


For T = 0.01, G(z) = K 


= 0.73576K 
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Solutions to Problems 13-63 


b. Plotting the root locus. Finding the intersection with the unit circle yields 0.73576K = 1.178. Thus, 0 < K < 


1.601 for stability. 


Root Locus 


Imag Axis 


2 -1.5 -1 -0.5 0 0.5 1 1.5 2 
Real Axis 


c. Using the root locus, we find the intersection with the 15% overshoot curve (6 = 0.517) at 
0.5955 + j0.3747 with 0.73576K - 0.24. Thus K - 0.326. 


d. 
Program: 


%Digitize G1(s) preceded by a sample and hold 
numg1=20000; 

deng1=[1 100 0]; 

"G1(s)' 

Gis=tf(numg1, deng1) 

'G(z)' 

Gz-c2d(61s,0.01, 'zoh') 

[numgz, dengz]-tfdata(Gz, 'v'); 

'Zeros of G(z)' 

roots(numgz) 

'Poles of G(z)' 

roots(dengz) 

%Input transient response specifications 
Po-input('Type %0S '); 

%Determine damping ratio 
z=(-1log(Po/100))/(sqrt(pir2+10g(Po/100)12)) 
%Plot root locus 

rlocus(Gz) 

zgrid(z,0) 

title(['Root Locus']) 

[K,p]=rlocfind(Gz) %Allows input by selecting point on graphic. 


Computer response: 
ans = 


G1(s) 


Transfer function: 
20000 


S^2 + 100 s 
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ans - 
G(z) 


Transfer function: 
0.7358 z + 0.5285 


Z^2 - 1.368 z + 0.3679 
Sampling time: 0.01 


ans = 


Zeros of G(z) 


ans = 


-0.7183 


ans = 


Poles of G(z) 


ans = 


.0000 
.3679 


1 
0 
Type %0S 15 
z= 
0.5169 
Select a point in the graphics window 


selected_point = 


0.5949 + 0.3888i 


0.2509 


0.5917 + 0.3878i 
0.5917 - 0.3878 
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30. 


31. 


Solutions to Problems 13-65 


Root Locus 


Imaginary &xis 


Real Axis 


UMP . 1-e 20000 
The open loop transmission with the sample and hold is L(s) — , SO 
S 
L(2)= ZI a = 20000T 
z | (z-1) z-1 
2 T 
The system's characteristic equation is 1+ L(z) 2 14 ae =0 or 


zZ—1+20000T = 0. So the system has one closed loop pole at z = 1— 20000T . For stability it is required 
to have 1— 20000T <1, or -1«1— 20000T <1 or —2 < —20000T «0 or O <T <Imsec. 


With the zero order hold the open loop transfer function is 


G, (s) =: 00.0187K A e*)0.0187K 
"^^ s(s” + 0.2375 + 0.00908) — s(s + 0.0481)(s + 0.1889) 
-ü-esk 2° 2.76, 07031 | 
S  s+0.0481 s+0.1889 
z-1[2.06z  2.76z  0.7031z | (0.0031z* + 0.0031z + 0.0104)K 
G(z) =K 0.0481 0.1889 = 
Z|z-1 z-e-* z-e ` (z —0.953)(z — 0.8279) 
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32. 


The characteristic equation for this system is: 
(0.0031z* +0.0031z -0.0104)K _ 
(z —0.953)(z — 0.8279) 


1+G(z) =1+ 0 or 


(1+ 0.0031K)z* +(0.0031K —1.7809)z + (0.789 + 0.0104K) = 0 


We use now the bilinear transformation by substituting Z — = 
S — 
+1)” +1 
(1+ 0.0031K) - " + (0.0031K -17809) 7 + (0.789 + 0.0104K) = 0 
s'— s'— 


giving 


(0.0081+ 0.0166K)s'* +(0.422 —0.0146K)s'+(3.5699 + 0.0104K) = 0 


The Routh array is 
8 0.0081 + 0.0166K 3.5699 + 0.0104K 
s' 0.422 - 0.0146K 
1 3.5699 + 0.0104K 


The first column of the array will be >0 when K>0 and from the second row 


e e 28.9041 
0.0146 


K< 


So the system is closed loop stable when 0 < K < 28.9041. 


K(0.0031z* +0.0031z + 0.0104) 


(z —0.953)(z — 0.8279) 


In MATLAB this system is defined as G-tf(0.0031*[1 1 3.3548],conv([1 -0.953],[1 -0.8279]),1). Invoking 
SISOTOOL one gets 


a. In Problem 31 we found that for this system with T=1sec, G(z) = 
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Solutions to Problems 13-67 


Root Locus Editor for Open Loop 1 (OL1) 


T T 


0.628 


22 0.942 / 


b. ¢ — 0.7 is achieved when K=0.928 
c. The closed loop poles are located at 0.866+j0.103. The radial distance from the origin is 


r= /0.866? 0.103? =0.872, so T, = aa = 29.2 sec. The radial angle from the origin is 
nir 
.1 T 
0, ii = 66 enim Pe T assi T, = 26.54sec 
0.866 T @, 0.2 


= 1.905 . The steady state 


2 
d. We have that K, = LimG(z) = Lim (0.928)(0.0081)(z +Z+ 3.3548) 
ud 2" — (z—-0.953)(z — 0.8279) 


1 


= 0.344. Then c(oo) 2 1— 0.344 = 0.655 


error 1S es = 
P 
e. 


0.0031*[1 1 3.3548 
1 a 0.928 >| : ) | [! b » 
conv([1 -0.953],[1 -0.8279])(z) 
Constant Discrete Zero-Order Scope 


Gain Transfer Fcn Hold 
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33. 


- [nl x| 
68\/9S P\*ABB Gar ~ 


a. A bode plot of the open loop transmission L(s) = M (s)P(s) shows that the crossover frequency for this 


: rad l : 
system is (9, = 0.726 —— . The recommended range for the sampling frequency is: 


Sec 
0.15 0.5 NE 
0.2066 sec = — < T < — = 0.6887 sec . Arbitrarilly we choose T = 0.25sec. 
O, 0. 


Z 
b. Substituting S = 8 
Z+ 


: into M (s) , after algebraic manipulations we get 


0.07278(z* + 0.3386z — 0.6614) 


M(z)= 
(2) z^ —1.935z + 0.9347 
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Solutions to Problems 13-69 


C. 
0.5*[1 1.63] 0.63 
a >| 
s?+0.27s conv([1/305.4^2 0.36/305.4 1],[1/248.2^2 0.04/248.2 1])(s) 
1 Me P(s2 | >| 
Constant 


0.07278*[1 0.3386 -0.6614] 0.63 
> 5 > {iL 
2£-1.935z+0.9347 conv([1/305.4^2 0.36/305.4 1],[1/248.2^2 0.04/248.2 1])(S 
ME) Zero-Order POL 
Hold 


-> Ee Sets 
46H Sf fide g ag x 
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The output of the system exhibits oscillations caused by a plant high frequency resonance. This problem can be 
improved by using other discretization techniques. 


34. 
a. A bode plot of the open loop transmission L(s) = G,(S)G(s) shows that the crossover frequency for this 


rad 
system is (0, = 9.9 —— . The recommended range for the sampling frequency is: 
Sec 


0.015sec = us <T< s = 0.051sec . Arbitrarilly we choose T = 0.02sec. 
C) C) 


C C 


z-1 
b. Substituting S = 8 
z+1 


into G. (s) , after algebraic manipulations we get 


_ 0.5047z — 0.4948 


G (Zz 
O z — 0.999 


aS 1] 13861 
"i d 0.05 di dents) | 
st ents: LJ 
Transfer Fon Transfer Fond 
ui 


Constant 


num(z) 1381 
Pi | [L_ LL. 
20.999 dents) 
Discrete Zero-Order Transfer Fonz 
Transfer Fon Hold 
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35. 


Solutions to Problems 13-71 


Aa Ed 
8656|02 ABBAR * 


a. With the zero order hold the open loop transfer function is 


is —0.5s K 
G,(s) = Cal: ) 
s(s + 0.08)(s + 2)(s +5) 
= q-e] 2 1.3233 , 0.0868 E 
S s+0.08 s+2 s+5 
a=k z—1|1.25z  1.3233z " 0.0868z 0.0136z 
z |z-1 z-0.961 z-0.368 z-—0.0821 


| -1x10*K(z" -94z* -174z-16) _-1x10*K(z" -94z* -174z -16) 
(z —0.0821)(z —0.368)(z — 0.961) z? —1.411z° + 0.4628z — 0.02903 


In MATLAB this system is defined as G=tf(-1e-4*[1 -94 -174 -16],[1 -1.411 0.4628 -0.02903]),0.5). Invoking 


SISOTOOL one gets 
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b. ¢ — 0.7 is achieved when K=5.15 
c. The closed loop poles are located at 0.661+j0.247. The radial distance from the origin is 


r = 0.661? + 0.247? = 0.706, so T, = 


= 5.75sec . The radial angle from the origin is 


In(r) 
T 
0, = tan! 0277 5949" = 0.36rad ,so ^ = 7. 7 =8.80r T, = 44sec 
1 T 0, 036 


(5.15)(-1x10~ {1-94 -174 16) 
(1—1.4114- 0.4628 — 0.02903) 


d. We have that K, = LimG(z) = — 6.4. The steady state error is 
zl 


1 
es = = 0.135. Then c(œ%) =1-0.135 = 0.865 
1+K, 
e. 
-4e-F [1 -84 -174,-18] 
z7.1.41122«0.45282-0.02803 
Constant Zero- Order Scope 


Hold 
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Solutions to Problems 13-73 


36. 
0.5857(s + 0.19)(s + 0.01) 


S 


Gpp(S) = 


Substituting Eq. (13.88) with T = 1/3 second, 


G.G)- 3.6327! — 7.0282 43.397 — 3.632(z — 0.9967)(z — 0.9386) 
NM z -1 i (z +1)(z—-1) 


Drawing the flow diagram yields 


Delay Delay 
T seconds T seconds 


a Ea KX) 
Delay Delay 
T seconds T seconds 
P 397 


T = 1/3 second 


37. 


: z-1 T ; 
a. The pulse transfer function for the plant is G, (2)25—Z14—,- PET . The desired 
Z Z— 


1 T(z) 1 
G,(z)-T(z T 


T(z) =z ! , so the compensator is G,(z) = 


1,. 1 1 
b. The steady state error constant is given by K, = d x ars = T . So the steady 
Z Fe 


1 
state error for a ramp input is e(oo) = — =T 
K, 
C. The simulations diagram is shown next 
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Scope 1 
1 » p20 »u > > 
Constant Gain Zero -Order Transfer Fcn Scope 


Hold 


- [|n| x} 
8602p ABBI OAR -> 


For a step input, the system reaches steady state within one sample. 
For a ramp input the error signal is displayed: 


NES olx 


&Bog9paiamBuas:- 
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Solutions to Problems 13-75 


38. 
Block Diagram 
Continuous Transfer Function == Step Response of Continuous Transfer Function 
Numerator 
t 


[1 *]o Step Response, vi 


Step Response of Discrete Transfer Function 


— saj - EH TR 
TF rep Step Response, vi 


Discrete Transfer Function 


Front Panel 


INPUTS 
Enter the Numerator and Denominator Polynomials of the Continuous Time Transfer Function 
Continuous Transfer Function Discrete Transfer Function 
Numerator 
À 8 1.26424 
Ao CI - L8 L 1.26424 _ 
y g po a 5+4 2 - 0.367879 
Denominator 
A 
y 0 [s hi 0 
Step Response of Continuous Transfer Function Step Response of Discrete Transfer Function 
23 23 
1.757 1.75- 
1.5- 1.5- 
% 1.25- -8 1.25- 
2 2 
q tS a 1 
E E 
x 750m- * 750m- 
500m - 500m - 
250m - 250m- 
0 07 1 1 1 


ET Lu Lu [j Lu ji t L L L L i t L I 
0 200m 400m 600m 800m 1 Te A To Loc g 0 500m 1 L5 2 25 3 3.5 
Time (s) Time (s) 
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39. 


Front panel 
Enter Numerator and Denominator Polynomial of the Discrete Transfer Function 


Root Locus Graph 
Numerator 2 Discrete Transfer Function 2 10° . 
rh i o = 
do 05 Jt 0 2+05 08- / 1 closed loop poles (^ 
OR A | N ull 
dap (6- | y open loop poles (C 
Denominator 2 y 04- | i | open loop zeros h“ 
h = I i 2 
j 0,19 l l 8 024 | | bfureation point h” 
K Value 4 0.0-4 ae ea 
0.308075 $ in | 1; Closed Loop Poles 
E g4- i jo [rn 
dé" | [nse +i 
rdi 040i 
NAi 
4, 


| | | | | 
60 50 40 30 20 -0 00 10 
Real- axis 


Note: K-0.3082 coincides with the answer for Skill-Assessment Exercise 13.8. 
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Solutions to Problems 13-77 


Root Locus 
3 T T 
2 |. «d 
1- -| 
x 
= 0 }-———————————__________ +3 ------ Moe 5 5 5 5 5 5 — 
& 
D 
E X 
zd 4 
«2 L al 
23 | | l l li 
-3 -2 -1 0 1 2 3 
Real Axis 


Root Locus Interactive. A trace of z=0.5 was made to guide the user's selection of poles. 


Step Response 
0.9 T 1 | T T 


0.8 - 4 


OT ROUT pr [oc lp 7 


0.6 - 4 


0.5 + 4 


Amplitude 


0.3 - 4 


0.2- 4 


0.1- 4 


0 2 4 6 8 10 12 14 16 18 20 
Time (sec) 
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Step response of the close loop discrete system 


Block Diagram 
Numerator 2 


Discrete Transfer Function 2 


Root Locus Graph 


MATLAB script 
num1-fliplr(num); 
deni=fliplríden); 
num Sys=th(num! dent, 1) 
rlocus(sys);axis([-3 3 -3 3]) 
zgrid(0.5,[]) 

=rlocfind(sys) 
sys_closed=feedback(k*sys, 1); 
figure 
stepísys closed) 


40. 


a. From Chapter 9, the plant without the pots and unity gain power amplifier is 


64.88 (853.85) 


G,(s) = 
(s? + 8.119s + 376.3) (s^2 + 15.47s + 9283) 


The PID controller and notch filter with gain adjusted for replacement of pots (i.e. divided by 100) 


26.82 (s+24.1) (s+0.1) (s^2 + 16.s + 9200) 
s (s*60)^2 


Thus, Ge(s) = Gp(s)G«(s) is 


1740.0816 (s+53.85)(s? + 16s + 9200)(s+24.09)(s+0.1) 


G«(s) ~ 
s (s? + 8.119s + 376.3) (s^2 + 15.47s + 9283)(s*60)? 


A Bode magnitude plot of G.(s) shows o, = 36.375 rad/s. Thus, the maximum T should be in the 
range 0.15/0, to 0.5/@, or 4.1237e-03 to 1.3746e-02. Let us select T = 0.001. 


Performing a Tustin transformation on G,(s) yields 
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Solutions to Problems 13-79 


5.166e04 z^ - 2.041e05 z? + 3.029e05 z? - 2.001e05 z + 4.963e04 


Z^ - 1.883 z? - 0.1131 z? + 1.883 z - 0.8869 


b. Drawing the flowchart 


e*(t) x*(t) 


5.166e4 


Delay Delay 
T seconds T seconds 


-2.041e5 


Delay Delay 


T seconds T seconds 
-0.1131 
1.883 
-0.8869 
4.963e4 


T = 0.001 


3.029e5 


Delay 


Delay T seconds 


T seconds 


-2.001e5 


Delay 


Delay T seconds 


T seconds 


c. 

Program: 

syms s 

'Compensator from Chapter 9' 

T=.001 
Gc=26.82*(s^2+16*s+9200)*(s+24.09)*(s+.1)/(s*((s+60)^2)); 
Gc=vpa(Gc, 4); 

[numgc, dengc]-numden(Gc); 

numgc-sym2poly(numgc); 

dengc-sym2poly(dengc); 
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Gc-tf(numgc, dengc); 
'Gc(s)' 

Gczpk=zpk(Gc) 

'Gc(z)' 

Gcz-c2d(Gc,T, 'tustin') 
'Gc(z)' 
Gczzpk=zpk(Gcz) 

"Plant from Chapter 9' 
Gp=64.88*(s+53.85)/[(SA2+15.47*sS+9283) *(S42+8.119*S+376.3)]; 
Gp=vpa(Gp, 4); 

[numgp, dengp]=numden(Gp); 
numgp=sym2poly(numgp); 
dengp=sym2poly(dengp); 
'Gp(s)' 

Gp=tf (numgp, dengp) 
"Gp(s)' 

Gpzpk=zpk(Gp) 

"Gp(z)' 
Gpz-c2d(6p, T, 'zoh') 
'Gez-Gcz*Gpz' 
Gez-Gcz*Gpz 
Tz-feedback(Gez, 1); 
t-0:T:1; 

step(Tz,t) 

pause 

t=0:T:50; 

step(Tz,t) 


Computer response: 
ans = 


Compensator from Chapter 9 


0.0010 


ans = 
Gc(s) 


Zero/pole/gain: 
26.82 (s+24.09) (s+0.1) (s^2 + 16s + 9198) 


S (S*60)^2 


Gc(z) 


Transfer function: 
5.17e004 z^4 - 2.043e005 z^3 + 3.031e005 z^2 - 2.002e005 z + 4.966e004 


Z^4 - 1.883 z^3 - 0.1131 z^2 + 1.883 z - 0.8869 
Sampling time: 0.001 


ans = 


Gc(z) 
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Solutions to Problems 13-81 


Zero/pole/gain: 
51699.4442 (z-1) (z-0.9762) (z^2 - 1.975z * 0.9842) 


(z*1) (z-1) (z-0.9417)^2 
Sampling time: 0.001 
ans - 


Plant from Chapter 9 


ans = 


Gp(s) 


Transfer function: 
64.88 s + 3494 


S^4 + 23.59 s^3 + 9785 s^2 + 8.119e004 s + 3.493e006 


ans = 


Gp(s) 


Zero/pole/gain: 
64.88 (s+53.85) 


(sA2 + 8.119s + 376.3) (s^2 + 15.47s + 9283) 


ans = 
Gp(z) 


Transfer function: 
1.089e-008 z^3 + 3.355e-008 z^2 - 3.051e-008 z - 1.048e-008 


Z^4 - 3.967 Z^3 + 5,911 z^2 - 3.92 z + 0.9767 
Sampling time: 0.001 


ans = 


Gez-Gcz*Gpz 


Transfer function: 
0.000563 z^7 - 0.0004901 z^6 - 0.005129 z^5 + 0.01368 244 - 0.01328 z^3 


+ 0.004599 z^2 + 0.0005822 z - 0.0005203 


Z^8 - 5.85 ZA7 + 13.27 z^6 - 12.72 z^b5b - 0.6664 z^4 + 13.25 z^3 


- 12.74 Z^2 + 5.317 z - 0.8662 


Sampling time: 0.001 


Copyright O 2011 by John Wiley & Sons, Inc. 


13-82 Chapter 13: Digital Control Systems 


Amplitude 


Amplitude 


Step Response 


0.3 0.4 0.5 


Time (sec) 


0.6 0.7 


o 
wo 
= 


Step Response 


Time (sec) 
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41. 


Solutions to Problems 13-83 


a. A bode plot of the open loop transmission G, (s)P(s) shows that the open loop transfer 


rad 
function has a crossover frequency of (9, = 0.04 —— . A convenient range for sampling periods 


day 


.1 0.5 
is 3.75day = UE « T « — =12.5day . T=8 days fall within range. 
C) C) 


C C 


b. We substitute s — : Z rino G, (s) we get 
Z 


—2x10 *(1.145z* —1.71z + 0.8489) 


G (z)- 
e(z) z^ —1.852z + 0.8519 


-32us 10.3844 
s?«2 BB17s240.115H0.0128 
F 


E?«0.n4s«n.0048 
Ld Ld 
+0025 


e) 


Constant 


n -520s-10.3844 
s3«2 B817z24D.112-0.0428 


3 D» 1.145221 7420. 8480 » 
Le 
z?.4852z40.8542 
Constanti Gaind Giz) Zero- Order 
Hold 
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Scope 


13-84 Chapter 13: Digital Control Systems 


Time offset: O 


42. 


a. The following MATLAB M-file was developed 


%Digitize G1(s) preceded by a sample and hold 
%Input transient response specifications 
Po-input('Type %0S '); 


K = input('Type Proportional Gain of PI controller '); 


numg1 = K*poly([-0.01304 -0.6]); 


dengi = poly([0 -0.01631 -0.5858]); 


G1 = tf(numg1, dengl); 
for T=5:-.01:0; 


Gz-c2d(G1, T, 'zoh'); 
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Solutions to Problems 13-85 


Tz=feedback(Gz,1); 
r=pole(Tz); 
rm=max(abs(r)); 
if rm<=1; 
break; 
end; 

end; 

'G1(s)'; 

G1s-tf(numgi,deng1); 

'G(z)'; 

Gz-c2d(G1s,0.75*T, 'zoh'); 

%Determine damping ratio 
z-(-1og(Po/100))/(sqrt(pi^2*10g(Po/100)^2)); 
%Plot root locus 

rlocus(Gz) 

zgrid(z,0) 

title('Root Locus') 

[K,p]=rlocfind(Gz); %Allows input by selecting point on graphic 
pause 

"Tlz)"; 

Tz=feedback(K*Gz,1); 

step(Tz) 


As the M-file developed in (a) was run and the values of the desired percent overshoot, %0.S. = 0, and PI 
speed controller's proportional gain, K = 61 were entered, the root locus, shown below, was obtained. 


A point was selected on the root locus such that is inside the unit circle. That point is: 0.9837 + 0.0000i 


The sampled data transfer functions, G, and T,, obtained at a Sampling time, T = 0.0225 = 0.75*0.03 are: 
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1.373z^ — 2.727 241,354 


G;-—3 2 
Z — 2.987 z^ + 2.973 z — 0.9865 
Root Locus 
1 0.5/T 
0.6r/T 0.47/T 
0.8 - 0.77/T 01 Q3q/T 7 
0.2 
0.6 - 0.3 | 
0.87/T 04 0.27/T 
0.5 
0.4 - 0.6 7 
0.7 
0.9/T 08 0.17 /T 
o 0.2- | 
x 0.9 
<x 
> WT ; 
S OF Eco 4 
o 
E: 
E 2. | 
0.9n/T O.1n/T 
0.4 — = 
0.8x/T 0.27/T 
-0.6 - 4 
0.8L O:7x/T 0.37/T | 
0.6n/T 0.47/T 
ES | 0.5p/T | | 
-1 0.5 0 0.5 1 15 
Real Axis 
2 
0.018z^ —0.03575z + 0.01775 
and t= 


z? — 2.969 z? + 2.973 z — 0.9688 


The poles, r, of the closed-loop transfer function, T,, are: 
— 0.8300, 0.9996, 0.9822 
e. The step response of this digital system, T,, is shown below with the main transient response characteristics 
(the final value, rise time, and settling time) displayed on the graph. These are: 
Final Value = c(o) = 1 p. u.; 


Rise Time - T, = 2.68 seconds; 


Settling Time = T, = 4.82 seconds. 
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Solutions to Problems 13-87 


Step Response 


r- - — System: Tz 


System: Tz 
Final Value: 1 


System: Tz 


Settling Time (sec): 4.82 
| 
| 
| 
E 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
1 
| 
| 
| 
| 
| 
| 
| 
| 
| 


Rise Time (sec): 2.68 


I= + 
Ip- A Si a ee Le 


"n'dui'()o “indino 


10 


Time (sec) 
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